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Abstract 
 

Combining the notion of a metric space with w-distance and the notion of a 
cone metric space, Lakzian and Arabyani [2] have introduced the notion of a 
cone metric space with w- distance and proved a fixed point theorem where in 
the concept of ‘infimum’ of set is used which may not be meaning in cone 
metric spaces. In this paper we avoided this difficulty. 
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Introduction 
Huang Long-Guang and Zhang Xian [1] have introduced Cone metric space . Metric 
space with w−distance was introduced by Osama Kada, Tomonari Suzuki, Wataru 
Takahashi, and Naoki Shioji [3,4]. These two concepts were combined together and  
Cone metric space with w−distance was introduced  by H.Lakzian and F.Arabyani 
[2], and  a  fixed point theorem was proved. But in this paper ‘infimum’ of a set is 
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used which may not be meaningful in the context of a cone metric space.we 
successfully avoided this difficulty in this paper by obtaining suitable modifications. 
 
 
Preliminaries 
Let E be a real Banach space and P a subset of E. P is called a cone if 

1. P is closed, non-empty and ܲ ് ሼ0ሽ, 
 ݔܽ  .2 א ݕܾ   ܲ for all ݔ, א ݕ  ܲ and non-negative real numbers a, b, 
ת ܲ  .3  ሺെܲሻ  ൌ  ሼ0ሽ. 

 
 For a given cone ܲ ك  we can define a partial ordering ≤ with respect to ܲ by ,ܧ 
 ݔ െ ݕ if and only if ݕ  א ݔ  ܲ. ൏ ݔ  ݔ will stand for ݕ  ് ݔ and ݕ   while ,ݕ 
ݔ ا ݕ will stand for ݕ  െ א ݔ  denotes the interior of P. The cone ܲݐ݊݅ where , ܲݐ݊݅ 
P is called normal if there is a number ܯ  0 such that for all 
,ݔ    א ݕ ,ܧ  0   ݔ  ԡݔԡ  ݏ݈݁݅݉݅ ݕ    .ԡݕԡܯ
 
 The least positive number satisfying the above inequality is called the normal 
constant of P ([1]). The cone P is called regular if every increasing sequence which is 
bounded form above is convergent. That is, if {ݔሽஹଵ is a sequence such that  ݔଵ ≤ ݔଶ 
≤ ... ≤ y for some ݕ א א ݔ then there is ,ܧ ݔsuch that lim՜∞ԡ ܧ  െ ԡݔ ൌ 0. 
Equivalently the cone P is regular if and only if every decreasing sequence which is 
bounded from below is convergent. It has been mentioned that every regular cone is 
normal [1]. 
 
Lemma2.1: [1] Every regular cone is normal. 
In the following we always suppose that E is a Banach space, P is a cone in E with 
് ܲ ݐ݊݅  .and ≤ is partial ordering with respect to P  
 
Definition2.2: Let X be a non-empty set. Suppose the mapping ݀: ܺ ൈ ܺ ՜  ܧ
satisfies: 
 0   ݀ሺݔ, ,ݔ ݈݈ܽ ݎ݂ ሻݕ א ݕ  ܺ ܽ݊݀ ݀ሺݔ, ሻݕ  ൌ ൌ ݔ ݂݅ ݕ݈݊ ݀݊ܽ ݂݅ 0   ,ݕ 
  ݀ሺݔ, ሻݕ  ൌ  ݀ሺݕ, ,ݔ ݈݈ܽ ݎ݂ ሻݔ א ݕ  ܺ, 
  ݀ሺݔ, ሻݕ    ݀ሺݔ, ሻݖ    ݀ሺݖ, ,ݔ ݈݈ܽ ݎ݂ ሻݕ ,ݕ א ݖ  ܺ. 
 
 Then d is called a cone metric on X, and (X, d) is called a cone metric space. 
 
Example2.3: [1] Letܧ ൌ ܴଶ, ܲ ൌ  ሼሺݔ, ሻݕ א  ,ݔ / ܧ   ݕ  0ሽ, ܺ ൌ  ܴ and 
 ݀: ܺ ൈ ܺ ՜ ,ݔdefined by ݀ሺ ܧ ሻݕ  ൌ  ሺ|ݔ െ ,|ݕ ݔ|ߙ െ  .ሻ where α ≥ 0 is constant|ݕ
 Then (X, d) is a cone metric space. 
 
