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Abstract

When the bivariate SUR model errors are non-normal one might be interested in
making inference about a damage total for a certain product based on the ‘Bivariate
Seemingly Unrelated Regression model’. The goal of this article is to construct
approximate asymptotic confidence intervals for a damage total based on the ’Bi-
variate SUR’model of paired count data. The simulated coverage is evaluated using
computer simulation and recommendations are provided for selecting the appropri-
ate confidence intervals which there coverage closed to the nominal value.
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1. Introduction

The SUR model was introduced and formulated by Arnold Zellner. Zellner (1962)
formulated k Seemingly Unrelated Regression models as correlated regression equations.
The Seemingly Unrelated Regression (SUR) model is a technique for analyzing a system
of k equations with correlated error terms cross equations. The errors are uncorrelated
across individuals i = 1, . . . , m, but they are correlated across equations for the same
individual i.

It may be important to determine a reliable estimates for minimum damage totals,
which result as the estimate damage value of weighted sum of estimates damage per-
centage for two components.

Simon (1996), have been proposed two methods for constructing confidence intervals
for the binomial proportion p to achieve a closeness of the coverage of these intervals
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to the corresponding nominal value, the universal confidence interval by the z-quantiles
and confidence interval by the t-quantiles, he concluded that the t-quantile method
achieves better coverage than the z-quantile method. Recently, Santner (1998) and
Agresti and Coull (1998), Brown, Cai, and DasGupta (1999) show that the performance
of the standard universal interval are miserable and erratic than is appreciated and is
poor in this problem that can not be trusted. Santner (1998) have been recommended an
alternative method, asymptotic confidence intervals by the z-quantiles produced intervals
guarantee achieving at least the nominal value of the true coverage no matter the sample
sizes and p, remarkably accurate even at modest sample sizes, further, it is widely
recognized that the coverage of the standard universal interval is poor for p near 0 or 1.

In this paper, we will use the both quantiles to construct approximate confidence
intervals for a damage total for a certain product based on the bivariate SUR model, the
asymptotic (by the z-quantile) and the conservative confidence (by the t-quantile) with
sample size mines one degrees of freedom.

In a simulation study and for approximating the true coverage of a damage total
we simulate pairs of bivariate Poisson count observations at different sample sizes and
model parameter values, we have considered two confidence intervals, the asymptotic
(with the normal quantile) and the proposed conservative (with the adjusted t-quantile
on the reduced sample sizes mines one) confidence intervals, as well as we will compare
the performance of these confidence intervals among them.

The remainder of the paper is organized as follows: General view on the involved
models will be given in Sect. 2. The bivariate SUR model will be given in Sect. 3.
Section 4 highlight on the estimation of the bivariate SUR parameters. While Section
5 considers the derivation of the asymptotic normal distribution of the Ratio estimators
with help of the Slutsky’s lemma. Section 6 provides approximate confidence intervals
for the damage total. In Sect. 7 we perform a simulation study to compare the coverage
of the confidence intervals at a specific nominal value. Finally, Sect. 8 gives some
conclusions.

2. The models

Suppose, there are m observations of 4 relevant components of data (taking in account
any vertical dependencies between the components), i.e., ((Y11, X11), (Y12, X12)), . . . ,

((Ym1, Xm1), (Ym2, Xm2)) is a random sample of m observations drawn from an infinite
population, such that each observational unit indexed by the subscript i associated with
those random variables under the restrictions 0 ≤ Yij ≤ Xij , ∀i = 1, . . . , m, j = 1, 2,

For illustration, the ith individual represents count variables for example:
Xi1, Xi2 ≡ No.of units respectively for a product i.
Yi1, Yi2 ≡ No.of damage units respectively for the product i, i = 1, . . . , m.
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Poisson and Binomial Models

(Yi1, Yi2) and (Xi1, Xi2) have a bivariate Poisson model with parameters
(λ0, λ1, λ2) and (λ0, λ1 + µ1, λ2 + µ2) respectively, where Yij ∼ Poiss(λ0 + λj ),
Zij ∼ Poiss(µj ), Xij = Yij + Zij ∼ Poiss(λ0 + λj + µj),
Cov(Yi1, Yi2) = Cov(Xi1, Xi2) = λ0, as well as all (Yj , Zj ), (Zj , µj ) and (Yj , Zj

′ )

,j �= j
′ = 1, 2 are independent, for more details about the bivariate Poisson model see

[6] and also [7].

