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Abstract

In this work a new integral transform, namely ELzaki transform was applied
to solve linear systems of Integra-differential equations with constant
coefficients.
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Introduction

Many problems of physical interest are described by differential and integral
equations with appropriate or boundary conditions. These problems are usually
formulated as initial value problem, boundary value problems, or initial — boundary
value problem that seem to be mathematically more vigorous and physically realistic
in applied and engineering sciences. ELzaki transform method is very effective for
Solution of the response of differential and integral equations and a linear system of
differential and integral equations.

The technique that we used is ELzaki transform method which is based on Fourier
transform. It introduced by Tarig ELzaki (2010)

In this study, ELzaki transform is applied to integral and integrao-differential
equations system which the solution of these equations have a major role in the fields
of science and engineering. When a physical system is modeled under the differential
sense, if finally gives a differential equation, an integral equation or an integro-
differential equation systems.

Recently, Tarig ELzaki introduced a new transform and named as ELzaki
transform which is defined by:

0

E[f(t),v}:T(v):vJ‘eif(t)dt , ve(—k,k,)

0
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Or for a function f (t) which is of exponential order,

Me_%l . t<0
FO<
MeA2 , t>0

ELzaki transform, henceforth designated by the operatorE[.], is defined by the
integral equation.

E[F(0)]=T(v)= v f(v) e'dt , —k <v<k,

Where M is a real finite number and k,,k, can be finite or infinite.

Theorem (1-1):
Let T (v ) is ELzaki transform of f (t)

[E( f(t)=T (v)] and g(t) :{

f(t—r), t>7r
0 , t<r

Then: )
E[g(t)]=e" T(v)

Proof:

E[g (t)]:J.v e f (t—7)dt Let t=A+7 we find that:

T

A+T

Tve_(v) f(1)da= e_%]zv e g (2)da= e_sT (v)

Which is the desired result

ELzaki transform can certainly treat all problems that are usually treated by the
well- known and extensively used Laplace transform.

Indeed as the next theorem shows ELzaki transform is closely connected with the

Laplace transform F (s).

Theorem (1-2):
Let f(t)e A={ f(t)3M k. k, >0,such that|,| f ()| <Me", if te(-1) X[O,oo)}
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With Laplace transform F (s ), Then ELzaki transform T (v )of f (t)is given by

T(v)=VF (lj (1)

\'

Proof:

Let: f (t)e A . Then for —k, <v <Kk, T(v):vz_[e*tf(vt) dt Let w=vt then we have:
0

d 1

f (w)—W: vIe_Vva (w)dw=vF (—j

T(v)=V[e
=¥ v :
Also we have that T (1)=F (1) so that both the ELzaki and Laplace transforms

must coincide at v=s=1.

In fact the connection of the ELzaki transform with the Laplace transform goes
much deeper, therefore the rules of F and T in (1) can be interchanged by the
following corollary.

Corollary (1-3):
Let f(t) having Fand T for Laplace and ELzaki transforms respectively, then:

1

F (s) = sTH )

S

Proof:

This relation can be obtained from (1) by taking v = L
S

Equations (1) and (2) are the duality relation governing these two transforms and
may serve as a mean to get one from the other when needed.

ELzaki Transform of Derivatives and Integrals
Being restatement of the relation (1) will serve as our working definition, since the

Laplace transform of sint is

> then view of (1), its. ELzaki transform is

1+s
3
E[sint]zlvV
+

> this exemplifies the duality between these two transforms.

Theorem (2-1):
Let F'(s) and T'(v) be Laplace and ELzaki transforms of the derivative of f (t).
Then:

o\ T(v

O T'W="Y vt (0) ©)

Y
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(i) T (v)=

TV(V)—HZ:“IVZ‘””f(k)(O) ., n>1 (4)

" k=0
Where T"(v) and F"(s) are ELzaki and Laplace transforms of the nth

derivative f ") (t) of the function f (t).

Proof:
(i) Since the Laplace transform of the derivatives of f(t) isF'(s)=sF(s)- f(0)

Then:
1) [1_(1 1 T(v)
T'(V)=VF'| = |=v|=F| = |- f(0) [=F| = |-vf(0)= —~2—-vf(0
e (222 v v
(i) By definition, the Laplace transform for f (™ (t) is given by:
n-1
F"(s)=s"F(s)->.s" 1% (0)
k=0
Therefore:
1
F(j 1 (K)
FH:_V S
Vv Vn ~ Vn (k+1)
Now, since,
n-1
TY(v)=v F‘k’(%j for 0<k<m , we have T"" (v):T\an)— vl (0)
k=0

Theorem (2-2)
Let T'(v) and F'(s) denote ELzaki and Laplace transforms of the definite integral

off (t).

h(t)=£f(r)dr. Then T'(v)=E[h(t)]=vT(v)

Proof:

F
By the definition of Laplace transform F'(s)=L(h(t)) :@ Hence,

T'(v)=v F'(%) = V{VF Gﬂ =V’F (%) =VT(v)
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Theorem (2-3) (shift):
Let f (t)eA with ELzaki transform T (v ).Then:

[eatf( )] 1 1av T{l—vav}

Proof:
From definition of ELzaki transform we have:
[ea‘f ] vz_[f B0t Letw = (1-av )t =dw =(1-av )dt,
0
Then:

v Jf[wv}erW: L T[ v }
1-av 1-av 1-av 1-av

Theorem (2-4) (convolution):

Let f(t) and g(t) be defined in A having Laplace transforms F(S) and G(s)
and ELzaki transforms M (v) and N (v) . Then ELzaki transform of the Convolution
of fandg.

