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Abstract

In this paper, we study the oscillation of solutions to third-order half-
linear neutral differential equations with "maxima"

(a0 ((x0 + p0x(o)) ) )
max
+ q(t) [T(t),t] Xa(S) =0,t=> tg = 0

1
wherea is the ratio of odd positive integers and ftt a <(t)dt = oo.
0

Examples are given
to illustrate the main results.
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1. Introduction
In this paper, we study the oscillation of solutions to the third-order differential
equations with “maxima” of the form.

<a(t) ((x(t) + p(t)x(a(t)))”) > +q(0) [Tr?f)‘f‘t] X%($s) = 0,t >t =0, (LI

We assume the following conditions:

(€) a(t),p(®),q),t(t) and oa(t) areinC([0,x]);
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a(t),p(t),q(t), t(t) and o(t)are positive functions; a is the quotient of odd
positive integers;
(Cy)there is a constant p such that 0 < p(t) < p < 1; the delay arguments satify
(t) <t 0(t) <t lime_,1(t) = lim,0(t) = ;

1
(C3) a(t)is positive and nonincreasing for allt > tyand | tt a a(s)ds >wast —
0

00,
By a solution of equation (1.1) we mean a continuous function x(t) €

" &
C3([T, ,»)), T, = ty, which has the property (a(t)(z(t))) are continuously
differentiable and x(t) satisfies the equation (1.1) on [T, ) and z(t) = (x(t) +

p(t)x(a(t))). We consider only those solutions x(t) of equation (1.1) which satisfy

sup{|x(t)|:t = T,} > 0 forallt > T, A solution x(t) of equation (1.1) is called
oscillatory if it has arbitrary large zeros [Ty, «), otherwise it is called nonoscillatory.

In the last few years, the qualitative theory of differential equations with “maxima”
received very little attention even though such equations often arise in the problem of
automatic regulation of various real system, see for example [2, 15]. The oscillatory
behavior of solutions of differential equations with “maxima” are discussed in [3-7, 12,
13], and the references cited therein.

In [8], the authors obtained some sufficient conditions for the equation of the type
(1.1) without maxima. In this paper, we extend the results of [1] to equation with
maxima. Here we follow the same strategy as in [1], but with new estimates in Lemma
2.3, 2.4 and 2.5. Motivated by this observation, in this paper, we present some
sufficient conditions for the oscillation of all solutions of equation (1.1).

In Section 2, we obtain criteria for the oscillation of allsolutions of equation
(1.1) and in Section 3 we present someexamples to illustrate the main results.

Remark 1.1.All functional inequalities consider in this paper assumed to hold
eventually, that is they are satisfied for all t large enough.

Remark 1.2.Without loss of generality we can deal only with the positive solution
of equation (1.1), since the proof for the negative solution is similar.

2. Oscillation Results
In this section, we obtain a oscillatory criterion for equation (1.1). For a solution x(t)
of (1.1) we define the corresponding function z(t) by

z(t) = x(t) + p(Ox(a(1)). 2.1

To obtain sufficient condition for the oscillation of solutions of equation (1.1), we
need the following lemmas.

Lemma 2.1.Let x(t)be a positive solution of equation (1.1), then there are only the
following two cases for z(t) defined in (2.1) hold:
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(Dz(t) > 0,z'(t) > 0and z" (t) > 0;
(IDz(t) > 0,z () < Oand z'(t) >0 fort = t; = toy;
where t; is sufficiently large.
The proof of the lemma is found in[8].
Lemma 2.2. Let x(t) be a positive solution of equation (1.1) and let the
corresponding z(t) satisfy Lemma 2.1 (II). If

21 Gz f ats)ds) ™ dudv = o (2.2)

lim _ lim _
‘[hent N oox(t) = ooZ(t) = 0.
Proof. The proof is similar to that of in [8] and hence the details are omitted.
Lemma 2.3 Assume that u(t) > 0,u'(t) = 0,u’'(t) <0, on [ty ). Then for
each | € (0,1) there exists a T; = t, such that
u(z(®)  u®)
> 1 ort =>T1;.
A(z(D) A() f L
Lemma 2.4. Assume that z(t) > 0,z'(t) > 0,z"(t) > 0,z"'(t) < 0,0n [T}, ).
Then