Further, P(Yij | Xij ) ∼ Bin(Xij , pj ), where pj = λ0 + λj

λ0 + λj + µj

is the binomial

proportion, and a sample observation Xij > 0, ∀i = 1, . . . , m, j = 1, 2 (Bin(n, p)

denotes the Binomial distribution with sample size n and success probability p). Also

denote p̂
j

=
∑m

i=1 Yij∑m
i=1 Xij

as the ratio corresponding to the proportion p
j
, and E(p̂

j
) =

pj = E(Yj )

E(Xj)
, since Yij , Xij are i.i.d, i = 1, . . . , m, j = 1, 2.

The pairs of the univariate linear models will be considered first, as

Yi1 = Xi1p1 + εi1,

Yi2 = Xi2p2 + εi2,

with the following assumptions:
E(εij | Xij ) = 0, and with variances proportional to Xij , i.e.,

Var(εij | Xij ) = σ 2
jXij ,

Cov(εi1, εi2 | Xi1Xi2) = σ 12

√
Xi1Xi2,

and

Cov(εi1, εi
′2 | Xi1Xi

′2) = 0, ∀i �= i
′
, i, i

′ = 1, . . . , m, j = 1, 2.

We merge these equations into a single linear model (for the ith observation)

Yi = Xip + εi , (i = 1, . . . , m), (2.1)

where, the response variable Yi = (Yi1, Yi2)
T , the design matrix Xi =

(
Xi1 0
0 Xi2

)
,

and the model coefficient p = (
p1, p2

)T
, as well as the error component εi = (εi1, εi2)

T .
The error component εi has the covariance matrix given by

�i = Cov(εi) =
(

σ 2
1Xi1σ 12

√
Xi1Xi2

σ 12

√
Xi1Xi2σ

2
2Xi2

)
,

Cov(εi , εi
′ ) = 0, when i �= i

′ = 1, . . . , m.
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The linear model 2.1 will be standardized by the linear transformation AiYi =
AiXip + Aiεi , to get the weighted linear model

Ỹi = X̃ip + ε̃i , (2.2)

where, the diagonal matrix

Ai =

⎛⎜⎜⎝
1√
Xi1

0

0
1√
Xi2

⎞⎟⎟⎠ ,

the weighed response variable Ỹi = (
Ỹi1, Ỹi2

)T
, the weighted error component

ε̃i = (
ε̃i1, ε̃i2

)T
,

and the weighted design matrix

X̃i =
(

X̃i1 0
0 X̃i2

)
, X̃ij = √

Xij ,

and

Ỹij = Yij√
Xij

,

ε̃ij = εij√
Xij

,

given that Xij > 0, ∀i = 1, . . . , m, j = 1, 2. The covariance of the weighted error
vector is given by

�̃ = Cov(̃εi) = AiCov(εi)AT
i =

(
σ 2

1 σ 12

σ 12 σ 2
2

)
,

and, Cov(̃εi , ε̃i
′ ) = 0, i �= i

′ = 1, . . . , m, where

σ 2
j = E

(
Ỹij − X̃ijpj

)2
, σ 12 = E

(
(Ỹi1 − X̃i1p1)(Ỹi2 − X̃i2p2)

)
, j = 1, 2.

3. The SUR model

And thus, the SUR model (see also [11]) will written by stacking the model (2.1) in
row-wise as

Ỹ = X̃p + ε̃, (3.1)
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where, the 2m × 1 dimension weighted response vector

Ỹ = (
ỸT

1 , ỸT
2 , · · · , ỸT

m

)T
,

2m × 2 dimension weighted design matrix

X̃ = (
X̃T

1 , X̃T
2 , , · · · , X̃T

m

)T
,

2 × 1 dimension model parameter vector p = (p1, p2)
T , 2m × 1 dimension model error

vector
ε̃ = (̃

εT
1 , ε̃T

2 , · · · , ε̃T
m

)T

with 2m × 2m covariance matrix

˜� = Cov(ε̃) =
⎛⎜⎝ �̃ · · · 0

...
. . .

...

0 · · · �̃

⎞⎟⎠ = Im ⊗ �̃,

i.e,
Var(̃εi) = �̃,

and
Cov(̃εi , ε̃i

′) = 0(∀i �= i′, i, i′ = 1, . . . , m),

where 0 is the 2 × 2 dimension matrix of zero’s.

