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Abstract 
 

This paper considers the problem of two machines in tandem with a single 
transport agent in between and therefore considers transportation and returning 
times for the transport agent. We have also considered the time required for a 
job to setup on the machine. Hence, three types of times namely setup time, 
transportation time and returning time are under consideration. The procedure 
has been summarized as an algorithm. A numerical example is given to 
illustrate the procedure. 
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Introduction 
The idea of two production stages was given by Jackson (1954) [1] while studying a 
queuing system concerned with an industry in which the production of an item takes 
place in two distinct but successive stages. Jackson called such stages in tandem (or in 
series). Johnson(1954) [2] and Bellman(1956) [3] studied the problem of scheduling 
of n jobs on two machines arranged in tandem where time required to transport jobs 
from first machine to the second was assumed to be negligible. Maggu and Das(1980) 
[4] then introduced the concept of transportation time in going from one stage to the 
other but studied a system in which an infinite number of transport agents were 
available and no transport agent was required to return to stage1 from stage2. The 
concept was further modified by Khan, Maggu and Mudawi (1994) [5], as there may 
be cases where only a single transport agent is available. Here we study the case 
where only a single transport agent is available who, after delivering the items to 
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Machine2 has to come back to Machine1 for transporting the next item with the 
assumption that Machine1 starts processing the next item immediately after finishing 
the preceding one. Further, we have considered the setup times for all the jobs on both 
the machines as there may be cases where a machine needs a setup every time before 
processing an item. These cases may arise in different industries as in automobile 
sector casting parts of different diameters need machine setting every time for 
processing and hence a setup time is involved. 
 
Two machines in tandem with a single transport agent in between and also 
considering setup time 
Let us consider n  items ( )1 2, , ....., nI I I  being processed through two machines ( )&A B  
in the order AB  with an agent who transports an item processed at machine A  to the 
machine B  and returns back empty to A  to transport the second item to B  and so on 
until all the items were taken to B . Let item i  to be processed on the two machines 

&A B  requires setup times denoted by ia  and ib  respectively. Let it  be the 
transportation time for item i  to carry it from machine A  to B ; iA  &  iB  are the 
service times on machines A  and B  respectively, and ir  is the returning time for 
agent from machine B  to A  after delivering item i  at B . As the time by which the 
transport agent finishes with item 1i − , the job of thi  item on machine A  may or may 
not get finished, and the machine A  after processing item 1i −  immediately takes up 
item i  for processing, the item i  will wait for transport agent if it is not returned back 
by that time. The problem is to find an optimal schedule of items so as to minimize 
the total production time for completing all the items. 
 
Theorem: An optimal sequence is obtained by sequencing the item 1, , 1i i i− +  such 
that ( ) ( )1 1 1 1 1 1 1 1min , min ,i i i i i i i i i i i i i i i ia A t R b B t R a A t R b B t R− + + + + + + −+ + + + + + < + + + + + +  

where 1 1
1

if it is positive;

0 otherwise.
i i i

i

it r a A
R − −

−

+ −
=

−⎧
⎨
⎩

 

 
Proof: Let S  and S ′  denote the sequences of items given by : 

 
( )
( )

1 2 1 1 2

1 2 1 1 2

, , ....., , , . , .....,

, , ....., , , . , .....,
i i i i n

i i i i n

S I I I I I I I

S I I I I I I I

− + +

− + +

=

′ ′ ′ ′ ′ ′ ′ ′=
 

 
 Let ( ),p pX X ′  and ( ),p pCX C X′  be the processing time and completion time of any 

item p  on machine ( ) or X A B=  for the sequences ( ),S S ′  respectively. Let ( ),p pt t′  
denotes the transportation times of item p  from machine A  to machine B  for the 
sequences ( ),S S ′ . pr  is the returning time of the transport agent from machine B  to 

machine A  after delivering the thp  item at B . Let ( ),
p p

a a′  and ( ),
p p

b b′  be respectively 
the setup times of any item p  on machines A  & B  for the sequences ( ),S S ′ . 
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 Note that we have defined 1 1 1 0p p p p pR t r a A− − −= + − − ≥ . The completion time of thp  
item on machine B  is given by 

