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Abstract 
 
The concept of quasi differentiability was introduced in 1995 by A.Bayoumi 
and this Differentiability is stronger than Frechet differentiability. In this 
paper, a new concept of differentiability ‘Weak Quasi Differentiable Maps’ 
has been introduced and it’s some characterizations like linearity, Lipschitzian  
property chain rule and  etc. have been derived. 
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Introduction 
Differentiability of a function on normed spaces is the most important concept in 
analysis. Frechet and Gateaux differentiability of a function on normed spaces some 
kind of differentiability [1, 2, 3]. 
 In 1995, A. Bayoumi [4, 5] introduced a concept of differentiability, is known as 
quasi-differentiability in F-spaces. 
 Let E  and F  be p -normed space and q -normed space respectively (0 , 1)p q< ≤  
andU , open subset of E .  
 A mapping :f U F→  is said to be m-quasi differentiable or m pq differentiable 
at a U∈ , if there exists a linear map ( , )aT L E F∈ , such that  
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aT  is called pq -differential or quasi differential of function f at point  a 

 If 1m =  
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 Then this mapping is known as super differentiable mapping at a . 
i.e. for every 0ε > , there exists 0δ >  such that 
 0 x a< − < δ  

 ⇒  || ( ) ( ) ( ) || || ||
q

p
af x f a T x a x a− − − ≤ ε −  

 i.e. || ( ) ( ) ( ) || || ||
q

p
af a h f a T h h+ − − ≤ ε   (1.2) 

 
 Furthermore, A. Bayoumi [6, 7] discussed the various properties of pq -
differentiable mappings.  In 2006, A. Bayoumi [8] shows that Quasi differentiability 
of maps may not be Frechet differentiability of maps by some examples. The 
definition of weak holomorphic map [9] is  
 Let E  and F  be two complex normed space, and let U  be open subset of E . 
 A mapping :f U F→  is said to be weak holomorphic on U  if  
 :f Uλ →D C  is holomorphic for every *Fλ ∈  
 
 In this note the weak quasi differentiable map between locally bounded spaces and 
some characterizations of this map have been derived.  
 In section 2 the concept of ‘Weak quasi tangent’ and ‘weak quasi differentiable 
maps is introduced. In section 3 some properties of this map is derived, and at last in 
section 4 a result related mapping into product space is derived.     
 
 
Weak quasi differentiable maps 
Let E  and F be a p -normed space and q -normed space respectively (0 , 1)p q< ≤  
and ,U be open in E . 
 
2.1 Mappings f,g: U F are weak quasi tangent to each other if   ( fψ D ) and  ( gψ D ) 
are quasi tangent to each other at a  

i.e.                 
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2.2 A mapping: :f U F→ is said to be weak m -quasi differentiable map if fψ D  is 
m -quasi differentiable map for every *Fψ ∈ . 
i.e. at a U∈ , if ∃ a continuous linear mapping Tψ D at a  ( ( , )T L E F∈  and by the 
definition of quasi differentiable map) such that  
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D D Dψ ψ ψ  (2.2) 
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 If 1m = , f  is called weak quasi differentiable at a .  
 Hence, for every 0, 0 :δ∈> ∃ > 0 || ||x a< − < δ . 

 ⇒  || ( )( ) ( )( ) ( ) ( ) || || ||
q

p
af x f a T x a x a− − − ≤ −D D Dψ ψ ψ ε   (2.3) 

 
 If f is weak quasi differentiable at each point of ,U then f  is said to be weak 
quasi differentiable on U . 
 
 
Properties of weak quasi differentiable map  
Theorem 3.1: (Linearity) The set of weak quasi differentiable mappings at a U∈
form a vector space. 
 
Proof: Let S  be the set of weak quasi differentiable mappings. 
If ,f g S∈ , then by definition of weak quasi differentiable map,  there exist linear 
mappings  

 ( )aTDψ   and *( ) ( )aT L F∈Dψ  for all *Fψ ∈  
 
such that  

 

1 1

|| ( )( ) ( )( ) ( ) ( ) || || ||
2

q p
af x f a T x a x a− − − ≤ −D D D εψ ψ ψ   (3.1) 

 
1 1

*|| ( )( ) ( )( ) ( ) ( ) || || ||
2

q p
ag x g a T x a x a− − − ≤ −D D D εψ ψ ψ   (3.2) 

 For a given 0,>ε  since 

1

|| ||q⋅  is a weak quasi norm.  