4. Estimation in SUR model

It well-known that the WLSE is the BLUE of the parameter p, however, the WLSE of
the SUR model parameter vector will not results in the sample ratio estimator vector
in question (which is the OLSE, where the equality WLSE ≡ OLSE holds if the error
covariance matrices are diagonal [11]), therefore the OLSE will be used although it is
not the optimal estimator nevertheless produces the ratio estimators.

The OLS estimator of the model proportion p will now be obtained from (3.1) as
following

p̂ = (X̃T X̃)−1X̃T Ỹ =
(

m∑
i=1

X̃T
i X̃i

)−1 m∑
i=1

X̃T
i Ỹi =

(
m∑

i=1

X̃2
i

)−1 m∑
i=1

X̃T
i Ỹi

=
(

m∑
i=1

Xi

)−1 m∑
i=1

X̃T
i Ỹi =

⎛⎜⎜⎜⎜⎝
∑m

i=1

√
Xi1Ỹi1∑m

i=1 Xi1∑m
i=1

√
Xi2Ỹi2∑m

i=1 Xi2

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
∑m

i=1 Yi1∑m
i=1 Xi1∑m
i=1 Yi2∑m
i=1 Xi2

⎞⎟⎟⎟⎠ ,

√
Xij Ỹij = Yij , j = 1, 2.
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5. Asymptotic normality of the ratio estimator vector p̂

It will be assumed that the random error vectors ε̃i are not normally distributed but
i.i.d random vectors, i = 1, . . . , m, i.e E (̃εi) = 0, and Cov(̃εi) = �̃. Moreover,
under certain conditions on the design matrix Xi one can show that in large sample size,
p̂ has the multivariate asymptotic normal distribution. These conditions namely, the

pairs (Xi , Yi) are i.i.d ⇒ (X̃i , Ỹi) are also i.i.d, where X̃i =
(

X̃i1 0
0 X̃i2

)
, X̃ij =√

Xij , Xij > 0, ∀i = 1, . . . , m, j = 1, 2, as well as E
(
X̃T

i X̃i

)
> 0, E(X̃ij X̃ij

′ ) exist,

(∀ i = 1, . . . , m, j, j
′ = 1, 2).

The OLS estimation of the model (3.1) can be written as

p̂ = (
X̃T X̃

)−1
X̃T Ỹ =

(
m∑

i=1

X̃T
i X̃i

)−1 (
m∑

i=1

X̃T
i X̃ip +

m∑
i=1

X̃T
i ε̃i

)
,

and can be expression as

√
m

(
p̂ − p

) =
(

1

m

m∑
i=1

X̃T
i X̃i

)−1 (
1√
m

m∑
i=1

X̃T
i ε̃i

)

=
(

1

m

m∑
i=1

Xi

)−1 (
1√
m

m∑
i=1

X̃T
i ε̃i

)
, (5.1)

(the details are given in p. 612 and Appendix 16.3, p. 638 of [8]). Thus, in large m, it is
straightforward to see that the denominator of Eq. 5.1 (by the Law of large numbers) is
consistent (

1

m

m∑
i=1

X̃T
i X̃i

)−1

−→P (
E(X̃T

i X̃i)
)−1

,

provided that, the matrix E(X̃T
i X̃i) > 0, so

(
1

m

m∑
i=1

(
Xi1 0
0 Xi2

))−1

−→P diag (E(X1), E(X2))
−1 .

The numerator of (5.1) obeys the Multivariate Central Limit Theorem

1√
m

m∑
i=1

X̃T
i ε̃i −→D Nk

(
0, E

(
X̃T

i �̃X̃i

))
,
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thus,

1√
m

m∑
i=1

( √
Xi1̃εi1√
Xi2̃εi2

)
−→D N

⎛⎝0,

⎛⎝ σ 2
1E(Xi1) σ 12E

(√
Xi1Xi2

)
σ 12E

(√
Xi1Xi2

)
σ 2

2E(Xi2)

⎞⎠⎞⎠
≡ N

⎛⎝0,

⎛⎝ σ 2
1E(X1) σ 12E

(√
X1X2

)
σ 12E

(√
X1X2

)
σ 2

2E(X2)

