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Abstract

In this paper, we introduce the concept of dislocated quasi D*-metric space
and prove some coincidence and fixed point theorems in it.
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Introduction and Preliminaries
In 2005 F.M. Zeyada, G.H. Hassan and M.A. Ahmed [4] established various
definitions of dislocated quasi-metric space. C.T. Aage and J.N.Salunke [3] and A.
Isufati [1] proved fixed point theorems for a single map and a pair of mappings in
dislocated metric spaces.
Dhage [2] introduced the concept of D — metric spaces and proved several fixed
point theorems in it. Unfortunately almost all theorems are not valid (Refer [6]).
Recently Sedghi et. al. [5] introduced the concept of D -metric spaces and proved
some common fixed point theorems. Using D -metric concept, we introduced the
dislocated quasi D -metric on X and prove some fixed and coincidence point
theorems.

Definition 1.1: Let X be a non empty set and D*: X x X x X —[0, o) be a function
satisfying
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(Dl) D" (x,y,2) =0 implies x =y = z,
(Dz) D’ (x,y,2) <D (a,y,z) + D" (x,a,8) VX, V,z acX.

(D) D" (xy.y) =D'(yxx) Vx,yeX.

Then D’ is called a dislocated quasi D"-metric on X.
If further, D" satisfies

(D:) : D*(X,y,z) = D*(y,z,x) = e (symmetry in all variables)

Then D is called a dislocated D"-metric on X.

Definition 1.2: A sequence {X,} in dislocated quasi D"-metric space (X, D) is called
Cauchy if for given € > 0, there exists ng € N such that n,m > ny implies D (Xp,Xp,Xp) <
€or D*(xn,xm,xm) <e.

Definition 1.3: A sequence {Xn}in dislocated quasi D'-metric space (X, D)
converges to x € X if
limD"(x,,x,X)=0 (or) limD"(x,x

n—oo

LX)=0 (or)  limD'(xxx,)=0
In this case, we say that x is a dislocated quasi-limit of {Xn}

Lemma 1.4: In dislocated quasi D -metric space (X, D"), the dislocated quasi — limit
of a sequence is unique.

Proof: Suppose x and y are dislocated quasi — limits of {x,} in X.
Now 0 < D*(y,x,x) <D (Xn,x,X) + D*(y,xn,xn) from (D;)
=D (Xn,X,X) + D (Xn,y,Y) from( D3)

— (Qasn— oo.

Hence D*(y,x,x) = 0 which implies that x =y.
Now we give our main results.

The Main Results
Theorem 2.1: Let (X, D ) be a complete dislocated quasi D -metric space and
T: X—X be a continuous mapping satisfying

[14D"(xTx,2) |

[1+ D(x Y, z)]
for all x,y,ze X,wherea >0, > 0witha + f <1.ThenT hasunique fixed pointin X.

2.1.)D'(Tx, Ty, T2) <« D(y,Ty,T2)+ SD" (X, Y, 2)
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Proof: Let xo e X.

Define xp+1 = Tx,, n=0,1,2,3,...........
If xp4+1 = X, for some n, then x,, is a fixed point of T.
Assume that x,+1 # X, for all n.

D" (Xys Xay15 Xau) = D7 (T, TX, TX)

[14D°(X,.,.%,.%,) |
<a )
(14D (%1% %) ]

D™ (X, Xpu1> X)) + 8D (X, p» X5 X,)-

Thus
B

-«

D" (X5 Xpup> Xpet) < D" (X,1> %, X,).

Now from (D;) , we have

D" (10510 %,) £ 4D (%, X, X, ) where =<1
-

Continuing this way, we get

D" (Xyu1> %02 %) < A"D7 (X, %) %, )-

Now for m > n, using (Dz*) repeatedly, we get
D*(Xma X, Xn) < D* (Xnﬂaxnaxn) + D* (Xn+29 Xnﬂaxnﬂ) o + D* (XmaXm—I,Xm—l)
< (xn + KHH T, + Km-l) D*(Xl,Xo,Xo)

n

<
1-1

—0 asn — oo, m — o0,

D" (X, %,%,)

Hence {x,} is Cauchy. Since (X, D) is a complete dislocated quasi D -metric
space, there exists u € X such that {x,} converges to u.
Since T is continuous, we have

Tu=limTx, =lim X ,, = u.

Thus u is a fixed point of T.

