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Abstract

The qualitative analysis of a model for HIV transmission among intravenous drug
users is studied. Let us show global stability of the infection free equilibrium
whenR, < 1. For the case R, > 1, the stability of the endemic equilibrium is
discussed.
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1. INTRODUCTION

In recent years, modeling the HIV transmission dynamics has become a major
research topic in epidemiology. A compartmental model is presented for the spread of
HIV in a homosexual population divided into subgroups by degree of sexual activity.
The model includes constant recruitment rates for the susceptibles in the subgroups. It
incorporates the long infectious period of HIV — infected individuals and allows one
to vary infectiousness over the infectious period.

2. MODEL OF SPREAD IN A HOMOSEXUAL POPULATION

Let us present a model of HIV spread in a homosexual population that incorporates
what we believe are three major factors in HIV spread. One factor is the effect of the
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pattern of contacts between groups that differ in sexual activity. A second factor is the
long period of infectiousness prior to the onset of AIDS, which we model by a series
of compartments representing stages an individual must pass through from the time of
infection to the onset of clinical disease. The use of such a compartmental model
permits one to examine a third factor, the effect of variation in transmission
probability over the stages of infectiousness. Let us examine the effects of these three
factors on the dynamic and steady-state behaviour of the model.

Assumptions and Notation

Let us assume a population divided into n groups based on sexual activity, the number
of contacts per unit time. In this first model there is no migration between groups, but
they interact by way of sexual contacts. Figure 1 shows a compartmental model of the
i" contact-rate group. For the i™ group, X, is the number of susceptibles, x is the total
number of infecteds, and Z, is the number with AIDS. From first infection to the
development of AIDS, the infected pass through a series of m stages,

U= X KN vy 5 vz > - - Yim

oo N

Fig. 1. Compartmental model for group i

Yit) o von v, Yy With ¥, = 30 Y. Those in Z; are presumed to be so ill with AIDS
that they no longer take part in transmission. Thus the model consists of a set of n SI
models that interact by way of contacts between the susceptibles and infecteds of the
submodels. Let us assume that the recruitment rate U;, for the i ™ group, the number
of new susceptibles entering the group per unit of time, is constant.

Let us define the following parameters:

c;, the number of persons contacted (sex acts) per person in group i per unit
time. This has dimensions t~1. For very small populations the number of contacts per
person per unit time might well be a function of the size of the population. We assume
that we are not in that range and take a constant value for c;.

pij, the proportion of the contacts of a person in group i made with persons in
group J; it is dimensionless, and ¥ p;; = 1. The matrix P = [(p;;)] is the mixing
matrix or contact fraction matrix.
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Bijr» the transmission fraction. The fraction of contacts between a susceptible
person in group { and an infected person in Y., that transmits the virus;
dimensionless. Let us look only at g, that vary with r, the stage of the infection, but
do not depend on i and j.

k, the fractional transfer rate from Y;,to Y; ,,1; dimension ¢t 1.

u, the fractional rate at which members transfer out of the groups for all
reasons other than the development of AIDS. Let us call it the competing mortality
rate, assumed constant for X; and Y; and assumed small relative to k.

8, the mortality rate for those with AIDS; dimension t~1. This need not be
used in the model (6§ = 0); if it is not used, Z; represents the total number who have
developed AIDS, living and dead.

The Equations

With the parameters so defined, the rate at which susceptibles in group i are infected
by contact with members of ¥; must be

Ci lel]ﬁl]T‘X T Y

In this expression, c;X; is the total number of contacts of X; per unit time, p;; gives
the fraction of these contacts that are with group j,Y;,./X; +Y; is the probability that
the contact with group j is with a person in the r th infectious subgroup, and f;;, is the
fraction of those contacts that result in transmission. Thus the equation for the rate of

change of X; is given by
n m
X Zp Zﬁ i uX; +U
= —Ci4 ij iry v HAi i
=1 r=1 X+

The equations for Y;4, ... ... ... ...., Y, and Z; are then
11 - CX ZPUZﬁUT—_ (k +.u)Y11
Y, = kYi_T_l —(k+wY,, r=23,......m
Zi = lem - 6Zl

This model differs in important ways from models frequently used in epidemiological
modeling:

1. With some exceptions, the models commonly used are for a system of
constant population size in which births equal deaths. Let us look at a
population with constant rates of recruitment into the different groups. In the
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absence of AIDS and competing deaths, such populations would grow at
constant rates. In the absence of HIV and with u > 0, each population comes
to a constant equilibrium population. Let us start with such equilibrium
populations, introduce HIV, and follow the dynamics, seeking the conditions
that give endemic steady states.

