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Abstract

This paper is a study on algebraic structure of Pre A"-algebra. We define Pre
A" — homomorphism, mono, epi, isomorphisms, automorphim of Pre A’-
algebra. We define ideal and Kernel of a Pre A™-algebra. We prove Kernel is
an ideal in Pre A™- algebra. We prove some theorems on homomorphisms of
Pre A*-algebras. Next we define congruence relation on Pre A*-algebra and
we prove theorems on Pre A*-homomorphism ad congunce relation on Pre
A*-algebra. We prove some propositions on Pre A* - algebra and Prove f(A)
~ A/Kerf where f is a Pre A" — homomorphism, f(A) is its image ad Kerf is its
Kernel.

Keywords: Pre A™-algebra, Pre A” homomorphism, ideal, congruence relation
on Pre A* - Algebra, Kernel) of Pre A* - algebra.

Introduction

Boolean algebras, essentially introduced by Boole in 1850’s to codify the laws of
thought, have been a popular topic of research since then. A major breakthrough was
the duality of Boolean algebras and Boolean spaces as discovered by Stone in 1930°s.
Stone also proved that Boolean algebras and Boolean rings are essentially the same in
the sense that one can convert via terms from one to the other. Since every Boolean
algebra can be represented as a field of sets, the class of Boolean algebras is
sometimes regarded as being rather uncomplicated. However, when one starts to look
at basic questions concerning decidability, rigidity, direct products etc., they are
associated with some of the most challenging results.
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The study lattice theory had been made by Birkhoff (1948). In a draft paper, the
equational theory of disjoint alternatives, Manes (1989) introduced the concept of
Ada, (A, A, v, (), ()7, 0, 1, 2) which however differs from the definition of the Ada
by Manes (1993), While the Ada of the earlier draft seems to be based on extending
the If —Then —Else concept more on the basis of Boolean algebras, the later concept is
based on C- algebra

(A, A, v, (-)7) introduced by Fernando and Craig (1990).

Koteswara Rao (1994) firstly introduced the concept of A* - algebra (A, A, v,* (-
), () 0, 1, 2) and studied the equivalnence with Ada by Manes (1989), C- algebra
by Fernando and Craig (1990) and Ada by Manes (1993)) and its connection with 3-
ring, stone type representation and introduced the concept of A* -clone and the If-
Then-else structure over A*-algebra and ideal of A*-algebra. Venkateswara Rao

(2000) introduced the concept Pre A* - algebra (A, A, v, (-)7) analogous to C-algebra
as a reduct of A*- algebra. Recently Pre A* - algebra had been studied by
Chandrasekhara Rao (2007) and Srinivasa Rao (2009)

Definition

An algebra (A, v,(-)") where A is non-empty set with 1,
A,V are binary operations and (—)~ is a unary operation satisfying
@x =x,V,x €EA

(b) xAx=%, VxeA

(©) xAy=YyAX, VX yeA

(D (xAy) =X vVy , VX YEA

@) xXA(yArz)=(xAy)az, VX Vy,zeA

A xA(yvz)=(xAay)v(xXaz), VX y,zeA

(@ XAY=XA(XVY), VX, y,Z €EA.

is called a Pre A*-algebra

Example
3={0, 1, 2} with operations A, v, () defined below is a Pre A*-algebra.

Al o012 vV | 012 x|x_
0| 002 0o | 012 0|1
1 012 1 112 1lo
2 | 222 2 |22 2 2|2
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Note
The elements 0,1,2 in the above example satisfy the following laws:
(@2 =2

(b)IAx=xforallx € 3
(c)0vx=x,forallx € 3
(d2Ax=2vx=2,VX e 3.

Example: 2={0,1} with operations A,v, (-)~ defined below is a Pre A*-algebra.

A 0 0 1 X | x
0 0 0 0 01 of 1
1 o 1 1 11 110
Note
(1) (2, v, A, (-)7) is a Boolean algebra. So every Boolean algebra is a Pre A*

algebra
(i)  The identities 1.1 (a) and 1.1 (d) imply that the varieties of Pre A* -
algebras satisfies all the dual statements of 1.1 (a) to 1.1 (Q).

Note
If (mn) is an axiom in Pre A* - algebra, then (mn)~ is its dual.
8§ 2._.Homomorphisms, Ideals and Congruence Relations of

Pre A*-Algebra.