 ( )1 1max ,
p p p p p p p

CB CA t R CB b B− −= + + + +   (1) 
 
 The sequence S  is chosen if  

 
n nCB C B′<   (2) 

 
i.e., if 

 ( ) ( )1 1 1 1max , max ,n n n n n n n n n n n nCA t R CB b B C A t R C B b B− − − −
′ ′ ′ ′ ′ ′+ + + + < + + + +  

 

 As 1 1 1
1 1

i n i n

n n n i i n n n n n
i i

CA t R a A t R C A t R
= =

− − −
= =

′ ′ ′+ + = + + + = + +∑ ∑ , 
n nb b′=  and 

n nB B′= , 

result (2) will be true if: 

 1 1n nCB C B− −
′<   (3) 

 
 Proceeding in this way we get that inequality (2) is true if: 

 ( )1, 2,......,  and p pCB C B p i i n i 1,2,....n 1′< = + + = −   (4) 
 
 We now calculate the values of 1iCB +  and 1iC B +

′  

 

{ }
( ){ }

1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1

max ,

max , max ,

max{ , ,
}

i i i i i i i

i i i i i i i i i i i

i i i i i i i i i i i i

i i i i i

CB CA t R CB b B

CA t R CA t R CB b B b B

CA t R b B CA t R b B b B

CB b B b B

+ + + + +

+ + − − + +

+ + + + − + +

− + +

= + + + +

= + + + + + + + +

= + + + + + + + + + +
+ + + +

 

 
 Now  

 
{

}

1 1 1 1 1 1 1

1 1 1 1

1 1 1

max ,

,
i i i i i i i i i i

i i i i i i i i i

i i i i i

CB CA a A a A t R b B

CA a A t R b B b B

CB b B b B

+ − + + + + +

− − + +

− + +

= + + + + + + + +

+ + + + + + + +

+ + + +

  (5) 

 
 Similarly 

 
}

1 1 1 1 1 1 1

1 1 1 1

1 1 1

max{ ,

,
i i i i i i i i i i

i i i i i i i i i

i i i i i

C B C A a A a A t R b B

C A a A t R b B b B

C B b B b B

+ − + + + + +

− − + +

− + +

′ ′ ′ ′ ′ ′ ′ ′ ′ ′= + + + + + + + +

′ ′ ′ ′ ′ ′ ′ ′ ′+ + + + + + + +

′ ′ ′ ′ ′+ + + +

  (6) 

 
 For the sequences S  and S ′  it is obvious that 
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 1 1 1 1,i i i iCA C A CB C B− − − −
′ ′= =  

 ( )1 1, a or b or or ;i i i iX X X A B t t+ +
′ ′= = =   (7) 

 ( )1 1, a or b or or ;i i i iX X X A B t t+ +
′ ′= = =  

 1 1,i i i iR R R R− −
′ ′= = . 

 
 Writing (4) for 1p i= +  and using (7), we get 

 

1 1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1

max{ ,

, }

max{ ,

,

i i i i i i i i i i i i

i i i i i i i i i i i

i i i i i i i i i i i i

i i i i i i i i i

CA a A a A t R b B CA a A

t R b B b B CB b B b B

CA a A a A t R b B CA a A

t R b B b B CB b B b

− + + + + + −

− + + − + +

− + + − − + +

+ + + − + +

+ + + + + + + + + + +

+ + + + + + + + +

< + + + + + + + + + + +

+ + + + + + + + }i iB+

  (8) 

 
 Subtracting 1 1 1i i i i iCB b B b B− + ++ + + +  from both sides, the inequality (8) reduces to 

 

1 1 1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1 1 1

max{ ,

}

max{ ,

}

i i i i i i i i i

i i i i i i i i i

i i i i i i i i i

i i i i i i i i i

CA a A a A t R b B

CA a A t R b B b B

CA a A a A t R b B

CA a A t R b B b B

− + + + + +

− − + +

− + + −

− + + + + +

+ + + + + + + +

+ + + + + + + +

< + + + + + + + +

+ + + + + + + +

  (9) 

