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Abstract

The aim of the present paper isto obtain i) acommon fixed point theorem for
compatible mappings by using the concept of asymptotic regularity and ii) a
common fixed point theorem using the concept of joint reciprocal continuity
in 2- metric spaces. A supporting exampleis also given.
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Introduction
Gé hler[2] introduced the concept of 2-metric space as a natural generalization of a
metric space. Some fixed point theorems in 2-metric spaces are obtained in
I seki[3],Rhoades[5] and Jungck[4]. Gahler[2] introduced the notions of reciprocal
continuity and asymptotic regularity for apair of self maps on a 2-metric space. Using
the above concepts Badshah and Gopal Meena[1] proved a fixed point theorem for a
pair of self-maps on a 2-metric space using asymptotic regularity.

The present paper is a generalization of a result of Badshah and Gopal
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Meena([1], Theorem 2).

In this paper, we obtain i) a common fixed point theorem (Th. (2.1)) for
compatible mappings by using the concept of asymptotic regularity and ii) acommon
fixed point theorem (Th. (2.6)) using the concept of joint reciprocal continuity. We
start with some definitions.

Definition 1.1 (Géhler[2]): Let ¥ be a non-empty set with real valued function
d@: X% — R oatisfying :

For two distinct points
¥ in X, there exilsts z ln X such that dfx, v, 2} # 0

dfx, 3223 =0 only if at least two of %} and z are equal

die, v, ¥ = dix, z, v} = dby 2. x} gnd

dbx, ¥ od & dfx, v, ud+ dix, w, )+ dii, 7. 1) for a| X 3. Lu fn X,

The function € is called a 2-metric on £ and the pair . @} s called a 2-metric
space.

Definition 1.2 (G&hler[2]) : Let €. g} be a2-metric space .
A sequence £rn} is said to be convergent to a point
xin X if lUm dixg xal=0va ekX.

=302

A  sequence fx} is said to be a Cauchy sequence in X
lm dfxm.xp.a) =0, ¥Yae X

A 2-metric space . @} is said to be complete if every Cauchy sequence in &

convergesto apoint in & .
Note: i) In a2-metric space X, dhd: ¥ — R jscontinuous if
X = X, Vi = v implies df xp, W ad— dix, vakva e X for n —w

i) If ¥m=x and Xy = ¥ asn — w0 than x = 1.

Definition 1.3 (G&hler[2]): For self-mappings, ¥ @id T of a 2-metric space &, @},
the pair 5T} is caled reciprocally continuous if
r_‘lim AT xS, a)= 0 =d{T5x,, Tx,a)va e X ,whansver fu,}

in & fuch that JEﬂ=5i'n = Ji_]q:n:'l”?.'n =x forromexed

iS a sequence

Definition 1.4 (G&hler[2]): For self-mappings, & and T of a 2-metric space X, d}
A sequence Ex} inX is called asymptotically regular with respect to the pair
5.T) if 41_1.-& diSx,, Txp,ad=0va e X _

The pair €: T} iscalled compatible if

Hm AT, T ab=0va e X\ boneer €04} isasequencein
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X suchthat AR Fxn = llm Ty =x, for somexed

Definition 1.5: Suppose £:F and T gre self maps on a 2-metric space . d} The pair

2. T} is said to be joint reciprocal continuous with respect to £ if there exists a
sequence Lol inX such that
llm Sx,; = rli_L"l:L:T?.'ﬁ ﬂﬂffrle P Sxp, SPxy, a)=0 amfrle AfPTxy, TP a)=0vae X

Note : If €=} is a sequence inX such that ABFm =UmTrn g4
F, Frand (. T} are compatible then €. T} is jointly reciprocaly continuous with

respect to £ .

Notation: T = fzle: [0, ca) — [0, %} ¢ is continous and ¢4t < £ ¥t = 0F

Main Results

We begin with our first main result, from this we obtain corollaries of the main result
and finally show that the result of Badshah and Gopal Meeng[l | follows as a
corollary.

Theorem 2.1: Let #-Fand T pe self-mappings of a complete 2-metric space . d}
satisfying:

{d(PxPya) & o (max K d(PrTya)(1 + d(Px, S0 d( B Sna)(14 (T ahd (P Sl d( Py Syalll )
¥, ma e X and Ffor some @ e P,

1L} the palr (P.5) and (P.T) are compatibles

) there exists a sequence €} which is asymptotically regular with respect

(R, Shand €2, T}
lv) SandT are continous v) d ie continous.