Pre A* - Homomorphism
Definition

Let (Al,/\,v,(—)~) and (Az,v,/\,(—)N) be two Pre A'-algebras. A mapping
f:A, — A, is called a Pre A™-homomorphism if it satisfies the following

i flanb)=f(a)Af(b), VabeA
. flavb)=f(a)v f(b), VabeA

i.  f(a~)=(f(a)), vaca

Note
The general “morphism” concept has four different (though related) interpretations in
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Pre A’-algebras, each of which has important applications. These will now be
described.
The homomorphism f:A, — A, is onto, then f is called epimorphism

The homomorphism f:A; — A, is one — one then f is called homomorphism

The homomorphism f:A, —A,is one — one and onto then f is called an
isomorphism and Ay, A; are isomorphic, denoted in symbols A, =A,

An isomorphism from a PreA*-algebra A; into itself is called an automorphism

Definition
Let A;, A, be two Pre A -algebras and f: A, — A, be a homomorphism then the set
{X eAlf(x)= O} is called the Kernel of f and it is denoted by Kerf.

Example
Let A be a Pre A™-algebra with 1, 0.Suppose that for every xeA—{0,1}, xvx~#1.

Define f:A—{0,1,2} by f(1) = 1, f(0) = 0 and f(x) = 2 if x=0,1. Then f is a Pre A™-
homomorphism.

Ideal in Pre A™-algebra )
Definition: An ideal is a non-void subset | of a Pre A -algebra A with the properties.
i. aelxeAx<a=xel(ie,arxel)

ii. aelbel=avbel

Theorem ) ) N
Under any Pre A -homomorphism f of a Pre A - algebra A onto a Pre A" algebra B
with 0, the set kerf (kernel of f) is an ideal in A.

Proof: Let f:A—B be a Pre A"-homomorphism
Then Kerf = {xe A/f(x)=0}
If fla) =0ad f(b) =0
Then f(avb)=f(a)vf(b) =0V 0=0
= avbeKerf
i.e., ifacKerf, be Kerf=avbeKerf
aeKerf =f(a)=0
for xe A, consider f(anx)= f(a)Af(x)
= 0Af(x)
=0
= anxeKerf
Therefore from (i) & (ii), Kerf is an ideal in A
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Theorems on Pre A"-homomorphism
Theorem: Let f: A —Bbe a Pre A"-homomorphism from a Pre A™-algebra A into a
Pre A"-algebra B ad Kerf = {xe A/f(x)=0} is the Kernel then Kerf = {0}
if and only if f is one — one.
Proof: Suppose Kerf = {0}
To show that f is one-one:
For any x,y € A, consider f(x)=f(y)
:>f(x)—f(y):0
= f(x—y)=0
= x—y eKerf = {0}
=>x-y=0

=>x=y, Vx,yeA
Therefore f is one — one

Converse: suppose that f is one — one
:>f(x)=f(y):>x =y,Vx,yeA
To show that Kert f = {0}
Let x € Kerf
< f(x)=0
< x=0 (Since fis one — one)
Therefore Kerf = {0}

Lemma
Let f:A, > A, be Pre A"-homomorphism where A;, A, are Pre A*-algebras with 1;
and 1,-Then

If A; has the element 2, then f(2) is the element of A..
If acB(A, ), then f(a)eB(A,)

where B(A)z{XeA/Xv X 21}
B(A)={xeA /xvx =1

Note
If f:A—Bandg:B—C are Pre A-homomorphisms. So their composition or product

gof : A— C, which is defined by gof (a) = g(f(a) is also Pre A*-homomorphism.
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Proposition
If f:A—>Bandg:B—C are Pre A -homomorphisms. Then

I. If f and g are mono, so is gof
ii. If f and g are epi, so is gof
iii. If gof is mono, so is f

v, If gof is epi, sois g

Proof: If f:A—Bandg:B—C are Pre A"-homomorphisms. Then gof:A —C is also
a Pre A"-homomorphisms.

I. Suppose f, g are one-one
Now suppose (gof)(a1) = (gof)(az)
= g(f(a,)) =8(f(a,))
= f(a,) =f(a, ) ( Since g is one —one)
= a, =a, (Since f is one-one)

Therefore gof is mono

ii. Suppose f, g are onto
Let ceC, since g is onto, there exists beB such that g(b) = c.
Since beB and f is onto there exists ae A such that f(a) = b.
Therefore, g(b) = g(f(a)) =c¢
= (gof)(a) =¢

Hence, for ce C, there exists ae A such that (gof)(a) = ¢
This is true for every ceC

Therefore gof is onto

Therefore gof is epimorphism.

iii. Suppose gof is mono
I.e., gof is one-one

We have to show f is one-one
Suppose f(a;) = f(ay)

= g(f(a,))=&(f(a,))

= (gof)(a,)=(gof )(a,)

= a, =a, (Since gof is one-one )
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Therefore f is one-one.
Hence f is mono.