2 a'la(®)at)
zI(t) — 2

fort>T,

The proofs of Lemma 2.3 and Lemma 2.4 are found in [8].
Lemma 2.5. The function x(t) is a negative solutions of equation (1.1) if and only
if —x(t) is a positive solution of the equation

(a0 (<0 +p@260®)) ) ) +4@ g @ =0 @3

Proof. The assertion can be verified easily.
LemmoOa 2.6 Assume that

z'(£)>0,2"(t) > 0,(a(t)(z"(£))*) < 0 on [T, »).Then

A()z" (t)
7070 <1, fort=T,

Proof. The proof is found in[8].
Now, we present the main results. For simplicity we introducethe following
notations:

lim . «
. OOmfA (t)fPl(s)ds,
t

t
i 1
Q= lim sup mfA““(s)Pl(s)ds
to

T to> o
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where
P(s) = N o
max o A(T())\ (A(T(s)
e, (1~ P) a®a(x0) () (F52) 24
with [ € (0,1) arbitrarily chosen and T; large enough. Moreover for z(t) satisfying
case (I) of Lemma 2.1, we define

_ Z”(t) a
w(®) =a® (57) 2.5)
_ lim . 0(
= L inf A*(w(t),
and
_ lim o
R = £ & 0oSUP A*(®Dw(t). (2.6)
Theorem 2.1. Assume that condition (2.2) holds. If
lim . o o™
pP= o oo inf A% (t) ft P,(s)ds > et 2.7)

then x(t) is either oscillatory or lim;_x(t) = 0.

Proof. Assume that x(t) is a nonoscillatory solution of equation(1.1). We can
assume without loss of generality that x(t)is positiveand the corresponding function
z(t) satises Case(I) of Lemma 2.1.

First note that

x(t) = z(t) —p©x(a(®)) = (1 — p(1))z(¢) (2.8)

or
[0, 115 2 2Oy, (1 —p()"

Using the above inequality in equation(1.1) we obtain

(a0 (z®)") +a® [Gr(‘g‘f‘t] (1-p(s))"z%®) < 0. 2.9)

From the definition of w(t) we see thatw(t) > 0 and from (1.1) wehave

oy Oz O, (PE)" w =g
< . — x
w(t) < 2" per : (2.10)
From Lemma 2.3 with u(t) = z'(t),we have,
1 Alz@®) 1

z'(t) =X A Z'(z(@®)’ t=T
where, [ is the same as in P;(t). Now (2.10) becomes

, A(t(t) L T(t) max

w(t) < —q(@®)I* ( ,(4(t) )> () 7 [1(s), 5] (1-pG)”
(Z“(T(t)))
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(0’4 a+1

— w a (t).
a'/x(t) ©
. al/“A(t) '
Using the fact from Lemma 2.4 thatz(t) = z (t), we have
a+1l
w'(t) + P(t) + 1/()Wa(t)<0 (2.11)
Since P;(t) > 0 and w(t) > 0 for t = T, it follows that w'(t) < 0 and
—( Wi >> 7, fort =T, (2.12)
aw @ (t) *(D)
This implies that
1) 1
(W1/°<(t)) > a'le(t) @.13)

Integrating the last inequality from 7 to t,and using that
w Y a(T;) > 0, we obtain
w() < ——
(f;l a_§(s)ds>
whichinview of (C3) implies thatlim;_,w(t) = 0. On theotherhand, from the
definition of w(t), and Lemma 2.5, we seethat

« A®)z'(£) ADZ O\ _ L«
A<OW(O) = () (AZ0)” = (A0ZO) < g« (2.15)

(2.14)

Then
0<r<R<1 (2.16)

Now, let € > 0, then from the definitions of P and r we can pick
€ [T}, )sufficiently large that

A% f:oPl(s)ds >P—¢,
and
A*w(t) =r—¢, for t = t,,

Integrating (2.11) from t to « and using lim;_,,w(t) = 0, we have

o witla
w(t) = [ Pi(s)ds+ [, WT((;)ds for t=>t, (2.17)

Assume P = oo, then from (2.17), we have
AX(Ow(t) = A%(t) f:o P,(s)ds.
Taking the limit infimum on both sides at t — o, we get in view of (2.16) thatl >

r = oo. This is a contradiction. Next assume that P < o. Now from (2.17) and the
facta’(t) < 0, we have
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A““(s)waTﬂ(s)

Aa(t) W(t) > Aa(t)f Pl(s)ds + aAa'(t)f A“"’l(s)al/“(s) ds

> (P-) + (r-)Meac f ) A—ﬁ;(gs)) ds

and so

A@WE) = (P-) + (r-)E

Taking the limit infimum on both sides at t — oo, we get,

r> (P-)+ (r-)"e.

