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Abstract

The objective of this paper is to obtain some fixed point theorems for Dislocated
metric space for generalized contraction mappings.
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1. Introduction

In recent years, the study of fixed points in dislocated metric space have attracted much
attention, some of the recent literatures in dislocated metric space may be noted in [1, 2,
3, 4] in this paper we construct a sequence of points and consider its convergence to the
fixed point of continuous mapping defined on dislocated metric space. For the purpose
of obtaining the fixed point, we have used rational inequality.

2. Preliminaries

Definition 2.1. Let X be anonempty setletd : X x X — [0, co) be a function satisfying
following condition.

(i) d(x,y) =d(y,x) = 0implies x =y,
(i) d(x,y) <d(x,z)+d(z,y) forallx, y, z € X.
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Then d is called a dislocated quasi-metric on X. If d satisfying d(x, x) = 0, then it is
called a quasi-metric on X. If d satisfies d(x, y) = d(y, x),then it is called a dislocated
metric.

Definition 2.2. A sequence {x,} in dislocated metric space (X, d) is called Cauchy if
for given ¢ > 0, dnp € N such thatV m, n > ng, implies d (x,,,, x,) < €.

Definition 2.3. A Sequence {x,} dislocated converges to x if
lim d(x,,x) =0
n—oo

In this case x is called a limit of {x,} and write x,, — x.

Definition 2.4. A dislocated metric space (X, d) is called complete if every Cauchy
sequence converges in it.

3. Main Results

Theorem 3.1. Let (X, d) be a complete dislocated metric space. Let 7 : X — X be
continuous mapping satisfies.

ald(x, Tx)d(x,y) + d(y, Ty)d(x, y)] + bd(x, Tx)d(y, Ty) + cld(x, y)]?
dx,Tx)+d(y, Ty) +d(x,y)

d(Tx,Ty) >
(3.1)

foreachx,y € X, x # y wherea,b,c > 0,2a+ b+ c >3 and c > 1. Then T has a
unique fixed point.

Proof. Let x, be an arbitrary point in X, there is x; in X such that 7' (x;) = x,. In this
way we define a sequence {x,} as follows.

xp =Txpy1 for n=0,1,2, 3.2)

If x,, = x,,+1 for some n then we see that x,, is a fixed point of T, therefore we suppose
that no two consecutive terms of sequence {x,} are equal.
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Now consider

d(xp, xp+1) = d(Txpy1, Txp12)
a[d(xn—Ha Txn—l—l)d(xn—l—ly xn—|—2) + d(xn—l—Z» Txn+2)d(xn+ly xn+2)]

+b d(xn—l—lv Txn—l—l)d(xn—i—Za Txp42) +c dz(xn—f—la Xn42)
d(xn—i—] s Txn—i—l) + d(xn+2, Txn+2) + d(-xn—l—l s xn+2)

ald(xp+41, Xp)d (Xp1, Xn42) + d(Xp42, Xn41)d (X1, Xp+2)]
+b d(Xn1, Xn)d (Xns2s Xnt1) + ¢ d*(Xnt1, Xn42)

d(xn—{—l, xn) + d(xn—|—2, xn—|—l) + d(xn—{—l, xn+2)

= d(xn, xn—!—l)[d(xn, xn—l—l) + Zd(xn—l—l , xn+2)]
> (2a + b 4 ¢)d(Xp1 1, Xnt2) Min{d (X, 1, X2)d (Xnt1, Xn12))
= d*(xXn, Xp11) = Qa4+ b+ ¢ — 2)d(Xn41, Xnt2)

min{d (x,, Xy 1)d (Xpt1, Xni2)}

Case I
d*(Xn, Xn1) = 2@ + b + ¢ —2) d*(Xns1, Xn42)
1 1/2
= dGone 3w < (5 ra—g) 4 )
= d(xn-l—l» xn+2) < kl d(xn’ xn-l—l)
here k ! 2 1 [As 2 b 3
where ki = (5—————) " <1 [As2a+b+c >3]
Case I1
d* (X, Xps1) = (24 + b + ¢ — 2)d (Xns1, Xng2) d(Xn, Xn1)
1
d , < d(xp,
= (xn-i-l xn+2) = (2a+b—|—c—2) (xn xn—l—l)
= d(X2n+1, X2n+2) < ko d(xy, Xp41)
1
where ky = Catbic_2) <1 [As Qa+b+c) >3]