⎞⎠⎞⎠ ,

where, the asymptotic covariance

�∗ = Cov
(
X̃T

i ε̃i

) = E
(
Cov

(
X̃T

i ε̃i | X̃i

)) + Cov
(
E

(
X̃T

i ε̃i | X̃i

))
= E

(
X̃T

i Cov
(̃
εi | X̃i

)
X̃i

) = E
(
X̃T

i �̃X̃i

)
=

⎛⎝ σ 2
1E(Xi1) σ 12E

(√
Xi1Xi2

)
σ 12E

(√
Xi1Xi2

)
σ 2

2E(Xi2)

⎞⎠
=

⎛⎝ σ 2
1E(X1) σ 12E

(√
X1X2

)
σ 12E

(√
X1X2

)
σ 2

2E(X2)

⎞⎠ ,

as

E
(
X̃T

i ε̃i | X̃i

) = X̃T
i E

(̃
εi | X̃i

) = 0, X̃i = (X̃i1, X̃i2)
T ,

consequently, yields

1√
m

m∑
i=1

X̃T
i ε̃i −→D N2

(
0, �∗) .

Therefore, with helps of the known Slutsky’s lemma ([4], pp. 119-120), Eq. 5.1 can be
written as√

m(p̂ − p) −→D N2

(
0, diag (E(X1), E(X2))

−1 × �∗ × diag (E(X1), E(X2))
−1

)

≡ N2

⎛⎜⎜⎜⎝0,

⎛⎜⎜⎜⎝
σ 2

1

E(X1)

σ 12E(
√

X1X2)

E(X1)E(X2)

σ 12E(
√

X1X2)

E(X1)E(X2)

σ 2
2

E(X2)

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠ , (5.2)

which results in the multivariate asymptotic normality of the ratio estimator vector p̂
with the symmetric asymptotic covariance matrix

�∗∗ = Cov(
√

mp̂) =

⎛⎜⎜⎜⎝
σ 2

1

E(X1)

σ 12E(
√

X1X2)

E(X1)E(X2)

σ 12E(
√

X1X2)

E(X1)E(X2)

σ 2
2

E(X2)

⎞⎟⎟⎟⎠ .
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6. Approximate confidence intervals for the linear combination αT p

By applying the Cramer-Wold device ([4], p. 147), it shows that the convergence in (5.2)
holds iff, for any α = (α1, α2)

T ∈ R, we have
√

m
(
αT p̂ − αT p

) −→D N
(
0, αT �∗∗α

)
(6.1)

≡ N

(
0, α2

1
σ 2

1

E(X1)
+ α2

2
σ 2

2

E(X2)
+ 2α1α2

σ 12E(
√

X1X2)

E(X1)E(X2)

)
.

The estimators X.j , X.12, s
2
j , and s12 are the consistent estimators of the corresponding

parameters E(Xj), E(
√

X1X2), σ
2
j , and σ 12 respectively, where

X.j = 1

m

m∑
i=1

Xij , X.12 = 1

m

m∑
i=1

√
XijX12, j = 1, 2,

as well as

s2
j = 1

m − 1

m∑
i=1

(
Yij − p̂

j
Xij

)2

Xij

= 1

m − 1

m∑
i=1

(
Ỹij − p̂

j

√
Xij

)2

s12 = 1

m − 1

m∑
i=1

(
Yi1 − p̂1Xi1

) (
Yi2 − p̂2Xi2

)
√

Xi1
√

Xi2

= 1

m − 1

m∑
i=1

(
Ỹi1 − p̂1

√
Xi1

) (
Ỹi2 − p̂2

√
Xi2

)
,

Ỹij = Yij√
Xij

, Xij > 0 ∀j = 1, 2, i = 1, . . . , m.

By plugging in these entries for the individual parameters in the asymptotic variance
from (6.1), one can obtain the standard error of αT p̂ (if defined) as

s.e(αT p̂) =
√√√√ 1

m

(
α2

1

σ 2
1

E(X1)
+ α2

2

σ 2
2

E(X2)
+ 2α1α2

σ 12E(
√

X1X2)

E(X1)E(X2)

)
.