Definition2.4: [3] Let X be a cone metric space with metric d. Then a mapping 
:  ܺ ൈ ܺ ՜  :is called w−distance on X if the following satisfy ܧ
 0  ,ݔሺ  ,ݔ ݈݈ܽ ݎ݂ ሻݕ א ݕ  ܺ, 
,ݔሺ  ሻݖ   ,ݔሺ  ሻݕ   ,ݕሺ  ,ݔ ݈݈ܽ ݎ݂ ሻݖ ,ݕ א ݖ  ܺ 
,ݔሺ  . ሻ ՜ א ݔ ݈݈ܽ ݎ݂ ݏݑݑ݊݅ݐ݊ܿ ݅݉݁ݏ ݎ݁ݓ݈ ݏ݅ ܧ   ܺ 
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for any 0 ا there exists  0 ,ߙ ا ,ݖሺ such that ߚ ا ሻݔ ,ݖሺ and  ߚ ا ሻݕ  imply ߚ
݀ሺݔ, ሻݕ ا  ,ߙ where ߙ ߚ א  .ܧ 
 
Example 2.5: [2]  

1. Let (X, d) be a metric space. Then p = d is a w-distance on X. 
2. Let X be a norm linear space with Euclidean norm. Then the mapping 
: ܺ ൈ ܺ ՜ ሾ0, ∞ሻ defined by ሺݔ, ሻݕ  ൌ ||ݔ||    ||ݕ|| for all x, y א X is a w-
distance on X. 

 
3. Let X be a norm linear space with Euclidean norm. Then the mapping 

:  ܺ ൈ ܺ ՜ ሾ0, ∞ሻ  defined by p(x, y) = ||y|| for all x, y א X is a w-distance on X. 
 

4. Let X be a cone metric space with metric d, p be a w−distance on X and f a 
function from X into E  such that 0 ≤  f(x) for any x א X. Then a function  

:ݍ ܺ ൈ ܺ ՜  X × X is also a א given by q(x, y) = f(x) + p(x, y) for each (x, y)  ܧ
w−distance. 

 
Definition2.6: [2] Let X be a cone metric space with metric d, let p be a w−distance 
on X, ݔ א ܺ and {ݔ} a sequence in X, then ሼݔሽ is called a p−Cauchy sequence 
whenever for every α א E,0 ا  there is a positive integer N such that, for all ,ߙ
m, ݊   ܰ, ,ݔሺ ሻݔ ا  .ߙ
 A sequence ሼݔሽ in X is called a p−convergent to a point x  X whenever for every 
ߙ א 0 ,ܧ ا ݊ there is a positive integer N such that for all ,ߙ  ,ݔሺ ,ܰ ሻݔ ا   .ߙ
 Note that by lower semi-continuous p, for all ݊  ܰ, ,ݔሺ ሻݔ ا   .ߙ
 We denote this by lim՜∞ ݔ ൌ ݔ or ݔ ՜  .ݔ
 (X, d) is a complete cone metric space with w−distance if every Cauchy sequence 
is p−convergent. 
 We note that  ݅݊ܲݐ  ܲݐ݊݅ ك ܲݐ݊݅ ߣ  ݀݊ܽ ܲݐ݊݅  ك ߣሺ ܲݐ݊݅  0ሻ. 
 
Lemma2.7: [1] There is not normal cone with normal constant ܯ ൏ 1. 
 
Example2.8: [2] Let ܧ ൌ ݈ଵ, ܲ ൌ ሼሼݔሽஹଵ א :ܧ ݔ  0, for all n}, ሺܺ,  ሻ a metric
space and ݀   ܺ ൈ  ܺ ՜ ,ݔdefined by ݀ሺ ܧ  ሻݕ ൌ ቄሺ௫,௬ሻ

ଶ ቅ
ஹଵ

. Then ሺܺ, ݀ሻ is a cone 
metric space .If we set  ൌ ݀ then ሺܺ, ݀ሻ is cone metric space with w−distance  and 
the normal constant of  P is equal to 1. 
 
Proposition2.9: [1] For each ݇   1, there is a normal cone with normal constant  
 ܯ  ݇. 
 
