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Abstract

In this paper a relation on ¢ - |C, 1|« and ¢ - [N, palk Summability methods is
established.
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Introduction
Let A = [ ank] be an infinite matrix of real or complex numbers a (n, k=1,2, .......

) and let { ¢, } be a sequence of real or complex numbers. Let Xa, be a given infinite
series with the sequence of partial sums {s,}. By Ax(s) we denote the A — transform of
the sequence s = {sp}, that is

An(s) = iamsr : (1.2)

The series Za, is summable |A|, if

S AL(S) - A, (s) <0, 12)

and it is said to be summable ¢ - |Alx, k > 1, if (see [1])

> 190, (8) - A, <ce. 1.9
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Let u, and t, denote nth (C, 1) mean of the sequence {s,} and {na,} respectively.
Then the series Za, is said to be summable ¢ - |C, 1|, k > 1, if

Z|(Pn(un _un—1)|k < . (1.4)
n=1

Since t, = n (U, — Up-1 ) SO the condition (1.1) can restated as

= |o,t,
zl n

|k

< ® (1.5)

1
(If o, = N * then it is same as |C, 1|k summability method.).

Let { pn } be a sequence of positive real constants such that

Pi=>'p, —wasn —>w (Py=p;=0). (1.6)

r=0

A series Ta, is said to be summable ¢ - [N, pol, k = 1, if

Slon (T =T, ) < o, (L.7)
n=1
where

1
(It may be noted that if we take ¢, = N * then it is same as [N, pnlk Summability

method).

Preliminary Result

Bor [2] established a relation between |C, 1| and [N, pnlc summability methods. The
theorem is as follows:

Theorem 1: Let { p, } be a sequence of positive real constants such thatas n — o
npn=0(Pn), (2.1)
Ph=0(npn). (2.2)

If Za, is said to be summable |C, 1| then it is summable N, pli, k > 1.
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Main Result
The main object of this paper is to establish a relation between ¢ - |C, 1jxand ¢ - N,
Pnlk Summability methods. The theorem is

Theorem : Let { p, } be a sequence of non-decreasing positive real constants such
that it satisfies the conditions (2.1) and (2.2). For € > 0, if the sequence { n“™* o[ }

is non — increasing and Za, is ¢ -|C, 1|« summable then it is ¢ -|N, pol, k > 1
summable.

Proof of the Theorem
Let t, denote the nth (C,1) mean of the sequence { na, }. So we have

th=——) ra,. 4.1)

Since Zan is ¢ — |C, 1|k summable, by (1.5)

k
Z; |(P”ntk”| < .
n=

Let T, be the nth (N, p,) mean of the sequence { s, }. So we have

1 1
T, = —Z pa =— Z (P,-P_a . (4.2)
Pn r=1 Pn r=0

Then

_ b N
Tn'Tn—l—PP Zprflar

n' n-1r=1

Pn N1
=—1 E rre ra . 4.3
P P e, r-1' ~r ( )

Applying Abel’s partial summation formula to (4.3)
Tn-Tho1= i nZ'l‘prtr +—Pn nZfl‘Pr_lr‘ltr +(n +1) pn (NP ™ 1,
I:)nF)n—l r=1 I:)nl:)n—l r=1
=Thy+ T2+ Tha (say) [3].

To prove this theorem by Minkowski’s inequality it is sufficient to show that

>

n=1

k< o,forr=1,2, 3.

(pn Tn,r
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Now applying Holder’s inequality with indices k and k” where %+%:l we

| E . K 18 !
{Z m} x{P pr}
=1 n-1 r=1

= 0(1) Z{ o] Zp It @ (4.4)

have

n=1 =2

zwz{

_ m « m+1 (Pn|k
= 0(1) Z;p |t | n;l—nkpnl
_ - k ek K 1
- O(l) zpr |tr | r |(Pr| Z neP
r=1 n=r+1 n-1

K o1

=0(1) Z|t ol Y e
n=r+1

= O(1)

in view of (1.5).

Next
m+1 K m+1 |k p K [ n-1 pk .
T < . Lt
2Jon Toal = 2 e 2 LT

n' n-1

r=1

m+1 |(pn| n-1 K K
- O(l) z kPk zpr—l | tr |

m n-1 k-1
= z | | zprllt | X{ pr 1 j|
r=1 N n_

nlrl r=1

=0 i' of Zprlltl

:l nlrl

=0(1)

as in case of (4.4).
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Finally

m+1 K m+1 0, k (n +1)k prlj
So, 7. <Slol0 e
n=1 n=2 n

m+1 (Pntn |k
=0(1) Z_k

n=2 n
=0(1)

in view of (1.5).
Thus the theorem is established.
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