2. The model explicitly includes a sequence of stages of infection that may
differ in infectiousness,

3. Let us introduce a new type of mixing, preferred mixing, in which a fraction
of each group’s contacts can be reserved for intragroup contacts, a different
fraction for each group.

An important consequence is that the rates of change of the susceptibles are
not quadratic in susceptibles and infectives but are more complicated nonlinear,
rational functions of the susceptibles and infectives.

3. MODEL FOR INTRAVENOUS DRUG USERS
A very interesting model, which takes the following form:

dp(t) _ 2

——=—[(1-B0)I®) ~ 9O ()] ey

% = AaBOU(L) — w1 (©) 2)
au(e)

- = U@+ IO - apOU® - mU®  (3)

In this model, it is assumed that a needle — sharing intravenous (IV) drug user
population is divided into two disjoint classes: HIV — infected users and uninfected
users. I(t) and U(t) represent the number of infected users and uninfected users,
respectively at time t. B(t) represents the fraction of needles which are HIV —
infectious at time t. The parameters in the model are defined as follows:

m = the number of shooting galleries, i.e., places where needles are
rented to users;
h = the rate at which users visit shooting galleries;

a = the probability an uninfected user who injects with an infectious
needle will become infected;

6 = the probability an infectious needle ceases to be infected after use by an
uninfected user;

¢ = the recruitment rate into the population;



A Model for HIV Transmission Among Intravenous Drug Users 45

u, = the exit rate for uninfected users;
U, = the exit rate for infected users;
v = the aggregation index, 0 < v < 1.
The nonnegative  — axis contains only equilibria when v > 0 and there is always an

equilibrium
c 1/1-v
E, = <0,0, (—) )
Ha

on the positive U — axis. The equilibrium E| is called the infection-free equilibrium.
Furthermore, there is a threshold parameter R, = Aa/6u, such that when R, < 1,
there is no positive equilibrium and when R, > 1 there is a unique positive
equilibrium, called the endemic equilibrium. The parameter R, is called the basic
reproductive rate of infection since it is the average number of users who are infected
by an infected user over the period of addiction.

The value of equilibria is often used to predict the future population size of a target
population. However, such predictions are more reliable if a stability analysis is
performed. The objective of this paper is to carry out a complete qualitative analysis
of the model (1) — (3) and examine the epidemiological implications. Let us
investigate the behavior of solutions of the model.

3.1 Stability Analysis

Let us begin with describing some basic properties of the model. It is easy to see that
the set

G={B,LU);0<p<10<[0<U,

c 1/(1-v)
e )
min(u, 1)

IS a positive invariant set which attracts all feasible solutions, i.e., solutions with 0 <
) <1,I(t) =0,U(t) = 0. Thus, it suffices to study the behavior of solutions
lying in G. For v > 0, the set B={(B8,,U);I =U =0,0 < <1} is an invariant
set which contains only equilibria. That implies that if there are no users, the fraction
of infectious needles remains as it is.

The set

U={B,LU);B=1=0,U>0}
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is a positive invariant set, called the infection — free set. There is a unique equilibrium

e/ | o _ .

E, = (0,0, (u_) ) in U which is globally asymptotically stable with respect to
1

. . . . . . c 1/(a-v)

U, Hence, without HIV epidemic, the population size will approach (#—) :

1

Theorem 1

Let Ry = Aa/6u,. If Ry < 1, there is no positive equilibrium. If R, > 1, there is a
unique positive equilibrium E; = (84,1, U;)

where
] c(uy + Aa — 0,)" 17
Br=1- ﬂ» I = (Aa — 9#2)[ (2 ta) ]
Aa a2 (py + Ao — Op;)
_ [C(Mz + Aa — )
LT o (py + Ao — Opy)
Let us now look at the Jacobian J, of the system (1) — (3) at E|,
[ A0 [ c\V/1v A T
——|— — 0
m (Hl) m
c r/1-v
Jo=1 Aa (—) — 0
° Ha H2
c 1/1-v
—Aa (_> Vi -1 =v)
i Uq |
Thus, J, is a stable matrix if R, < 1 and unstable if R, > 1.
Theorem 2

The equilibrium E, is globally asymptotically stable with respect to G\B if and only if
Ry < 1.

Proof

If E, is globally asymptotically stable and R, > 1, then J, is unstable, which implies

E, is unstable, contradiction. Thus, R, < 1.
Now suppose Ry, < 1. Let V = mu, + Al. Then the derivative of IV along solutions
of (1)—(3) is
dav
T Auy [l — BI — 6BU] + A2afU — Au,l
= —Au,BI — (Bu, — Aa)ABU <0
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since Ou, — 6 = 0. And Z—: impliesg =0o0or/ =0and U = 0.

