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Abstract

Suppose G= (V, E) is a simple graph with vertex set V and edge set E. A
vertex labeling f: V — {0, 1} induces an edge labeling f*: E —-{0, 1} defined
by f*(x y)= [f(x) - f(y)| . f is caled a cordial labeling of G if the number of
vertices labeled ‘0" and the number of vertices labeled ‘1’ differ by atmost 1
and the number of edges labeled ‘0" and the number of edges labeled ‘1" differ
by atmost 1. A graph with a cordial labeling is called a cordia graph. If the
total number of vertices and edges labeled with ‘O’ and the total number of
vertices and edges labeled with ‘1’ differ by atmost 1, it is called a Totally
Sequential Cordial (TSC) labeling of G. A graph with a Totally Sequential
Cordia labeling is called a Totally Sequential Cordia graph. In this paper we
find the Totally Sequential Cordial labeling for certain graphs.

Keywords. Cordial labeling, simply sequential labeling, totally sequential
cordial labeling.
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Introduction
It is well known that graph theory has applications in many other fields. One area of
considerable research potential on graph theory is that of graph labeling. An excellent
reference on thisis the survey by Gallian [6].

Two of the most important types of labelings are called graceful and harmonious
labelings. Graceful labelings were introduced by Rosa[10] in 1996 and Golomb [7] in
1972. Harmonious labelings were first studied by Graham and Sloane [8] in 1980. A
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third type of labeling is cordia labeling and was introduced by Cahit [3] in 1990.
Recently M. Sundaram, R. Ponrgj, and S. Somasundaram [12] have introduced total
product cordial graphs. P.Selvargu and B. Nirmala Gnanam Pricilla[11] have proved
that Py, x P, for al m, nis atotal product cordial graph. In 2002, Ibrahim Cahit [4]
defined totally sequential cordia labeling, which is a weaker version of simply
sequential labeling of graphs.

Suppose G= (V, E) isasimple graph. A vertex labeling f: V — {0, 1} induces an
edge labeling f*: E — {0, 1} defined by f* (xy) = [f(x) — f(y)|. Let vo and v; be the
number of vertices labeled with ‘O'and ‘1’ respectively. Let ey and e; be the number
of edges labeled with ‘0", and ‘1’ respectively. Such alabeling is cordia if both |vp —
vi|< land|e—ei < 1. A graphiscaled acordia graph if it has a cordial labeling.
Let to= vo+ e and t; = vy + e If [{o —t; | < 1 then the labeling is called a TSC
labeling. A graph withaTSC labeling is called a TSC graph.

A.T. Diab [9] has proved that the join of the path P, and the star K; 1, is cordial
for al nand all mif and only if (n, m) # (2, 1). Also he proved that the union of path
P, and the star K1 1, is cordial for al n and all mif and only if (n, m) # (2, 1). But,
this condition fails when n=2 and m>1 is odd. That is P,+K1, , and PU K1, where m
isodd are not cordial.

Cahit [8] proved that every cordia graphis TSC, C,isTSC for al n> 2, trees are
TSC, the wheel W, is TSC for al n > 3. He gave some conditions for a complete
graph K, to be TSC. But these conditions are contradicted by some complete graphs
KG, K]_3, K22, K33, K46 and so on.

In this paper, we prove that the graphs C,,, and P, are TSC graphs. Moreover, we
show that the join of the path P, and the star K1  iIsTSC if and only if n# 2and mis
even; the union of the path P, and the star Ky, , istotal cordia if and only if n # 2 and
m is even. Also we modify the conditions for K,, to be TSC, which Cahit has already
established.

Terminologies and notations

We introduce some terminologies and notations for a graph with 4r vertices. Let L4,
denote the labeling 00110011... 0011, S4 denote the labeling 11001100...1100 and
Mo denote the labeling 0101... 0101. Also these are modified by adding symbols at
one end or other (or both). Thus O1L 4 denotes 0100110011...0011.

For a given labeling of the graphs G and H, let x;, & (for i= 0, 1) denote the
number of vertices and edges of G labeled with ‘i’ respectively. Let y;, b be the
number of vertices and edges of H labeled with ‘i’ respectively.

It followsthat vo=Xo+ Yo Vi=X1+y1. @=a + o+ Xoyo+ X1 Y. &1 =& + by +
Xoy1 + X1Yo. Thus Vo — V1 = (Xo — X1) + (Yo — Y1) and & — €1 = (8o — &) + (bo — b1) + (Xo
—X1) (Yo—Y1); and to—t1 = (Vo — V1) + (&0 — &y).

Totally sequential cordial labeling for cyclesand paths
Theorem 3.1. The cycle graph C,, isatotally sequential cordia graph for all n>2.
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Proof. We denote by C, the graph consisting of a cycle with n points. Cahit showed
that aunicyclic graph is cordial unlessit is Cyyso.