(1*9)® =] f (o t-)dx Is given by: e[(f0)®]= 1M N ()

0

Proof:
The Laplace transform of (f *g)is given by: L[(f*g)]=F(s)G(s)
By the duality relation (1) we have:

E[(f*g)®)]=vL[(f*g)®)],

el o temomio{ 2]

And since

M(v):vF(—

< |k
~—
P

Solution System of Integro-Differential Equation
Let us consider the general first order system of Integro-differential equation.
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V= £+ [[%.09+y,(9]ox

t (5)
Y3 =9(0)+ [y, () -y, (0] dx
0
With the initial conditions
yl(o):a ' yz(o):ﬂ (6)
By using ELzaki transform into eq (5) we have,
L—vyl(O) = f(v)+vy, +vy,
(7)

ﬁ_Vyz (0) = g(V)"‘VVz —Vy,

Where y, and y, are ELzaki transform of y,andy, respectively.
Substituting Eq(6) into Eq(7) we get
(1-v*) ¥, =av® +v T (v)+V?Y,
{VZV1 = BV2+Vg (v)—(1-V*) ¥,
Solve these equations to find y, and v,
(2\/4 —? +1)371 =’ +(B-a)’ +v2(1—v 2)f_(v )+v3g(v)

Or

1

[av2+(,8—a)v‘;+v(12—v2)f_(v)+v3g W)
V' —2v- +1

And y, (t)=E7[F(v)]=G(t)
Substituting y, (t) into eq (5) to findy, (t).

Example (1):
Consider the following system:
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A :t+j).[y1(x)+ yz(x)]dx

(8)

' 1 t
_yz = —Et“ —2t+£|:(t— X).y; (x)] dx
With the initial conditions
yl(O)ZO , y2(0)=1 9)
By using ELzaki transform into Eq (8) yields
L_Vyl(o):V3 +VY, + VY,
Y . (10)
%—vy2 (0)=-2v°-2v° +V[V371]

Substituting Eq(9) into Eq (10) we get,
{(1v2)71 =v*+v?y,

VY, =¥, +2v° +2v* —v?

Solve these algebraic equations we find that. ¥, =2v* And y, (t)=t’
t t 1

Form the first equation of (8) we have Y, :t+'|‘[y1+ y,]dx or J‘yzdx =t _§t3
0 0

Applying ELzaki transform to the last equation, we get:

VY, =vi-2°0Ory,=v?-2*Andy,(t)=1-t°
Example (2)

Consider the following system.

t
y,/=-1-vy, +cost +‘fy2 (x )dx
i (11)

t
y,=-y,+sint —jyl(x)dx
0

With the initial conditions
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Solution:

Applying ELzaki transform to Eq (11) we get:
¥, , N Ve
R AC RO R i A a2
v, i

V_g_ Y, (O)_Vyé (O) =_72 +m+vyl

Substituting Eq(12) into Eq(13) we have,

+ VY,

(l+v2)7l =vi—v'+ 2
5
-y, =V + 1:\/2 —(l+v2)72

The solution of these equations is,

4 6 8

VRNV VEE ) £ Ve S A A
( )y: 1+v? 14v? 14v?
e

Vi=1.2 And y, (t)=cost

t
Substituting y, (t) into eq (11) we get: J‘yz(x )dx =1-cost
0

Take ELzaki transform of two side of this equation, we have,

2 3

v v
vy, =v?%— ory,=
Y, Y, 1+v

1+v?

> and y, (t)=sint

Example (3):

Consider the following linear volterra type Integro-differential equation system.

t

yy=1+t+t* -y, (t)—j[yl(X)+ Y, (x)]dx

0

(%)= ¥ (%) ] x

Y, =—1-t+y, (t)_

O'—.-—r

(12)

(13)

(14)
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With the initial conditions.
y.(0)=1 , y,(0)=-1 (15)

Solution:
By taking ELzaki transform of Eq (14) and making use of the conditions (15) we
have:

(1+V?) ¥ =2+ V2 4V +2v° —v(1+ V),
V(1-V)Y, =V +VE v +(1-vP) Y,

Solve these equations to find.
(1—v)(1+2\/2)3Tl:—2\/6+2\/5+v4+v3—v2

o 2!(2\/4+2\/3v2+v)+(2\/2+1)
V1= (1-v )(1+2\/2)

2 VZ
vV, = v{v +1i}= v3+1V , then yle{v3+1 }:t+et
—v

Where that E™ is the inverse ELzaki transform.
t
Substituting y, into equation (14) we get, y, = —%tz +Iy2(x ) dx
0

Applying ELzaki transform to this equation, we get.

%w = vy, or (1-v?)y, =v°—v?
Or
e S
Then:
yZ:E{va—l\/_zv}:t—et
Conclusion

In this paper, ELzaki transform method for the solution of volterra integral and
Integro-differential equation systems is successfully expanded. In the first example,
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the general system of the first order Integro-differential equation and in the last three
examples, Integro-differential equation systems are considered. In observed that
ELzaki transform method is robust and is applicable to various types of Integro-
differential and integral equation systems.
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