Theorem2.10: [2] Let ሺܺ, ݀ሻ be a cone metric space with w−distance p on X and  
ܶ: ܺ ՜ ܺ. Suppose that there exists  א ݎ  ሾ0, 1ሻ such that  ሺܶݔ, ܶଶݔሻ  ,ݔሺݎ   ,ሻݔܶ
for every ݔ א ܺ and  
   ݂݅݊ ሼ ሺݔ, ሻݕ   ,ݔሺ  א ݔ / ሻݔܶ  ܺሽ    0     (2.10.1) 
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for every א ݕ  ܺ with ݕ ് ݖ Then there is a .ݕܶ א ܺ such that  ݖ ൌ  Moreover, if .ݖܶ
P be a normal cone with normal constant M and ݒ ൌ ܶሺݒሻ, then ሺݒ, ሻݒ ൌ 0. 
 In the cone metric space context ‘inf’ in (2.10.1) may not be meaningful.  
 In this paper this difficulty is successfully avoided by suitably modifying the 
hypothesis (Theorem 3.2). Some supporting examples are also given. 
 
Remark2.11: [2] The sentence “ݒ ൌ ,ݒሺ then ݒܶ ሻݒ ൌ 0” makes the previous 
applicable theorem, i.e. when we search the fixed point T, we must search the points 
,ݒሺ  where ݒ ሻݒ  ൌ  0; because if ሺݒ, ሻݒ  ്  0 then ݒ ്  .ݒܶ 
 
Theorem2.12: [2]  Let ሺܺ, ݀ሻ be a complete cone metric space with w−distance . 
Let P be a normal cone on X. Suppose a mapping ܶ: ܺ ՜ ܺ satisfies the contractive 
condition  pሺܶݔ, ሻݕܶ    ,ݔሺ ݇   ,ݔ ሻ, for allݕ א ݕ  ܺ, where ݇ א  ሾ0, 1ሻ is a constant. 
Then, T has a unique fixed point in X.  For each x א X, the iterative sequence 
ሼܶሺݔሻሽஹଵ converges to the fixed point. 
 
 
Main Results 
Lemma3.1: Let X  be a cone metric space with metric d and   ܺ ൈ ܺ ՜ -is  w ܧ
distance on X satisfies ሺܶݔ, ܶଶݔሻ  ,ݔሺݎ ݎ    ሻݔܶ א ሾ0,1ሻ then ሼݔሽ is a Cauchy 
sequence. 
 
Theorem3.2: Let ሺܺ, ݀ሻ be a cone metric space with w−distance p on X and  ܶ: ܺ ՜
ܺ. Suppose that there exists  ݎ א ሾ0, 1ሻ such that ሺܶݔ, ܶଶݔሻ  ,ݔሺݎ  ሻ, for every xݔܶ
ݕ X and that א ് ௬ݏ Then there exists .ݕܶ  0 such that 0 ൏ ௬ݏ  ሼሺݔ, ሻݕ 
,ݔሺ א ݔ / ሻݔܶ  ܺሽ  0. Then there is a ݖ א ܺ  such that ݖ ൌ ݒ  Further if .ݖܶ ൌ
ܶሺݒሻ, then ሺݒ, ሻݒ ൌ 0. 
 
Proof: Let ݑ א ܺ and define ݑ ൌ ܶݑ for any ݊ א ܰ. Then we have, for any ݊ א ܰ, 
,ݑሺ ାଵሻݑ  ,ିଵݑሺݎ ሻݑ  ڮ   ,ݑሺݎ ଵ), 0ݑ ൏ ݎ ൏ 1. 
 So if ݉   ݊, 
,ݑሺ  ሻݑ  ,ݑሺ ାଵሻݑ  ڮ  ,ିଵݑሺ  ሻݑ
   ,ݑሺݎ ଵሻݑ  …  ,ݑሺିଵݎ   ଵሻݑ
   

ଵି
,ݑሺ  .ଵሻݑ

 
 Now let ߙ א with 0 ܧ ا ݕ be given, then choose ߙ א with 0 ܧ ا  such that ݕ
ߙ  ௬ܰሺ0ሻ ك ܲ where N୷ሺ0ሻ ൌ ሼݖ א ||ݖ||/ܺ ൏   .ሽݕ
 Also choose a natural number ଵܰ  such that  

ଵି
,ݑሺ ଵሻݑ א ܰഄ

మ
ሺ0ሻ   then  

 

ଵି
,ݑሺ ଵሻݑ ا  ߙ

 ֜ ߙ  െ  

ଵି
,ݑሺ ଵሻݑ א   ݐ݊݅
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  ,ݑሺ  ሻݑ    

ଵି
,ݑሺ ଵሻݑ ا ݊   ߙ  ݉. . 