Let n=4r+i, wherei=0, 1, 2, 3 and for somer € N. The TSC labeling we use for C,
isgiven in the following table.

n=4r+i Labeling of CnlVo Vi € e, Vo-Vileg—eq|tog—t1
i=0,1,2,3

i=0 Lar 2r (2r |2r |2r |O 0 0
i=1 1L4, 2r |2r+12r+1|2r |-1 1 0
i=2 111y, 2r  |2r+2|2r+2|2r |-2 2 0
i=3 L,,001 2r+2(2r+1|2r+1|2r+2|1 -1 0

The last column of this table shows that [to — t;] = 0 <1. Hence C,, is TSC for all
n>2.

Theorem3.2. The path graph P, is atotally sequential cordia graph for all n.
Proof. We denote by P, a path with n points. The total sequential cordial |abeling that

we use are given as follows. Let n=4r+i, where i= 0, 1, 2, 3 and for some natural
number ‘r’.

n=4r+i, Labeling of Pn Vo Vi () e Vo-Vilep—e1|to— 11
i=0,1,2,3

i=0 Lar 2r |2r |2r |2r-1|0 1 1

i=1 1Ly, 2r  |2r+1(2r |2r -1 0 -1
i=2 01Lg4, 2r+1(2r+1|2r |2r+1 |0 -1 -1
i=3 001Ly, 2r+2(2r+1|2r+1|2r+1 (1 0 1

From the last column we observe that, [to — t1| <1. Hence P, is TSC for al n.
Theorem 4. The complete graph K, is not totally sequential cordial.

Proof. All possible vertex labelings satisfying the condition that vo = 1 and v, = 3 are
[0111], [1101], [1110].

All possible vertex labelings with vo = 3 and v; = 1 are [0001], [0010], [0100],
[1000].

For al the above labelings, ey =3 and e; = 3.

Therefore |to — t1| =2 not less than or equal to 1.

All possible vertex labelings with vo = v; = 2 are [0011], [1001], [1100], [0110],
[0101], [1010].

For these labelingsey =2 and e; = 4.
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Thereforeto—t; =0-2=-2
Hence K, is not totally sequential cordial.

Join and union of Pathsand Stars
Definition. Let G; and G, be the graphs having digoint point sets V; and V; and line
sets X; and X, respectively. Their join denoted by G;+G; is a graph with point set
V=V,;UV,and line set X=X,UX, together with all linesjoining V, and V.

The union of G; and G, denoted by G;U G, is a graph with point set V=V1U V>
and line set X=X,UXo.

Theorem 5.1. The join of the path P, and the star K1  is TSC for al n #2 and all
evenm

Proof. Let Ao=Ly, A1:L4r0 =00110011...00110, A2:L4r01, A2':|_4r10, A3:L4r001,
Bo=1M2s=10101...01, Bo'=0M s, B1=01M 3.
Let n=4r+i, wherei=0, 1, 2, 3and m=2s+j, where j=0, 1andr, s€ N.

Table: 5.1.1
n=4r+i, Labeling of P,, | xo X1 E a
i=0,1,2,3
i=0 Ao 2r 2r 2r 2r—-1
i=1 A 2r+1 | 2r 2r 2r
i=2 A, 2r+l1 | 2r+1 | 2r 2r+1
i=2, rz0 A 2r+1 | 2r+1 | 2r+1 | 2r
i=2, r=0 A’ 2r+1 | 2r+1 | 2r 2r+1
i=3 As 2r+2 | 2r+1 | 2r+1 | 2r+1
Table: 5.1.2
m=2s+j, | Labelingof Ky m | Yo | V1 bo | by
j=0,1
j=0 Bo S s+1|s |s
Bo' s+l | s s |s
j=1 B s+l | s+1|s | s+l

By using the labelings of P, and K1 ,, from tables 5.1.1 & 5.1.2 and by using the
formulavo-vi = (Xo-X1) + (Yo-Y1); €0-€1= (8o-a1) + (bo-b1) + (Xo-X1)(Yo-Y1)-
Then the values of ty-t; are calcul ated.
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Table: 5.1.3 (Labelings of Pr+K 1 m)

nN=4r+i, m=2s+j, | Labeling of P, | Labeling of K;,;m | Vo—Vv1
i=0,1,2,3|j=0,1 ep—e; | to—t1
i=0 0 Ag Bo -1 1 0
i=1 0 Aq Bo 0 -1 -1
i=2 0 A; Bo' 1 -1 0
i=3 0 As Bo 0 -1 -1
i=0 1 Ao B; 0 0 0
i=1 1 A B 1 -1 0
i=2, r=0 1 A,or A, B, 0 -2 -2
i=2, r£0 1 A B1 0 0 0
i=3 1 Az B 1 -1 0

From the last column of table 5.1.3, we can easily observe that |t — t;| <1, when
n=2 and miseven.