Then F.Fand T’ have aunique common fixed point in ¥
Proof: Let €=} be asequencein £ satisfying condition €L},
By taking * = %y and ¥ =Xy 1k we obtain
[ PE ] Pl ) s :pE(mdx}lt\'{Fa'm,,Mwaj(l—d{ﬂ'q,m,ai]} By, S 03] 1+ { Py, Ty 0] ,d(FaF_,SA'q,aj,cfi_:Fan,JSxmja:l})
’ (2.1.1)
On letting ® — % and using condition i}, we get
Tli_EH APy, Peppad=0vVae X

This implies that the sequence &} is a Cauchy sequence in X, since ¥ is

complete with respect to 2-metric 4-
Thisimplies
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Fiy =z, For soma zeX (2.1.2)
Now

di€¥x,, nad s d(¥x,, 2, Pxp b+ diSx,, Pxg. ) + diPx,. 2. a)

On letting ® = @ | using condition £} and equation (2.1.2), we get

r.IEE. di¥xy, n,a) = 0 va e X,

Thisimplies 5%y, =z ln XL (2.1.3)
Similarly we can obtain
Ty =zt X, (21.4)

Since we can write

diPSx, . Sz, ad s d{PSx,, 5z, 5Px )4 diPSx,, SPx, ad+ diSPx,,. Sz, a)
Onletting # = @ | using the conditions it} fivdand < ¥s. we get

r11:r.1 diPSxy, fr,ad= 0va e X,

fw Pxy — zand 5 iz continuous npller 8Py, — 5I)

Thisimplies F¥xn = 5z (2.1.5)
Similarly we can prove FTxn = Tz | (2.1.6)
By taking * = Sxy and ¥ = Txy in £}, weobtain

Kd(75:Y yn, PTxyn, a) = pemaxf Ed(PT<Y jn, TTxn a)(14+ MdP5l (0, 850, )
I PSx ], 88, adl + [di PTx],, TTx, al

Kd(PsxA n S5y, a), Kd(PTx] . 5Txm, a)}) (2.1.7)
From condition (iv) we have $and T agre continuous, applying continuity of
Fand T jn(2.1.3) and (2.1.4) ,we get

$8x, — 5, TTx, — Tz and 5Tx, — 5z (2.1.8)
Onletting® = @ in(2.1.7), using (2.1.5),(2.1.6),(2.1.8) and condition (v), we get
dflz, Sz, ad=0,vae X,

This tinplies Tz = 5z, (2.1.9)
Similarly by taking * = Ty and y = 2 inils  weget

d(PTxy, Pr,0) = pmaxfd(Pz, Tz, a)(1 + d(PTxyn, STxym, ), d(PTx 5, STeyn, a)(L 4 d(Pz, Tz, d(PTxn, STyn, ), d(Pr, Sz, a) })
Onletting 7 =@ | using ((2.1.7),(2.1.8),(2.1.9) and condition(v), we get
dflz,Pz,a)=0,¥vae k.

This implies Tz = Pz, (2.1.10)
Therefore ¥z = T'z = Fuz. (2.1.11)
By taking & = & and v =z in {i} we get

d(Pn Pro) s Komaxd {d(Pr, Tz e)(1+d(Pen Sy ), d(PenSepn )1+ d(Pz,Tz,a)  a(Pegn Sina),d(Pz, Toal })
Onletting ™ = % and using (2.1.2),(2.1.3),(2.1.11) and condition(iv), we get

diz, Pr,al=0,wae X Thizimpliesr Pz =1z,

Therefore  zira fixed pointef P. Hence Z is a common fixed point of
5T and P ln X,

Suppose if * is common fixed point of T and P i X. Then it can be easily

proved that * = =z . Hence = isa unique common fixed point of % T and # in X,
Now we have the following corollaries of theorem 2.1.
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Corollary 2.2 Let P:§and T pe self-mappings of a complete 2-metric space €. &}
satisfying:

O d@EFra) 5 Aman Kpd(Fy Tya)(1+d(Pr.5x.0)),  d(Pxdna)(L+d(PrTya) d(Fx, 3x,a),6(Fy, Sy a)}d
vioaed, 0 A=l and aso satisfying condition itk €iidk flvdand v} of
theorem 2.1.

Then F+¥ antd T have a unique common fixed pointin & .

Corollary 2.3: Let P-Fand T pe self-mappings of a complete 2-metric space . &
satisfying:

0 d(PnBra) s amas (d(Fy Tra)(1+d(Fr,Sna)),  d(Pr,Sa)(l+a(Py,Tra)} + fmaxfd(Pr,Sx,a),dEr 50 1
¥i,va ek, aand § are non —negative numbers such that a + € = 1 and

also satisfying condition €tk €tk fivkand (v} of theorem 2.1.