Uniqueness: Let x be a fixed point of T.
Then

D*(X,X,X) = D*(TX,TX,TX)
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[1+ D" (X, X, x)]
[1+ D"(X, X, x)]

<a D" (X, X,X)+ D" (X, X, X)

= (a+P) D*(x,x,x)

Since 0 < o+p < 1, We have D*(x,x,x) =0.
Thus if x is a fixed point of T, then D*(x,x,x) =0.
Let x and y be fixed points of T.
Then D' (x,x,x) = 0 = D*(y,y,y). Now
D'(x.y.y) = D'(Tx.Ty,Ty)

[1+ D™(X, X, y)]
-7 [1+D" (.Y, Y)]

=B D (xy.y)-

D(Y.y,Y)+ 8D (X, Y,Y)

Since 0 < B < 1, we have D*(x,y,y) =0.Hence x =Y.
Thus the fixed point of T is unique.

Now we give a coincidence point theorem for four mappings in dislocated D"
metric spaces.

Theorem 2.2: Let (X,D*) be a complete dislocated D -metric space. Let A,B,S,T: X
— X be D"-continuous mapping satisfying

(2.2.1) AS=SA, BT =TB,

(2.2.2) AX) cT(X), B(X) =S(X),

(2.2.3) D'(Ax,By,z) < h max {D"(Sx,Ty,z), D'(Sx,Ax,z), D'(Ty,By,z)}

forallx,y,z eX,0<h<1.

Then (i) A and S or B and T have a coincidence point in X

or

(i1) The pairs (A,S) and (B,T) have a common coincidence point.
Proof: Let xo € X.

Define {x,} and {y,} in X such that
Yon = Ain = TX2n+1, Yon+1 = BX2n+1 = SX2n+2, n-= 0,1,2,3, ..........
Suppose yan = yan+1 for some n.
Then Txo,+1 = BXon+1. Hence Xo441 1s a coincidence point of T and B.
Suppose yan+1 = yan+2 for some n.
Then Sxzn12 = AXons+2. Hence Xon17 1s a coincidence point of S and A.
Assume that y;,, # y,+; for all n.
Denote dy = D" (Yn,Yn+1> Yas1)
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don =D (Yan:Yan+15 Yanr1) = D (YansYan+1, Yan) from (D3 ) and ( D4)

= D*(Ain,B*inﬂ, Yon) . .

<h max {D (Y2n-1,¥2n, ¥20)> D (¥20-1,¥20, Y20)> D (Y2n,¥20+1, Y2n) }

<h max { don1, dan1, don} from (D5 ) and (D})

Thus dzn < h d2n-1-

done1 = D (Yant1,Y2042> Yane2) = D (Yans2:Y 241> Yane1) from (D; )

= D*(Ax2n+2;BX2n+1, Yon+1) . .

<hmax {D (yan+1,¥2n, ¥2n+1)» D (Y2n+1,¥2n+2, Y2n+1) D (Y2n,¥Y2n+1, Yont1) }
<h max { don, dont 1, dzn} from (D;) and ( D:)

Thus d2n+1 < h dzn.

Henced,<hd,; forn=1,23,.......

Hence dn < hn d() = hn D (yo,yl,yl)

Now for m > n and using (Dz) ,( D;), (D:)repeatedlywehave
D*(YnaYn, Ym) S D*(Yn,Yn, Yn+1) + D*(Ynﬂ,}’nﬂ, Yn+2) oo + D*(Ym—laYm—la Ym)

=dp+tdart oeree + diny
<" +h" 4 +h™") D (yo,y1,y1)

n

S l—h D*(y09 yla yl)

— 0 asn— oo, m — oo,

Thus {y,} is a Cauchy sequence in the complete dislocated D"-metric space X.
Hence there exists u € X such that y, — u.

Clearly the sub sequences {Axy,} — u, {BXont1} — U, {TXont1} — uand {Sxppn}
— u.

Since AS = SA and A and S are continuous, we have

Au=lim ASX,, = lim SAX,,, = Su.

n—oo

Since BT = TB and B and T are continuous, we have
Bu=Ilim BTX,,,, = imTBx,,, =Tu.

Thus u is a common coincidence point of the pairs (A,S) and (B, T).
Theorem 2.3: Let (X,D*) be a complete dislocated D -metric space. Let A,B: X—X
be D -continuous mapping satisfying

D (Ax,By,z) <h max {D (x,y,2), D (x,Ax,z), D (y,By,2)}
forall x,y,z €Xand 0<h<1.

Then either A or B a fixed point or A and B have a unique common fixed point.

Proof: Putting S = T = I (Identity map) in Theorem 2.2., we have either A or B has a
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fixed point or A and B have a common fixed point.

Suppose u and v are two common fixed points of A and B.
D*(u,u,V) = D*(Au,Bu,V)

<h max {D*(u,u,v), D*(u,u,v), D*(u,u,v)}

=h D*(u,u,v).

Since 0 <h < 1, we have that D*(u,u,v) =0.
Hence u=v.
Thus A and B have a unique common fixed point.
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