Suppose gof is epi = gof is onto
We have to show g is onto
Since gof : A—C is onto, for any ce C, there exist ac A such that
(gof)(a) = ¢
=g(f(a)) = c where f(a) € B
=f(a) = b, where be B

Therefore g(b) = c, for some beB
Therefore for ceC, 3beB> g(b) =c,
this is true for all ce C
Hence g is onto
Thus g is epimorphism.
Corollary: The Pre A" homomorphisms f:A—Bis an isomorphism, if and only if,

there exists a Pre A"-homomorphism g:B — Csuch that fog is an automorphism of B
and gof is an automorphism of A.

Proof: Suppose that the Pre A"-homomorphism f: A — Bis an isomorphism.
i.e., Tis a bijection
Then f':B— Ais a bijection such that fof 1 = Ig
and flof = I,
hence f:B— A is a mapping such that fof* = I, which is an automoptism of B.
and fof = I, which is an automorphism of A

Now we show that f* is a Pre A"-homomorphism :
Since f is Pre A"-homomorphism, we have f(1) = 1
=f*(1)=1

Let by, b,eB.

Since f: A —B is isomorphism, we have f is onto
Then d a;, a, e A > f(a;) = by, f(az) = b,.

Therefore f(aivay) = f(a1) v f(ay

=b, vb, (Since f is Pre A”-homomorphism)

=a,va,=f"'(b,vb,)
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3o, vb,)= (b, F(5,)

and f(a,~na,)=f(a)A f(a,)
=b, vb,
=a, na, =f (b, Ab,)

= f7(b, Ab,)=f"(b,)Af(b,)

Since
4(0)=(1"0)

Therefore f* is a Pre A* - homomorphism
By taking g = f* we have g:B— Ais a Pre A-homo, such that fog & gof are
automorphisms of B & A respectively.

Converse
Conversely, assume that g:B— Ais a Pre A" -homomorphism such that fog & gof are
auto of B and A respectively, where f: A—>B is a Pre A"-homomorphism

Since fog:B— Bis an auto we have fog is an epimorphism.
= fisepi (by proposition 2.11)

= fisonto

Since gof is auto, we have gof is mono

= fis mono (Since by proposition 2.11)

= fisone-one

Therefore f: A—B is an isomorphism.

Congruence relation on Pre A* - algebra

Definition

A relation © on a Pre A™-algebra (A,A,v,(-)~) is called congruence relation if
(1) 6 is an equivalence relation.

(ii) Ois closed under A,v,(-)~.

Lemma: Let (A,A,v,(-)7) be a Pre A*-algebra and let a e A.Then the relation
0, ={(x,y) e AxAl anx=any} isacongruence relation

Proof: Since aAnx=aAX, X 0,x
Hence the relation is reflexive.
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If X Oey then anx=any
—aAy=anX

= yo,x

Therefore the relation is symmetric
If x 0,y and y6@,z then

anx=aayand any=anz

Therefore aAX=aANZ

= X6,z

Therefore the relation is transitive.
Hence the relation is equivalence relation.

If %Y STEA satisfy x 6,y, s 6,t then 37X =3AY g s=ant
Now aA(xvs)_(anx)v(ans)
_(anry)v(ant)

zan(yvt).

This shows that (XV'8) &YV |

Therefore X %Y S @it then (xvs) G,(yvt),

6.

Hence “a is closed under v .

X gay, s G then anx=any, ans=ant

If X,v,s,te A satisfy
Now an(XxAs)=(@AX)AS
=(@aAy)Aas
=an(yvs)
=an(svy)
= (ans)Ay
=(ant)ay
=an(tay)
=an(yat).
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This shows that (X/S) &/ A1)
Therefore X %Y SOt then (XA3) 6.y Al).

6.

Hence “2 is closed under A .

If X,y e A satisfy X Hay,then aAx=any
=a vx =avy’
—an(@vx)=ana(@vy)

= anX =any’

=X 0,y

6.

Therefore 2 is closed under (-)~

Therefore 6, is a congruence relation

Theorem: Let A be a Pre A* algebra with 1 andxe B(A),then following are
equivalent

(@) X€ B(A)

(b) v, =0,

(c) v, is congruence relation on A
(d) w, isreflexiveon A

(e) v, is symmetricon A

Proof:
a=Db, suppose xe B(A), then by lemma 3.7, we have T',(p,q)=p if and only if
X"Ap=X"Aq,forall p,qeA. Thisshows that i, =6, .
b= c isclear
c=d isclear

d = e suppose that v, is reflexive on A, p,qe A and p,qey,
then p,qed,- ,sothat X A p =x"AqQ

Now T (d, p) = (XA Q) v (X™ AP)

=(xAq)v(x"AQ)

=I',(9,9) =q (since y, is reflexive on A)
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Therefore (9 P) €¥x and hence ¥ is symmetric on A

e = a suppose that ¥x is symmetric on A
L (xvx,1)=(xA(Xvx))v (X Al

= Xv(X"AL)

=XV X~

o (xvxTl) ey, and hence (1, xvx) ey,
= 1=T,@% xvX)
=(XAD V(X" AKXVX))

=XV X~

This implies that x € B(A).