 || ( )( ) ( )( )f g x f g aψ ψ ψ ψ+ − +D D D D 1
*( ) ( ) ||qaT T x a− + −D Dψ ψ  

 1
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1
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 Dividing on both sides by 
1

|| || px a−  and taking limit x a→  
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 Let 0λ ≠  be a scalar  
 Now, we have to prove  

 ( ( )( )) ( )( )D f a D f aλ ψ λ ψ=D D  

 0λ ≠  
 
 For ( )( )D of aλ ψ⋅  
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  ( ( )( ) ( ( ))D f a D f a⇒ ⋅ =D Dλ ψ λ ψ   (3.4) 
 
Theorem 3.2: (Lipschitzian property) Let E and F be p -normed and q -normed 
spaces respectively, (0 , 1)p q< ≤  and ,U open in E . 
 If :f U F→ is weak quasi differentiable map at a U∈ , then there exist 0c > and 

0δ > such that  

 || ( )( ) ( )( ) || || ||
q

pf x f a c x a− ≤ −D Dψ ψ  
 
for , || ||x U x a∈ − < δ . 
 
Proof: Let ( )( )T D f aψ= D  

 ( ) ( )( ) ( )( ) ( )x f x f a T x aΔ = − − −D Dψ ψ  for x U∈   (3.5) 
 
 Then  

 || ( )( ) ( )( ) ||f x f a−D Dψ ψ || ( ) ( ) ||T x a x= − + Δ  

 || || || || || ||
q

q pT x a x≤ − + Δ   (∵   || ( ) || || || || ||
q

q pT x a T x a− ≤ − ) 
 
 Since 

  || ( ) ||lim 0
|| ||
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Δ
=

−
   and    ( ) 0aΔ =  

 

 Given 
1 , 0
2

δ∈= ∃ >
 such that  

 || || , ,x a x U− ≤ ∈δ  then  
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1|| ( ) || || ||
2

q

px x aΔ ≤ −  

 
 Therefore 

 
1|| ( )( ) ( )( ) || (|| || ) || ||
2

q
q pf x f a T x a− ≤ + −D Dψ ψ  

 ⇒  || ( )( ) ( )( ) || || ||
q

pf x f a c x a− ≤ −D Dψ ψ  (3.6) 
 
where 1|| ||

2
qc T= + . 

 
Theorem 3.3: (Chain Rule). Let :f U F→ be weak quasi differentiable at a U∈  and 
let ( , )T L F G∈  where ,E F  are p -normed space and q -normed space and U  is open 
in E , then  ( )T fD  is weak quasi differentiable at a U∈ . 
 
Proof: We have to prove, 
 ( )T fD  is weak quasi differentiable at a  

 ⇒     ( )T fψ D D  is quasi differentiable at a. 
 
 Let S T f= D  
 
 Therefore 
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 Dividing on both sides by 
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 ⇒   T fD  is weak quasi differentiable. 
 
 
Mapping into product space 
Theorem 4: Let U E⊂ be open in a p -normed space E and nF -normed spaces 
( 1, 2 ).n m= …   A mapping 1 2 3: nf U F F F F→ × × "  is weak quasi differentiable at 
a U∈  if and only if each coordinate map n nf fπ= D  is weak quasi differentiable at a  
 Further  1 2( ) ( ( ), ( ) ( ))mDf a Df a Df a Df a= …  
 
where nπ is the projection from 1 2 3 mF F F F× × ×…  onto nF . 
 
Proof: Let nF  be np -normed spaces for 1, 2 .n m= …  
 And let 1 2 3 nF F F F F= × × × ×…  
 Then F is an F -space and topology induced by an F -norm on F , is the product 
topology.  
 Let :n nF F→π  be the projection mappings onto the thn  factor nF  and let  

:n nu F F→  be natural embedding map defined by   

 ( ) (0,0, 0, ,0,0 0)n n nu x x= … …  
 
 Then both nπ  and nu  are continuous linear maps.  

 1
nn n Fou =π  (the identify map on nF ) 

 1n n Fu oπ∑ =  (the identify map on F ) 
 
 Let U be an open subset of E and let :f U F→ and let  

 :n n nf of U Fπ= →  be the thn coordinate map. Then  
 

1 2
1 1

( , )
m m

n m
n n

f u o f u f f f fη η ηπ
= =

= = =∑ ∑D D …  

 
 So, if f is weak quasi differentiable at a , then nu Dη π  is quasi differentiable at a , 
then by chain rule (Theorem 3.3) 

 ( ) ( )n nf a u Df a=∑ D  

 1 2( ( ), ( ) ( ))mDf a Df a Df a= …  
 
 Conversely  
 If each nf  is weak quasi differentiable at a  then f is clearly weak quasi 
differentiable at a . 
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