Construction of the confidence intervals for a linear combination of the proportions (i.e.,
confidence intervals for the damage total

Y = αT p =
2∑

j=1

αjpj =
2∑

j=1

Xjpj =
2∑

j=1

Yj ,

αj = Xj , where the estimated damage total Ŷ =
2∑

j=1

Xjp̂j , Xj =
m∑

i=1

Xij , j = 1, 2)

needs the validity of the intervals, in the other words (s.e(Ŷ ))2 ≥ 0. Consequently, the
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asymptotic confidence interval for the damage total Y can be obtained by the normal
quantile z

1− α
2

as [
Ŷ ± z

1− α
2
s.e(Ŷ )

]
,

as well as, the proposed conservative confidence interval by the t-quantile given by[
Ŷ ± t(m−1,1− α

2 )s.e(Ŷ )
]
,

as,
Ŷ − Y

s.e(Ŷ )
� tm−1, where, t(m−1,1− α

2 ) is a
(

1 − α

2

)
quantile of the t-distribution with

(m − 1) degrees of freedom.

7. Simulation study

The main goal of the simulations study, is to find reasonable and appropriate coverage
of the suggested confidence intervals for the weighted proportions (or the confidence
intervals of the damage total Y ), a recommendation is based on the closeness of the
achieved coverage of these intervals to the corresponding nominal value. The simulations
was performed using R program. For approximating the true coverage of the damage
total, we considered two confidence intervals, asymptotic (with the normal quantile)
and conservative (with the adjusted t-quantile on the reduced sample sizes) confidence
intervals.

The coverage of the runs are displayed graphically by the figures with the corre-
sponding tables, also plotting horizontal lines at the nominal level. As a coverage of
the confidence intervals demonstrates a similar pattern for all the confidence levels, we
represent the results at the nominal level 0.95.

To simulate the true coverage for a linear combination Y = αT p =
2∑

j=1

αjpj and

as our observations are count, we will simulate the count sample points (Yij , Xij ), i =
1, . . . , m, j = 1, 2 at the sample sizes m = 10, 15, 20, 50, 100 from the bivariate
Poisson distribution given in Sect. 2 with different values of the model parameter with
10000 number of replications, and α1 = 1, α2 = 2, αj ≥ 0 (arbitrary). We will also use
in this simulation the SUR sample variance s2

j and the covariance s12 given in Sec. 6.
Note that, small values of the model parameter will produce more noninformative

observations (Xij is a noninformative observation, if it associates with the event Ai =
{Xij = 0}, with probability of success P(Ai) = e−λ, and P(Ai) = 1 − e−λ, where
Ai = {Xij > 0}, i = 1, . . . , m, j = 1, 2). The procedure is to exclude the invalid runs
with non positive observations (intervals with invalid s.e’s) which will not be counted.
Further, one can calculate the percentage of these exclusions.
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One need to take the following considerations:

• Taking only the informative observations will reduce the actual sample size m to
the reduced random sample size mj . Theoretically, one can calculate the random
number of the noninformative observations in each sample, which equals m−mj ,
where mj ≤ m, as well as, the percentage of the noninformative observations is

1 − mj

m
.

• The valid runs are based on the positive variances (to ensure that, we will take
only positive observations and on the positive summations of Xj .

• In this paper, we will adjust the degrees of freedom for the t-quantile on the reduced
sample size min(mj), where mj is the number of the informative observations of
Xj, j = 1, 2. Since the damage total

Y = Y1 + Y2 = α1p1 + α2p2 = p1 + 2p2,

and
Ŷ = Ŷ1 + Ŷ2 = p̂1 + 2p̂2.

So, the conservative confidence interval (safe boundaries) becomes[
Ŷ ± t(m1−1,1− α

2 )s.e(Ŷ )
]
,

as well as, the approximate confidence interval is[
Ŷ ± z

1− α
2
s.e(Ŷ )

]
,

where s.e(Ŷ ) =
√

1

m

̂asV ar(Ŷ ).

Finally, due to space constraints we will present only the more interesting results.

a) For very small values of the Poisson parameter the procedure results in many nonin-
formative observations with high probability.

b) For small Poisson parameter values (< 1).

The coverage of confidence intervals by the z-quantile more closed to the nominal
level especially at m ≥ 20, while the confidence intervals by the adjusted t-quantile
falls upper the nominal level for all sample sizes, Fig. 1 (left and right panel).