Then F.¥and T have aunique common fixed pointin X .

Corollary 2.4: Let £:Fand T pe self-mappings of a complete 2-metric space & @}
satisfying:
DdFefra)s o Ed(PrTya)(l+ d{Px,fx.a))+ 1 f{d(FPe, Sx,a) + d(Fy, Fyra) }
vx,v,a e X, o and f are non — negative numbers such thata + <1 gnd also
satisfying condition #£ik €1iik fiviand €03 of theorem 2.1.

Then F.5and T’ have a unique common fixed point in X

The following result due to Badshah and Gopal Meend[1 ] is a corollary of the
above result.

Corollary 2.5 (Badshah and Gopal Meena[1 ],Theorem 2): Let F.FandT pe
self-mappings of a complete 2-metric space 4. 3 satisfying:

DdPx, Pyra)s adPyTy,a)(l +dPx 85x,a) )/ (L +d(Fx,Tywa))
+8{d(Px, Sx,a) + d(Py. 5y a}

vi,wa ek, oand § are non - regative numbers ruch that a + & < 1,

and also satisfying condition €tk €iiih fivdand (v} of theorem 2.1.

Then £:Fand T have a unique common fixed pointin X .

Now we state our second main result which uses the concept of joint reciprocal
continuity.

Theorem 2.6: Let #-Fand T pe self-mappings of a complete 2-metric space X d}
satisfying:

maxl| WPy, Ty.af 1= diPx, Se,ad,  di P Sxad 1= Py Ty,ah, i P, Sx,a0, di By Syaiil )
v vaeXNand 0o A1

)y §andT are contlinous

iti] o ie contlinous.

) (% T) igjfelntrecipraocal contlneus w.r.t. Pln X

Then £:Fand T have a unique common fixed pointin X .
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Proof: From cendltiontiv} there exists a sequence §in} in X such that

rli_l,ﬂmﬁ'n =_r1l1_1:‘1= Fin =_JEL Tin=zforsomezeX (2.5.1)
and
M AP Sy, SPiy,a) = 0 = lim dPTy, TP, a}va € X (252)

Applying cendition (L} in equation (2.5.1) and using this in the equation (2.5.2),we
et

%S:«'n — Srand PTx, =Tz (2.5.3)

By taking * = Zxn.¥=Txn in ¥ and letting © =% | using conditions (ii) , (iii)

and (2.5.2) and (2.5.3), we get ¥z = Tz _ (. asderived in theorem 2.1)

Similarly taking * = Ty and ¥ =z i {l} and letting 7= % | we get

Fz =Tz (as derivedintheorem 2.1).Therefore Sz =Fz =Tz

Taking * = xy and ¥ =z n i} gnd letting #" == ,weget 2= Pz,

This is zira flxed polntaef P.Hence Z is a common fixed point of
ST and PinX. Supposeif * iscommon fixed pointof & T and P inX. Then
it can be easily proved that * =2z . Hence Z is a unique common fixed point of

ST ancd Pin X.
Now we have the following corollaries of theorem 2.6.

Corollary 2.7: Let F:fand T be self-mappings of a complete 2-metric space . d
satisfying: condition (i) of corollary (2.2) and conditions €tk itk and fiv}  of
theorem (2.6).

Then F-Fand T have a unique common fixed pointin X .

Corollary 2.8 Let F.5and T e self-mappings of a complete 2-metric space . &
satisfying: conditions (i) of corollary(2.3) and also conditions &tk itk and {iv} of
theorem (2.6).

Then F:Fand T have aunique common fixed pointin X .

Corollary 2.9: Let F-Fand T be self-mappings of a complete 2-metric space . d}
satisfying: conditions (i) of corollary (2.4) and also conditions €iik €Lty and (iv} of
theorem (2.6).

Then F-Fand T have aunique common fixed pointin % .

Corollary 2.10: Let .5 and T pe self-mappings of a complete 2-metric space . d
satisfying:

conditions (i) of corollary 2.5 and also the conditions fith fili} and {iv} of theorem
(2.6).

Then F:Fand T have aunique common fixed point in  X-
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Example 2.11:

LetX=RxR for 4,5 €X denotethe Euclidean distance 4 and & &y |4 — Bl
Define @:X® — R by did, B, Cr= minfld — BLIF — CLIC — AlF, Then ¢X. ) isa

complete 2-metric space. Let o € &. Define the mappings

PSandTonX ggPidl=Apv¥delands=T=1L

Define gitd=nt0xy< 1l thengpe® Then F.5and T oaisfy al the

properties of Theorem 2.1 and Theorem 2.6 and 4. is the unique common fixed

point of £« % and T in &.
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