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Abstract 
 

In this note, we generalize two retarded integral inequalities.one of these 
inequalities says: 
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under suitable conditions on functions w,α ,h,f,g and p on )[0,∞ . 
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Introduction and Preliminaries 
In [1] Wong and Yeh obtained a bound on the following inequality:  
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under suitable conditions on the functions f,g,h,w , α  and q on )[0,∞ . 
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 In [1], the authors tried to obtain the generalizations of the inequalities in [2] and 
did not succeed because of their incorrect proof for Theorem 2.3 . The aim of this 
paper is to correct the explicit bound on the inequality in Theorem 2.3 in [1] and also 
obtain an explicit bounds for the general versions of above inequalities proved by 
Wong and Yeh in [1]. To show usefulness of our results an application is also given. 
 For convenience, we assume throughout this paper that the following conditions 
hold :  

(i) w,f,g,h and q ( ))(0,),[0, ∞∞∈C  with h increasing and p >  1, 
(ii) ( ) )[0,  0)(  )(,(0,),[0,1 ∞≥≤∞∞∈ ontandttC 'ααα  

 
 In order to discuss our main results, we need the following lemmas. 
 
Lemma 1.1 [1] If  
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Proof: Define a function v(t) by the right side of the equation (1.5), then we have 
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Lemma 1.4 : If  
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Proof : since h(t) is positive and nondecreasing, we have  
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 Applying Lemma 1.3 to above inequality, we have  
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and the proof is completed. 
 
 
Main Results 
We now prove our main results. First we give corrected proof of Theorem 2.3 in [1]  
 
Theorem 2.1 : If  
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for t ).[0,∞∈  
 
Proof : For any >ε  0 and any fixed T >  0, it follows from (2.1) that for Tt     0 ≤≤ . 
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 = K(t) (say), 0 .  Tt ≤≤  
 
 Clearly K(t) is increasing, K(t) >  0 and w(t) )(tK≤  on [0,T]. Differentiating 
K(t) with respect to t and using tt   )( ≤α , we obtain  
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 By applying Lemma(1.4) to above inequality, we have for 0 ≤≤ t  T  
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 Letting +→ 0ε  and noting T >  0 arbitrary, we obtain the desired result in 2.2 
 Now, we generalize the inequalities establish in [1] in the next theorems. 
 
Theorem 2.2: If  
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Proof : for any 0>ε  and any fixed T >  0, it follows from (2.3) that for Tt     0 ≤≤  
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 By taking t = s and integrating it with respect to s from 0 to t and making a change 
of variable, we have 

 
( ) dsdZgsfpdssqpThtZ p

p
stt

p

p
pp

p

γγγε
αα

1

0

)(

0

)(

0

11

))()(()(1)()(1)()())((
−−−

∫∫∫ −+⎟
⎠

⎞
⎜
⎝

⎛
−++≤  

 
 Applying Lemma 1.2 in [3] to above inequality we have  

 ( ) ⎟
⎠
⎞⎜

⎝
⎛ −⎟

⎠

⎞
⎜
⎝

⎛
−++≤ ∫∫∫

−−

dsdgsfpexpdssqpThtZ
stt

p

p
pp

p

γγε
αα

)()(1)()(1)()())((
0

)(

0

)(

0

11

 

 
 Hence 

 ( ) 1

0

)(

0

)(

0

1

)()(1)()(1)()()(
−−

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ −⎟

⎠

⎞
⎜
⎝

⎛
−++≤ ∫∫∫

p

p

stt
p

p
p dsdgsfpexpdssqpThtZ γγε

αα
 

 



A Note On Certain Retarded Integral Inequalities 323 
 

 

 As 
ptZtw 1/))((  )( ≤  , we have  

 ( ) 1
1

0

)(

0

)(

0

1

)()(1)()(1)()()(
−−

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ −⎟

⎠

⎞
⎜
⎝

⎛
−++≤ ∫∫∫

pstt
p

p
p dsdgsfpexpdssqpThtw γγε

αα
 

 
 Letting +→ 0ε  and nothing T >  0 arbitrary, we obtain the desired result in 2.4 
 
Remark 1 : If we put p = 2 in Theorem 2.2 we get Theorem 2.1 in [1]. 
 
Remark 2 : If we put p = 2, )(2 th  = 2c , c ≥  0 , f(t) = 0 and )(tα  = t in Theorem 2.2 
then we get Theorem 3.4.1 in [4].  
 
Remark 3 : If we put p = 2 and f(s) = 0 in Theorem 2.2 we get Corollary 2.2 in [1]. 
 
Remark 4 : If If we put p = 2, )(2 th  = 2c  , 0 ≥c  , f(t) = 0, g(t)=0, in Theorem 2.2, 
we get corollary 1 in [3]. 
 
Theorem 2.3 : If 
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Remark 1 :If we put p = 2 in Theorem 2.3 we get Theorem 2.3 in [1]. 
 
Remark 2 :If we put p = 2 and g(t) = 0 in Theorem 2.3 we get corollary 2.4 in [1]. 
 
Remark 3 :If we put p = 2 and cth =)(  in Theorems 2.2 and 2.3 we obtained results 
in [2].  
 
 
An Application 
Consider the delay integral equation  
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 Now applying theorem (2.2) to the above inequality, we get an explicit bound on 
the unknown function w(t) as  
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