Let k = max{ky, kp} < 1.
So, in general

dxn, xpt1) <kd(xp—1,x,) forn=1,2,3.,...
= d(xp, Xpq1) < k" d(x0, x1) (3.3)
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Now we shall prove that {x,} is a Cauchy sequence. For this for every positive integer
p, we have

d(xn’ xn—i—p) = d(x}’lv xn—H) + d(xn—i—ly xn+2) + -+ d(xn—i—p—l’ xn—i—p)
< (K" + K" K2 4 KPP YA (xg, x1) [by 3.1.3]
= K'(1+k+Kk> 4+ -+ k"1 d(xo, x1)

n

< md(xo’m)

Asn — 00, d(xy, Xp4p) — 0, it follows {x,} is a Cauchy sequence in X. As X is a
complete dislocated metric space, so there exist a point # € X such that {x,} — u.
Since T is a continuous, SO

T(u)=T(imx,) =limT(x,) =limx,+; = u.
Thus u is a fixed point of T'.
Uniqueness: Let z be another fixed point of 7', thatis Tz = z

dx,z) =d(Tx,Tz)
- ad(x, Tx) d(x, z) +d(z, T2)[ad(x, z) + bd(x, Tx)] + c[d(x, y)]?
- dx, Tx)+d(z, Tz) +d(x,2)
ad(x, Tx)d(x, z) + d(z, 2)[ad (x, z) + bd(x, x)] + c[d (x, 2)]?
- dx,x)+d(z,z) +d(x,z)

=cd(x,2)

=dx,z) < %d(x,z) [asc > 1]

=d(x,2) =0
=>x=z
This completes the proof of the theorem 3.1. |

Theorem 3.2. Let (X, d) be a complete dislocated metric space. Let 7 : X — X be
continuous mapping satisfies.

ad(x, Tx)[1+d(y, Ty)]
d(Tx,Ty) > T rdey) (3.4)

+bld(x, Tx) +d(y, Ty)] +cd(x, y) (3.5)

foreach x,y € X, x # y, where a, b > 0, and ¢ > 1. Then T has a unique fixed point.
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Proof. Construct a sequence {x,} as in proof of theorem 3.1. We claim that the inequality
(3.1.4) for x = x,4+1 and y = x,,4+> implies that.
ad(xn41, TXpq )1 +d(Xnq2, Txpy2)]
1 +d(xn+1, Xn+42)
+ b [d(xpt1, Txp1) + d(xnt2, Txn42)] + ¢ d(Xnt1, Xn42)
ad(xXp+1, X)) [1 + d(xXp42, Xp+1)]
1 +d(xp+1, Xn+2)
+ b [d(xn41, Xn) + d(Xn12, Xn-1)] + ¢ d(Xpi1, Xp42)
= d(Xp41, Xn42) < U-@tb (b(j_—ci__)b)]d(xmxn-i-l)
= d(Xpt1, Xnt2) < kd(xn, Xp41)

d(Txpq1, Txpg2) >

= d(xna xn+1) >

where
k_[l—(a—i—b)
L b+o)
= a+2b+c >1=k<1]

]<1[Sincec>1

In general
= dxy, xp+1) <kd(x,—1,x,) forn=1,2,3,...
= d (X, Xpq1) < k" d(x0, x1) (3.6)

We can prove that {x,} is a Cauchy sequence using (3.1.5) as proved in theorem 3.1 and
since X is a complete dislocated metric space, so there exists a point # in X such that

{x,} = u € X.
Since T is a continuous, SO
T(u)=T(imx,) =lim 7T (x,) =limx,+; = u.

Thus u is a fixed point of T'.

Uniqueness: Let z be another fixed point of 7', thatis Tz = z
dx,z) =d(Tx,Tz)
- ad(x, Tx)[1+d(z, Tz)]
- 14+dx,2)
ad(x, x)[1 +d(z, 2)]

— a2 +bld(x,x)+d(z,2)]+cd(x,z)

1
=d(x,z7) < ;d(x, 2)

+bld(x, Tx)+d(z,Tz)] +cd(x,z)

=dx,z) =0[Asc > 1]
=x=z (3.7)
This completes the proof of the theorem 3.2. |
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