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Abstract

If M isa K —modulewith d.c.c. on K —subgroups and satisfying the property
(P), then it is shown that M has a submodule which is uniform. Further, if

M satisfies the Goldie condition, then it is shown that there exists minimal
elementsx;, X,,--- X, inM suchthat <x >®<x, >®
®<x,> is direct and M is an essentid extenson of

<X >D<X,>D DX, >.
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Introduction
All near-rings are assumed to be zero-symmetric right near-rings with identity.
Throughout this paper near-ring under consideration is denoted by K.

K.C. Chodhury [1, 2, 3] and BH. Satyanarayana [8, 9] obtained some results on
Goldie near-rings. In this paper some results on modules in Goldie near-rings are

obtained.
The definitions of K —module, K —subgroups and submodules are as given in
Pilz[7]. For the sake of continuity the definitions are given below.

Definition 1.1[10]: Let (M ,+) beagroup and K be a near-ring such that there exists
amapping u:K xM — M satisfying the conditions;
(k+K )m=km+k m
(kk')m=Kk(k m).
1. m=mforal k,k e K,me M and 1 istheidentity of K.
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Then (M ,+,u) iscaled a K —module.

Definition 1.2: A subset N of aK —module M is said to be a K —subgroup of M if
(N,+) isasubgroup with KN < N.

Definition 1.3: A normal subgroupN of M is caled a submodule of M if
k(m+n)—kme N foral me M,ne Nand ke K.

Definition 1.4: Let M be a module over a near-ring K. M is said to be an essential
extension of a non-zero K —subgroup N if for every non-

zeroK —subgroupN', Nn N 0.
If Nisessential inM, then wedenoteitby N<, M.

Definition 1.5: A K —module M is said to be uniform if it is an essential extension
of each of its non-zero K —subgroups.

Notation 1.6: If Nis a subset of a K —-moduleM , then < N >stands for the
submodule of M generated by N. And the submodule generated by an element
xe M isdenoted by (X) or< x >.

We assume that K —moduleM satisfies the property (P) :
“<N; N, >=< N, >n< N, > for any two K —subgroupsN, and N, of M .”

Any near-ringK in which every K —subgroup is a submodule of K satisfies this
property.

Definition 1.7: A K —module is said to satisfy Goldie condition if it cannot contain
an infinite direct sum of submodules.

Main results
Theorem 2.1: If a K—module M satisfies Goldie condition, then every submodule

M of M contains asub module Nof M . Thatis, M > N and N is a submodule of
M such that N isuniform.

Proof: Suppose M is not uniform. Then there exists non-zero K —subgroups N, and
N, of M suchthat N, "N, =0.

Therefore <N, >N <N, >=<0>.

Let M, =<N, > and M, =< N, >.

Then M, ® M, isdirect.

If M, is not uniform, then there exists as above non-zero K —subgroups N, and
N, of M suchthat N,A N, =0.



A Note on Goldie Near-Rings 61

Therefore < N; >N < N, >=<0>.

Put M, =<N, > and M, =< N, >. Thenthesum M, ® M, ® M, isdirect.

Again if M,is not uniform, as above there exists submodules M, and M, of
M suchthat M, "M, =<0>and M,>M,,M,>M,.

Hence, thesum M, ® M, ® M, ® M, isdirect.

Repeating the argument, we get a sequence{M .} of submodules of M which are

not uniformsuchthat M, cM,+M,c M, +M,+M, c---.

But thisis a contradiction to Goldie condition.

Because of Goldie condition, after a finite number of steps one gets a submodule
which isuniform.

Applying this construction to any submodule of M, we have that for any
submodule M of M, there exists a uniform submodule N of M such that
M o N. O

Theorem 2.2: If a K—module M satisfies Goldie condition, then there exists
uniform sub modules U, ,U,,...,U, of M such that U, ®U, ®...®U is direct and

M isessential extensionof U, ®U, ®...0U, .

Proof: By above theorem, M contains a sub module U, which is uniform.

If Mis not essential extension of N, then there exists a K —subgroup N of
M suchthat U, "N =<0>.

ThereforeU, N < N >=0, where < N >isthe submodule of M generated by N .

Either < N > isuniform or contains a submodule U, of M which is uniform.

Thatis <N>>U,, U,isuniform.

Therefore U, ®@U, isdirect.

Then by Goldie condition, there exists uniform submodules U, ,U,,...,U of

n

M suchthat U, ®U, ®...®U, < M. 0

n —e

Theorem 2.3. LetM be a K-module with descending chain condition on
K —subgroups and satisfying the property (P). Then M has a submodule which is

uniform.

Proof: If M is not uniform, then there exists K —subgroups N, and N, such that
<N;>N<N, >=<0>.
Put M, =<N, >, then MDM,.