Since > 0 is arbitrary, we obtain
1

P <r-rta
Using the inequality,
a+1 a¥® Ba:+1

Bu—Du a < @+ e A

with B = D = 1, we get
aa
— (a+1)0tt

which Contradicts (2.7). This completes the proof.
From Theorem 2.1 we have the following corollary.

Corollary 2.1.Assume that (2.2) holds. if

lim inf A%(t) foo (s) max (1 — (s))a a(r(s)) A(Ls))zads
t—oo ¢ 1 [t(6).t] p A%
a)* a“
> @ (@rn)art (2.18)
then every solution of equation (1.1) is either oscillatory or ¢ li)moo x(t) = 0.
Theorem 2.2.Assume that condition (2.2)holds. If
P+0>1, (2.19)

then every solution of equation (1.1) is either oscillatory or satisfies ¢ 1Lmoox(t) =
0.
Proof. Suppose x(t) to be a nonoscillatory solution of equation (1.1) and

since - x(t) is also a solution, we can assume without loss of generality that x(t)is
positive. Let the corresponding function z(t) satisfies case(I) of Lemma 2.1.
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Proceeding as in the proof of Theorem 2.1, we obtain (2.11). Now multiply (2.11) by
A**t1(t),and integrating from t, to t (t = t,), we get
t t

fA““(s)w'(s)ds < - fA““(s)Pl(s)ds

tz tZ
a+1
t (A%(sw(s)) &
—a ftz 011/—"‘(5) ds. (220)

Using integration by parts, we obtain
t

AT (OwW() < A(E)w(t,) — f AT 1()P,(s)ds

t2

t( )“_’fl t
A*(s)w(s)) « /
—a 2177 (3) ds + fw(s)(A““(s)) ds.
tz tZ
Hence
t
A OWE) < AT W) - [ A @RS
[
t atl
(a+ DA (s)w(s) a(A“(s)W(s)) a
+j - ds.
al/a(s) al/a(s)
t2
Using the inequality
a—+1 aa Ba+1
Bu—Du « S(a+1)“+1' Da
with

u(t) = A*(Ow(d),

and positive constants,
D= QB = a+1
- al/“(t) an - al/“(t)’
we get,
AT (Ow(t) < A% (t)w(t,) — ft'; A*TL(s)P,(s)ds + A(t) — A(t,). (2.21)
It follows from

A¥Ow(t) < ﬁA““(tz)w(tz) - % ffz ATTL()P(s)ds + 1 (2.22)
_Alt2)
A(t)”
Taking limit supreme on both sides ast — cowe obtainR < — @ + 1.Combining
this with the inequality (2.16) we get
P+Q<1. (2.23)
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This is a contradiction. If z(t) satisfies condition (2.2) then by Lemma 2.1
of case (II) we have ‘ ll)moo x(t) = 0.This completes the proof.

From Theorem 2.2 we have the following corollary.

Corollary 2.2.Assume that (2.2) holds and a’(t) <0 forallt > ¢,.

Let x(t) be a solution of equation (1.1). If
Q = lim,_,, Supﬁ L AY(s)P(s)ds > 1, (2.24)
then every solution of equation (1.1) is either oscillatory orlim,_,,, x(t) = 0.

3. Examples
In this section we present some examples to illustrate the main results.
Example 3.1.Consider the differential equation

m 3
(10 s2m) ) ) - 2eer-aezs o

One can easily verify that all conditions of Theorem 2.1 are satisfied and hence
every solution of equation (1.1) isoscillatory.Infactx(t) = %is one such solution of
equation (3.1).

Example 3.2.Consider the differential equation
. - "\ g max
p (x(t) + Ex( /3)> + ;E't]x(s) =0,t=>1. (3.2)

One can easily verify that all conditions of Theorem 2.2 are satisfiedand hence
every solution of equation (1.1) is oscillatory. Infactx(t) = %is one such solution of
equation (3.2).
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