Tables 1, 2 show the percentage of the excluded runs decreases as sample size
become larger by the both quantiles. and very high at small m and λ (because the
simulation procedure results in many noninformative observations, or non valid
intervals been excluded),
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Figure 1: Coverage of confidence intervals based on normal quantiles (dashed lines) and
adjusted t-quantiles (solid lines) for λ0 = 0.2, λ1 = 0.3, λ2 = 0.3, µ1 = 0.4, µ2 = 0.3
(left panel). And for λ0 = λ1 = λ2 = µ1 = µ2 = 0.5 (right panel), α1 = 1, α2 = 2.

sample size m

10 15 20 50 100

The percentage of the excluded runs 0.9249 0.3090 0.2651 0.1376 0.0592

Table 1: The percentage of the excluded runs of the confidence intervals for λ0 =
0.2, λ1 = 0.3, λ2 = 0.3, µ1 = 0.4, µ2 = 0.3, α1 = 1, α2 = 2.
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Figure 2: Coverage of confidence intervals based on normal quantiles (dashed lines)
and adjusted t-quantiles (solid lines) for λ0 = 2, λ1 = 3, λ2 = 3, µ1 = 4, µ2 = 3 (left
panel). And for λ0 = λ1 = λ2 = µ1 = µ2 = 5, α1 = 1, α2 = 2 (right panel).
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sample size m

10 15 20 50 100

The percentage of the excluded runs 0.3570 0.2935 0.2552 0.1283 0.0504

Table 2: The percentage of the excluded runs of the confidence intervals for λ0 = λ1 =
λ2 = µ1 = µ2 = 0.5, α1 = 1, α2 = 2.

sample sizes m

10 15 20 50 100

The percentage of the excluded runs 0.3287 0.2814 0.2462 0.1348 0.0557

Table 3: The percentage of the excluded runs of the confidence intervals for λ0 = 2, λ1 =
3, λ2 = 3, µ1 = 4, µ2 = 3 and α1 = 1, α2 = 2.
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Figure 3: Coverage at m = 15 for λ0 = λ1 = λ2 = µ1 = µ2 = λ (left panel). And at
m=50 for λ0 = λ1 = λ2 = µ1 = µ2 = λ (right panel).

c) For larger parameter values (≥ 1)

The coverage with t-quantiles are larger than nominal for all sample sizes, while
with z-quantile falls below the nominal at m < 20 for both chosen parameter
values as seen in Fig. 2 left and right panels. The corresponding table 3 shows the
percentage of excluded intervals which decrease as sample sizes increase also for
large parameter values.

On the other side, the coverage at sample sizes 15, and 50 for the parameter
values λ0 = λ1 = λ2 = µ1 = µ2 = λ, where λ = 0.5, 0.8, 1, 2, 5, shown in
Fig. 3 (left and right panels): the suggested t-quantile method gives reasonable
coverage (recommended) at both sample sizes, while by the z-quantile method
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λ

0.5 0.8 1 2 5

The percentage of the excluded runs 0.2884 0.2802 0.2803 0.2742 0.2700

Table 4: The percentage of the excluded runs at sample size m = 15 for λ0 = λ1 =
λ2 = µ1 = µ2 = λ and α1 = 1, α2 = 2.

λ

0.5 0.8 1 2 5

The percentage of the excluded runs 0.1290 0.1343 0.1382 0.1308 0.1302

Table 5: The percentage of the excluded runs at sample size m = 50 for λ0 = λ1 =
λ2 = µ1 = µ2 = λ and α1 = 1, α2 = 2.

produced dramatically smaller coverage specially at small sample size for all λ

(not recommended).

From the corresponding tables 4 and 5 respectively, one can observe that: for small
sample size the percentage of the excluded runs is more than that at larger sample
size and the exclusions decrease as lambda or sample size become larger.

8. Conclusions

• For small parameter values the procedure results in more noninformative observa-
tions with high probability. Further, as sample size m or λ increases, the percentage
of the excluded runs decrease.

• The proposed confidence intervals by the t-quantile method is highly conservative
specially at small sample sizes and small λ (not recommended), however, there
coverage exceed always than that by the z-quantile. While by the z-quantile is
recommended when λ is larger at enough sample sizes.

• When the proportions nearly 0.5, one expect to attain better coverage and more
conservative if p near 0 or 1.

• With findings of these simulations, one may recommending that the conservative
confidence intervals should not be often used at small parameter values or small
sample sizes, while the asymptotic is better and needs only enough sample sizes.
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