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Abstract

The objective of this paper is to obtain some fixed point theorems for Dislocated
metric space for generalized contraction mappings.
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1. Introduction

In recent years, the study of fixed points in dislocated metric space have attracted much
attention, some of the recent literatures in dislocated metric space may be noted in [1, 2,
3, 4] in this paper we construct a sequence of points and consider its convergence to the
fixed point of continuous mapping defined on dislocated metric space. For the purpose
of obtaining the fixed point, we have used rational inequality.

2. Preliminaries

Definition 2.1. Let X be a nonempty set let d : X×X → [0, ∞) be a function satisfying
following condition.

(i) d(x, y) = d(y, x) = 0 implies x = y,

(ii) d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X.
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Then d is called a dislocated quasi-metric on X. If d satisfying d(x, x) = 0, then it is
called a quasi-metric on X. If d satisfies d(x, y) = d(y, x),then it is called a dislocated
metric.

Definition 2.2. A sequence {xn} in dislocated metric space (X, d) is called Cauchy if
for given ε > 0, ∃ n0 ∈ N such that ∀ m, n ≥ n0, implies d(xm, xn) < ε.

Definition 2.3. A Sequence {xn} dislocated converges to x if

lim
n→∞ d(xn, x) = 0

In this case x is called a limit of {xn} and write xn → x.

Definition 2.4. A dislocated metric space (X, d) is called complete if every Cauchy
sequence converges in it.

3. Main Results

Theorem 3.1. Let (X, d) be a complete dislocated metric space. Let T : X → X be
continuous mapping satisfies.

d(T x, T y) ≥ a[d(x, T x)d(x, y) + d(y, T y)d(x, y)] + bd(x, T x)d(y, T y) + c[d(x, y)]2

d(x, T x) + d(y, T y) + d(x, y)

(3.1)

for each x, y ∈ X, x �= y where a, b, c ≥ 0, 2a + b + c > 3 and c > 1. Then T has a
unique fixed point.

Proof. Let xo be an arbitrary point in X, there is x1 in X such that T (x1) = xo. In this
way we define a sequence {xn} as follows.

xn = T xn+1 for n = 0, 1, 2, (3.2)

If xn = xn+1 for some n then we see that xn is a fixed point of T, therefore we suppose
that no two consecutive terms of sequence {xn} are equal.
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Now consider

d(xn, xn+1) = d(T xn+1, T xn+2)

≥

a[d(xn+1, T xn+1)d(xn+1, xn+2) + d(xn+2, T xn+2)d(xn+1, xn+2)]
+b d(xn+1, T xn+1)d(xn+2, T xn+2) + c d2(xn+1, xn+2)

d(xn+1, T xn+1) + d(xn+2, T xn+2) + d(xn+1, xn+2)

=
a[d(xn+1, xn)d(xn+1, xn+2) + d(xn+2, xn+1)d(xn+1, xn+2)]

+b d(xn+1, xn)d(xn+2, xn+1) + c d2(xn+1, xn+2)

d(xn+1, xn) + d(xn+2, xn+1) + d(xn+1, xn+2)

⇒ d(xn, xn+1)[d(xn, xn+1) + 2d(xn+1, xn+2)]
≥ (2a + b + c)d(xn+1, xn+2) min{d(xn+1, xn)d(xn+1, xn+2)}
⇒ d2(xn, xn+1) ≥ (2a + b + c − 2)d(xn+1, xn+2)

min{d(xn, xn+1)d(xn+1, xn+2)}
Case I

d2(xn, xn+1) ≥ (2a + b + c − 2) d2(xn+1, xn+2)

⇒ d(xn+1, xn+2) ≤
( 1

2a + b + c − 2

)1/2
d(xn, xn+1)

⇒ d(xn+1, xn+2) ≤ k1 d(xn, xn+1)

where k1 =
( 1

2a + b + c − 2

)1/2
< 1 [As 2a + b + c > 3]

Case II

d2(xn, xn+1) ≥ (2a + b + c − 2)d(xn+1, xn+2) d(xn, xn+1)

⇒ d(xn+1, xn+2) ≤ 1

(2a + b + c − 2)
d(xn, xn+1)

⇒ d(x2n+1, x2n+2) ≤ k2 d(xn, xn+1)

where k2 = 1

(2a + b + c − 2)
< 1 [As (2a + b + c) > 3]

Let k = max{k1, k2} < 1.
So, in general

d(xn, xn+1) ≤ k d(xn−1, xn) for n = 1, 2, 3., . . .