   ሼݑሽ  is a Cauchy sequence in X   (by Lemma 3.1) 
 
 Since X is complete,ሼݑሽ converges to some point ݖ א ܺ. Let ݊ א ܰ be fixed. 
 Then since ሼݑሽ  converges to z and ሺݑబ , .) is continuous, we have  
,బݑሺ ሻݖ   ݈݅݉՜∞ ,బݑሺ  ሻݑ
   బ

ଵି
,ݑሺ  .ଵሻݑ

 
 Assume that  ݖ ്  ,Then by hypothesis we have .ݖܶ
  0 ൏ ௭ݏ  ሼሺݔ, ሻݕ   ,ݔሺ  א ݔ / ሻݔܶ  ܺሽ   
  0 ൏ ௭ݏ  ሼ ሺݑబ, ሻݖ   ,బݑ൫  బାଵ൯/݊ݑ א ܰሽ 

  ሼ ቀ బ

ଵି
ቁ ,ݑሺ ଵሻݑ  ,ݑሺబݎ  ݊    ଵ ሻ ሽݑ א ܰ. 

 ՜ 0  as  ݊ ՜ ∞ 
 ֜  0 ൏ ௭ݏ  0 
 
 This is a contradiction. 
  ݖ   ൌ   .ݖܶ
ݒ ݂ܫ  ൌ ,ݒሺ  we have ݒܶ ሻݒ ൌ ,ݒሺܶ ܶଶݒሻ  ݎሺݒ, ሻݒܶ ൌ ,ݒሺ ݎ  .ሻݒ
  ,ݒሺ  ሻݒ  ,ݒሺ ݎ  ሻݒ
 ֜ ሺ1 െ ,ݒሺ ሻݎ ሻݒ  0 
 ֜ ,ݒሺ  ሻݒ  ൌ  0. 
 
Example3.3: Let ሺܺ, ݀ሻ be a complete cone metric space with  w-distance P on X and 
the mapping T : X → X. Suppose that there exists  r 1 ,0] א) such that ሺܶݔ, ܶଶݔሻ 
,ݔሺݎ א ݔ ሻ for everyݔܶ  ܺ and that ݕ ് ௬ݏ Then there exists .ݕܶ  0 such that 
0 ൏ ௬ݏ ൌ ݕ െ ଶݕ  ݀ሺݔ, ሻݕ  ݀ሺݔ, ݔ ଶሻ for everyݔ א ሾ0, ଵ

ଶ
ሿ and ݕ א ሺ0,1ሻ and 

݀ሺݔ, ሻݕ ൌ ݔ| െ ד .|ݕ ܶሺݔሻ ൌ ܺ ଶ onݔ ൌ ܴ. 
 Then there is a ݖ א ܺ  such that ݖ ൌ ݒ  Further if .ݖܶ ൌ ܶሺݒሻ, then ሺݒ, ሻݒ ൌ 0. 
 
Example3.3: Let (X, d) be a complete cone metric space  with  w-distance  P on X 
and the mapping T : X → X. Suppose that there exists  ݎ א ሾ0, 1ሻ such that 
,ݔሺܶ ܶଶݔሻ  ,ݔሺݎ ݔ ሻ, for everyݔܶ א ܺ and that y  Ty.  
 Then there exists ݏ௬  0 such that 0 ൏ ௬ݏ  ሼሺݔ, ሻݕ  ,ݔሺ ݔ / ሻݔܶ א ܺ} where 
,ݔሺ ሻݕ ൌ ሺ|ݔ െ ,|ݕ ଵ

ଶ
ݔ| െ :ܺ ሻ and|ݕ ܴ ՜ ܴଶ. Then there is a ݖ א ܺ  such that 

ݖ ൌ ݒ   Moreover, if p be a normal cone with normal constant M and .ݖܶ ൌ ܶሺݒሻ, then 
,ݒሺ ሻݒ ൌ 0. 
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