Also when n=2, all possible labelingsof P, are[00], [01],[11]

Labeling of K1 , where misoddisB; . Theselabelingsgiveusvp—v1 =0, eg—€e;
=+20rvp—Vvi=%2,6—6,=0.

In either of these cases, |to—t1] =2.

Hence, P, + K1, m isTSCiff n #2 and miseven.

Theorem 5.2. The union of the path P, and the star K, , is totally sequentia cordial
for al n except 2 and all even m.

Proof. By using the labelings of the path P, in table 5.1.1 and the star Ky, , in the

table 5.1.2 and using the formulavp—vi = (Xo—X1) + (Yo—Y1) andeg—e1 = (ap— &) +
(bo — by), we can compute the values.

Table5.2.1 (Labeling of P, U K1 1)

nN=4r+i, m=2s+j, | Labeling of P, | Labeling of Ky, m | Vo—Vv1 | €0—€1 | to—11
i=0,1,2,3|j=0,1

i=0 0 Ao Bo -1 1 0
i=1 0 Aq Bo 0 0 0
i=2 0 Az Bo' 1 -1 0
i=3 0 A3 Bo 0 0 0
i=0 1 Ao B; 0 0 0
i=1 1 Aq B 1 -1 0
i=2, rz0 1 A’ B 0 0 0
i=2, r=0 1 A, or A, B, 0 -2 -2
i=3 1 Az B 1 -1 0
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From the last column of table 5.2.1, we can easily observe that |t — t;| <1, when
n+2 and miseven.

Also when n = 2, all possible labelings of P, are[0 0], [0 1], [1 1].

When misodd, labelings of K, , are B; .

By using the labelings we compute vo — V1, € — € and to —t; =2 or -2.

Hence P, U Ky isTSCiff n #2 and miseven.

Theorem 6: The complete graph K, istotally sequentia cordia if and only if
1. vn+ 1isaninteger, when n = O(mod 4)

/ or / isan integer, when n = 1(mod 4)

vn — 1 orvn + 3 isan integer, when n = 2(mod 4)
/nTH isan integer, when n = 3(mod 4)

A woN

Proof. The complete graph K, has n vertices and nC; edges. Let f be atotal sequential
cordial labeling of Ky. Then | to-t; | <1.

_ n(n-1) _n(n+1) _ (even if n=0, 3(mod4)

Also to +t =n+ = = {odd if n = 1,2(mod 4)

}. We consider
2 2

two cases.

Casel: Letty + t; be even.
Then n=0, 3(mod 4).Sincef isaTSC labeling of K, to =t;.

Under this labeling f, the complete graph K, can be decomposed as: K, = K, U K;
U Kp, r, where K, is the sub-complete graph of K, whose vertices are labeled with 1's;
K is the sub-complete graph of K,, whose vertices are labeled with 0's and K, ; is the
complete bipartite sub-graph of K, with the bipartition V(Kp) U V(K;) which its edges
labeled with all 1's.

Thenn=p+r.

Clearly, for the labeling f, we write

ti=p+rpandty=pC; +r+rCy.

Usingto=t;, weget, (r —p)? —3p +r = 0.

Put, p = n—r in the above equation, we get

4r2 —4n—Dr+n?>-3n=0

Solving thisfor r, we obtainr; , =

Thisry » will represent the order of the sub—compl ete graph K, . We can easily see
that, for n=0 (mod 4), K, is TSC iff vn + 1 is an integer. Also, for n=3 (mod 4), K,

iIsTSC iff / isan integer.

Case 2: Let to+t; be odd.
Clearly n= 1, 2(mod 4)
Sincef isaTSC labeling of K, there arisetwo casest; >ty or to > t;.

(n 1)+\/n+
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Sub case 2. (i): Assumethat t; > to.

Then 1 =t +1.
By the same decomposition of case 1, we write,
ti=p+rpandto=pCy+r+rC, (D)
Also,p=n-—r 2

Using al these equations, we get the quadratic equation,
4r2 —4n—-Dr+n?-3n+2=0

Solving thisfor r we get,
(n-1)+/(n-1)
2

N2 =

This gives the order of the sub-complete graph k;. In order to have integer values

for ry, o, for n=1(mod 4) and n=2(mod 4) respectively /nT_l and Vn — 1 must be an
integer.

Sub case 2. (ii): Letto > t;.

Wecantakety=1t; +1 3

By using equations (1) and (2), equation (3) becomes
4r® - 4(n—1r+n*—3n-2=0

Solving thisfor r we get,
_ (n-1)+y(n+3)
2

1,2
This gives the order of the sub-complete graph k;. It can easily be seen that,

when n=1(mod 4), K,is TSC iff fnTH is an integer and
when n =2(mod 4), K, isTSC iff vVn + 3 isan integer.

Thus from case (2) we observe that

Knis TSC iff fnT_lor fnTHisaninteger, when n=1(mod 4)

And for n=2(mod 4), K, is TSCiff vn — 1 or vn + 3 isan integer.
Hence the theorem.
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