 
 Further subtracting 1 1 1 1 1 1 1i i i i i i i i i i i i iCA a A a A t t R R b B b B− + + + − + ++ + + + + + + + + + + +  
from each side, we get 

 
{ }

{ }
1 1 1 1

1 1 1 1

max ,

max ,
i i i i i i i i

i i i i i i i i

t R b B a A t R

t R b B a A t R

− + + +

+ + + −

− − − − − − − −

< − − − − − − − −
  (10) 

 
{ }

{ }
1 1 1 1

1 1 1 1

min ,

min ,
i i i i i i i i

i i i i i i i i

a A t R t R b B

a A t R b B t R

− + + +

+ + + −

+ + + + + +

< + + + + + +
  (11) 

 
 
Algorithm: Our problem can be represented in tableau form as follows: 
 

Item i
ia  Machine A ( iA ) it  ir  ib  Machine B ( iB ) 

1 
2 
. 
. 
n  

1a  

2a  
. 
. 

na  

1A  

2A  
. 
. 

nA  

1t  

2t  
. 
. 

nt

1r  

2r  
. 
. 

nr

1b  

2b  
. 
. 

nb

1B  

2B  
. 
. 

nB  
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 Where ia , ib ; iA , iB  are respectively the setup and service times on A  & B  
respectively. it  is the transportation time for item i  in transporting from machine A  
to B  and ir  is the returning time of the transport agent from machine B  to A  after 
delivering the thi  item. 
 
The result of Theorem 1 gives the following procedure for an optimal sequence: 

1. Assuming the two fictitious machines &G H  in place of A  & B  respectively 
with the service times iG  and iH  where 

 1i i i i iG a A t R −= + + + , 1i i i i iH b B t R −= + + +  
 

2. Applying Johnson’s (1954) rule to the fictitious machine times &i iG H  
constructed in step 1, we obtain the optimal sequence. 

 
Example: Let a machine tandem queuing problem be given in the following tableau 
form: 
 

Item i  
1 
2 
3 
4 
5 

ia  
7 
2 
5 
3 
1 

Machine A ( iA ) 
7 
6 
4 
9 
8 

it  
4 
3 
4 
7 
5 

ir  
2 
4 
3 
6 
5 

1iR −  
- 
0 
0 
0 
4 

ib  
2 
3 
4 
1 
6 

Machine B ( iB ) 
9 
6 
7 
3 
6 

 
 
Solution: Let G  and H  be two fictitious machines representing A  and B  
respectively. Let iG  and iH  be the service times of G  and H  respectively. Then our 
reduced problem is: 
 

Item i  
 
1 
2 
3 
4 
5 

Machine G  
( )1i i i i i
G a A t R

−
= + + +  

18 
11 
13 
19 
18 

Machine H  
( )1i i i i i

H b B t R
−

= + + +  
15 
12 
15 
11 
21 

 
 
By Johnson’s rule to the above reduced times, the optimal sequence is 2,3,5,1,4. 
The minimum total production time is calculated as follows: 
 1iY −  represents the time at which the transport agent returns to machine A  to take 
the next item. 
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 iZ  represents the time at which the transport agent reaches to machine B  to leave 
an item. 

 1i i i iY CA t r− = + +  i i iZ CA t= +  
 
 

Item i  
 
2 
3 
5 
1 
4 

ia  
 
2 
5 
1 
7 
3 

Machine A  
in-out 
2-8 
13-17 
18-26 
33-40 
43-52 

it  
 
3 
4 
5 
4 
7 

ir  
 
4 
3 
5 
2 
6 

1iY −  
- 
15 
24 
36 
46 

iZ  
 
11 
21 
31 
44 
59 

ib  
 
3 
4 
6 
2 
1 

Machine B  
in-out 
14-20 
25-32 
38-44 
46-55 
60-63 

Idle Time 
A B 
0 11 
0 01 
0 00 
0 00 
11 04 

 
 
 The total processing time of all the items through the system (i.e., total production 
time) is 63 hrs. Idle time (it excludes setup times for machines) for machine A  is 11 
hrs., for B  it is 16 hrs. & for the agent is 20 hrs. So machine A  is busy 82.54% of 
time, B  is busy 74.60% of time and the transport agent is busy 68.25% of time. 
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