⇒ d(xn, xn+1) ≤ kn d(x0, x1) (3.3)
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Now we shall prove that {xn} is a Cauchy sequence. For this for every positive integer
p, we have

d(xn, xn+p) ≤ d(xn, xn+1) + d(xn+1, xn+2) + · · · + d(xn+p−1, xn+p)

≤ (kn + kn+1 + kn+2 + · · · + kn+p−1)d(x0, x1) [by 3.1.3]

= kn(1 + k + k2 + · · · + kp−1) d(x0, x1)

<
kn

(1 − k)
d(x0, x1)

As n → ∞, d(xn, xn+p) → 0, it follows {xn} is a Cauchy sequence in X. As X is a
complete dislocated metric space, so there exist a point u ∈ X such that {xn} → u.

Since T is a continuous, so

T (u) = T (lim xn) = lim T (xn) = lim xn+1 = u.

Thus u is a fixed point of T .

Uniqueness: Let z be another fixed point of T , that is T z = z

d(x, z) = d(T x, T z)

≥ ad(x, T x) d(x, z) + d(z, T z)[ad(x, z) + bd(x, T x)] + c[d(x, y)]2

d(x, T x) + d(z, T z) + d(x, z)

= ad(x, T x)d(x, z) + d(z, z)[ad(x, z) + bd(x, x)] + c[d(x, z)]2

d(x, x) + d(z, z) + d(x, z)

= c d(x, z)

⇒ d(x, z) ≤ 1

c
d(x, z) [as c > 1]

⇒ d(x, z) = 0

⇒ x = z

This completes the proof of the theorem 3.1. �

Theorem 3.2. Let (X, d) be a complete dislocated metric space. Let T : X → X be
continuous mapping satisfies.

d(T x, T y) ≥ ad(x, T x)[1 + d(y, T y)]
1 + d(x, y)

(3.4)

+ b[d(x, T x) + d(y, T y)] + cd(x, y) (3.5)

for each x, y ∈ X, x �= y, where a, b ≥ 0, and c > 1. Then T has a unique fixed point.



Fixed Point Theorems for Expansive type Mappings in Dislocated Metric Space 111

Proof. Construct a sequence {xn} as in proof of theorem 3.1. We claim that the inequality
(3.1.4) for x = xn+1 and y = xn+2 implies that.

d(T xn+1, T xn+2) ≥ ad(xn+1, T xn+1)[1 + d(xn+2, T xn+2)]
1 + d(xn+1, xn+2)

+ b [d(xn+1, T xn+1) + d(xn+2, T xn+2)] + c d(xn+1, xn+2)

⇒ d(xn, xn+1) ≥ ad(xn+1, xn)[1 + d(xn+2, xn+1)]
1 + d(xn+1, xn+2)

+ b [d(xn+1, xn) + d(xn+2, xn+1)] + c d(xn+1, xn+2)

⇒ d(xn+1, xn+2) ≤ [1 − (a + b)]
(b + c)

d(xn, xn+1)

⇒ d(xn+1, xn+2) ≤ kd(xn, xn+1)

where

k =
[1 − (a + b)

(b + c)

]
< 1 [Since c > 1

⇒ a + 2b + c > 1 ⇒ k < 1]
In general

⇒ d(xn, xn+1) ≤ k d(xn−1, xn) for n = 1, 2, 3, . . .

⇒ d(xn, xn+1) ≤ kn d(x0, x1) (3.6)

We can prove that {xn} is a Cauchy sequence using (3.1.5) as proved in theorem 3.1 and
since X is a complete dislocated metric space, so there exists a point u in X such that

{xn} → u ∈ X.

Since T is a continuous, so

T (u) = T (lim xn) = lim T (xn) = lim xn+1 = u.

Thus u is a fixed point of T .

Uniqueness: Let z be another fixed point of T , that is T z = z

d(x, z) = d(T x, T z)

≥ ad(x, T x)[1 + d(z, T z)]
1 + d(x, z)

+ b[d(x, T x) + d(z, T z)] + c d(x, z)

= ad(x, x)[1 + d(z, z)]
1 + d(x, z)

+ b[d(x, x) + d(z, z)] + c d(x, z)

⇒ d(x, z) ≤ 1

c
d(x, z)

⇒ d(x, z) = 0 [Asc > 1]
⇒ x = z (3.7)

This completes the proof of the theorem 3.2. �
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