Note: If 0, is a reflexive relation on a Pre A*-algebra with 1 and xB(A) then 6_is
symmetric and transitive, hence a congruence relation.

Theorem N
Let A be a Pre A -algebra with 1 and x <A, then the mapping

o,:A— A, defined by

o, (s)=xAsfor all seAis a homomorphism of A onto A, with Kernel 0 and
hence

A/O, =A,

Proof
Define

Where A ={xrs/seA}

o A>Apy o, (s)=xAs,VseA

For seA, XA(xAS) = XAS, XAS<X

Hence XS €A

Let S,tEAx

Then ax(S/\t): XASAt

XASAXAT
- a,(s)ra,(t)

O(’x(sN) = XAS™
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_ xA(x~vs®)
xA(xas)™ = (a(s))

Therefore %x(5™) = (&, (s))

We can prove that o, (svt)=a,(s)va,(t)

Hence %xis a Pre A"~ homomorphism
Now €A« we have % (5)=5.

Therefore %xis onto homomorphism.
Hence by the fundamental theorem of homomorphism.

Al =A.and

Ker % = {(s,t)€AxA/a,(s) =, (t)}

_{(s,t)eAXA/x As=x At}

Kero,

= 6)(
Thus A/, =A,

Proposition
If f:A—Bis a Pre A’-homomorphism then 3 a congruence relation 6 on A, an

epimorphism a, :A— A _and a homomorphism o: A, —B. such that f = aoa.,

Proof: Suppose f:A—>Bis a Pre A"-homomorphism.
Define a relation 6, ={(s,t) e AXA/XAS=X At}

Then by lemma 3.2, 0, is a congruence relation on A.

Define a mapping o, :A—>A by o, (S) =XASVSecA

Where Ax= {xrslseA}

By theorem 3.5, o is a Pre A"-homomorphism which is onto.
Hence o is epimorphism from A onto A,.

Define a: A, —>Bby a(A, )=f(s), VseA

i.e., a(xas)=f(s), VseA

Cleanly o is well — defined and one — one

(Since a(xAs)=aly At))

S xas=yAat (bydef.))
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(i) a((xAs)v(xat)) = alxA(svt))
_ f(svt)
=f(s) v f(t) (Since f is Pre A™-homo)

= OL(X /\s)v oc(x /\t)

(it) Similarly we can show that

oc((x /\s)/\ (x(x /\t))= oc(X/\s)/\ OL(X/\t)

(iii) ala) olxA(s))
oc(xN sz)
_alxAs)

(a(A,))

Therefore OC(AXN) = (OL(AX ))N

Therefore ais a Pre A"-homomorphism hence o is mono.

Forany acA, aoa,(a)= a(a,(a))
= a(xra)

=f(a)

Therefore aoa, =f, VacA

Proposition

123

If f is a Pre A™- homomorphism of a Pre A™-algebra A into another Pre A*-algebra,

then f(A) = A/f*(0)

Where f(A) is called the image, £1(0) = {ac A/f(a) = 0} the Kernel of .

Proof: f: A—Bis a Pre Ay-homomorphism.

Then Dby Proposition 3.6 there exists a congruence relation 6.on A, an

epimorphism o, :A— A, and a monomorphism o: A, —B such that aoo, =f

= aoa,(a) = f(a),VacA
= f(a) = aoa,(a)

= afa,(a))

= a, (a) (Since o is mono)



124 Y. Praroopa and J.V. Rao

= A, (Since a, is onto)
~fl@)=A,,VaeA
Hence fa)=A, —(1)

Since o :A— A _is onto then by fundamental theorem of homomorphism we have

A
A =
Kera,

Ker % = {(s,t) eAx A/ %(s) = % (1)}
={(st) eAXA/l xAs=xAt}
= 6)(

A/, =A,
~A/Kero, =A,

Since Ker *x = Ker f:

(Verification : Let s e Ker %x
<o, (s)=0
<>xnAs=0

<:>OL(X/\5):0 (Since o isone-one)

< f(s)=0 (SinceO“Ax —B by a(x As)=f(s), Vs eA)

< sekKerf)
Hence A/ Kerf = Ax= f(A) (by (1))
Therefore f(A) = A/Kerf
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