If M,is not uniform, again there exists K —subgroups N,,N, such that
M,>N,,M, o N,,
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N, "N, =0.
Therefore <N, >N <N, >=<0>.
Put M, =<N. >. Then M5M,>5M,.
# #

By descending chain condition, after afinite number of steps we get a sub module
U of M suchthat M > U and U isuniform. 0

Corollary 2.4: If M has descending chain condition on K —subgroups, then for any
submodule N of M , there exists a uniform submodule U of M suchthat N o U.

Proof: The proof runs as above. 0

Definition 2.5[9]: Let x#0,xe M. Then x is said to be a minima element if
<x>> P,
P isasubmodule of M , then either P=<0> or P=< x>.

Note 2.6: If M, isasubmodule of M, M,is asub module of M, thenM, need not be
asub-module of M.

Note 2.7. If M satisfies descending chain condition on K —subgroups, then
M contains a submodule N of M suchthat M > N and N isminima and N #< 0>.

For xe N, x#< 0>, < x> isminimal.

Thus minimal elements exists with descending chain condition on K —subgroups.
In fact, we can say that M 'is any sub module of M , then there exists xe M, x#0

whichisminimal in M.
All modules satisfy the condition (P).

Theorem 2.8: If M satisfies descending chain condition of N — subgroups and also
Goldie condition, then there exists minimal elementsx;, X,,...... , X, INM such that
<X >O<X, >D-

@®@<Xx,> is drect and Mis an essentiadl extenson  of
<K >D<X > D<X, >,

Proof: By descending chain condition there exists X, € M such that <X >is
minimal.

If M isnot an essential extension of < x, >, then there exists an K —subgroup
N suchthat < x, >NN =<0>.

Therefore <x;, >N<N>=0.

So, descending chain condition on K —subgroups, X, € <N > which is minimal
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inM and <X, >®<X,> isdirect.
By Goldie condition, after a finite number of steps we get minimal

elementsx,, X,,...... ,X,such that <x >®<x,>®---®<x,> is drect and
<X >D<X,>PD--D<X, >, M. O

Theorem 2.9: Let x,X,,.....-,X, and Vy,,Y,,....:-, ¥, be two sets of minimal
elements such that

<X >D<X, > @<, >, Mand <y, >®<y,>D---®<y, >< M,
then n=m.

Proof: Assumethat n<m. Then <X, >@ <X, >®--- @ <X, >N< Y, >#<0>.
But <y, > isminimal impliesthat <y, >c<X>®<X,>@---®<X,>=S
= <Y, >0<Y,>®---®<y, >CS.

Similarly, <X >@ <X, >®---@® <X, >C<Yy, >O<Y,>D--- DYy, >.
Therefore S=<x, >® <X, >®--® <X, >=<y, >®<Y,>D---®<y, >=S.
Now X € S

= X=Z+Z++2Z,, ze<y > ;i=12--m

We can assumethat z, # 0.

Then X, -z e<y,>@---®<Yy, >.

Therefore z, =X — (X, —2)e<X >@®<Y, >D---- @<y, >.

Since z #0, <z >=<Yy, >;

= <Y, >C<X>P<Y,>D--- Dy, >.

Therefore, S=<y, >@--- @<y, >c<X>®<Y,>D---®<y, >.
Again X, S=<x>@®<Y,>®---®<y, >,

=X =+t +--+t te<y > ;i=12,..m.

We can assume that t, # 0.

Then t, +t, =t,+t, ,t,e<x > as < X, > isnormal.

Therefore, x, =t, +t, +t; +--+t_

= —t,+X, =t +t -+t

S>-1L,+Xe<X >0y, >D--- Oy, >

= Le<X>®<X,>B<Y, >D---O<Y,, >.

Thereforet, #0,t,e<y, > and <y, > isminimal.

SLY,>C< X >B<X, >B<Y, >D--- DYy, >

S<X>OLY, >P DY, >C< X >D<X, >D<Y, >D---B<Yy, >
= S=<X>0<Y, > B<Y, >C<X>D<IX,>B<Y, >D--- DY, >.
Therefore, S=<x,>®<x,>®<Yy,>®--- @<y, >.
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Proceeding likethis, wehave S=<x >®--®<X,>®<Yy,,>®---®<y, >.

This cannot be.
Therefore n ¢ m.

Hence, n=>m.
Similarly, m>n.
Therefore m=n. 0

Thus, if M satisfies descending chain condition of N subgroups, Goldie condition
and property (P), then there exists minimal elements Xx;,X,,...,X, in M such

that< X, >® <X, >D------
@< X, >, M and n depends only on M but not on the choice of minimal
elements.

n
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