Therefore, the set
1/1-v

V={(B,I,U);ﬁ=0,0$1$ or

c

o]
0<pB<1I=0and U = 0}

is a global attractor to G\ B.

Adding (2) and (3) , we have

d
%(U+I) =c(U+D" — u,l — U

2c(U+D"= @ +u)U+D)

Lete = (c/uy + up)Y* 2. Thenif U +1 < ¢,
dlU+1)

dt
Hence, the set B is repellent. Therefore, the global attractor is the maximum
invariant set contained in V\B. Since {E,} is the only invariant set, so that {E} is the
global attractor. In other words, E, is globally asymptotically stable with respect to
G\B. The proof of the theorem is complete.

>U+D"[c—(u+u)(U+D7Y]>0

Theorem 3
The endemic equilibrium E; is locally asymptotically stable if it exists.

Proof
The Jacobian J; at E; is
[ AMaK O, A0 (1 9;12) ]
| m ma m Aa |
], = AapK —Uy Aa —6u,
l vy (g + Aa — Opy)  — (g + Aa — 0pp) (1 — )y + Aa — 9#2)‘
Ha + Aa — O, Ha + Aa — O,

where K = [c(u, + da — 0p)" /1y (g + At — Op,) ]/ 177
Suppose that the characteristic polynomial of J; is

f(@) =134+ a2 + a,7+ a;
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Then by the Routh — Hurwitz criterion, J;, is stable if and only if a; > 0, a3 >
0,a,a, > as. Let us now verify these conditions.

_ 2%aK N (2 + Aa = Opx) [(1 — vy + A — O]

= T pa + A — O,
ANaK
> >0
_ K G — 6) + aK ((uy + da — 0u) [(1 — v, + Aa — O, ]
42 = m ¢ 2 Uy + o — 0y,
Ou,
T (Ao — Opz) ¢+ (1 — v)pp(py + Aa — Opy)
_ APaK (uy + da — 0uy)[(1 — )y + Aa — O, ]
m(u; + da — Op,)
A K(1 — 0)(Aa — 6uy)
+—= - 2+ (1= V(g + Aa — Oy)
> (1= v)p(py + Ao — Opy)
a3 = —det(/l)
(1 —v) %au,K Ou
= - 2 (1—T;>(u1+la—9u2)>0
Hence,

2

a,a; > (1 —=v)ux(uy + Aa — Ouy) > az

m

Therefore, J; is a stable matrix, which implies that E, is locally asymptotically stable.

Theorem 4

Suppose Ry, > 1. If u; = u, or 8 = 0, then the endemic equilibrium E; is globally
asymptotically stable with respect to Int G, the interior of G.
Proof

(1). u1 = pp = p. From

dU+1) .
T—C(U+I) ,LL(U+I)
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timi© +101= ()

Since E; is locally asymptotically stable, the global stability of E; with respect to the
interior of Gy, where

o ~{oamesi-()")

implies the global stability of E; with respect to the interior of G.

Let us now show the global stability of E; with respect to the interior of G;. In G;, the
system is equivalent to

dﬁ 2 c 1/1-v
E=E{[1_(1_9)ﬁ]1_9<;) ﬁ} (4)
U e (£>1/1_,, B — Aapl — ul 5)
dt u 3

Denote the right — hand sides of (4) and (5) by F;, and F, respectively.
Then

oF, ( ) c\1/1-v
—=—1—91—9(—> <0
B p

oF _ A <0

By the Dulac’s criterion, there is no periodic solution for (4) — (5). Since E; is the
only locally stable equilibrium of the system, it is globally asymptotically stable with
respect to the interior of G;.

(ii).6 = 0. In this case, (1) becomes

g 2
—=—1=pI=0

Hence, l{imﬁ(t)zl. A similar argument to (i) shows that E; is globally

asymptotically stable if the system

dl

dUu ’

T c(U+1)" — AaU — u U

has no periodic solution in the interior of G,, where G, = {(B,1,U) € G; B = 1}.
Since
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d(U +1
%=C(U+I)”—#1U—uzl

1/1-v
liminf[U(D) +1(1)] 2 (ul i uz)

t—>oo
for any solution (I(t),U(t)). Hence, it suffices to prove that there is no periodic
solution in

c 1/1-v
g3:{([,U)’(’B,I,U)Eg2’I+U2<‘u1+’u2> }

Let (G4, G,) be the right — hand sides of (4) — (5). Then

0G, 0G, -
ET+EEZCWU+D”1—yfqh—ﬂag—%a<0

By the Dulac’s criterion again, G5 does not contain any periodic solution. Therefore
the theorem is proved.
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