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In this paper, the Hermitian positive definite solutions of the matrix equation 
PAXAX ns =+ −*  is considered, where A  is an mm×  nonsingular matrix 

and P  is an mm×  Hermite positive definite matrix, s  is a positive real 
number, n is a natural number. Necessary and sufficient conditions for the 
existence of an Hermitian positive definite solution are derived, and a iterative 
solution is provided. 
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Introduction 
We consider the matrix equation 

 PAXAX ns =+ −*  (1.1) 
 
where A  is an mm×  nonsingular matrix and P  is an mm×  Hermite positive 
definite matrix, s  is a positive real number, n is a natural number. We mainly discuss 
the symmetric positive definite solutions of Eq. (1.1). 
 
 
Solvability Conditions and Iterative Solution 
We consider the following two polynomial equations 

 0)()( *
maxmin =+−+ AAxPx nns λλ  (2.1) 

 
and 

 0)()( *
minmax =+−+ AAxPx nns λλ  (2.2) 
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 It is easy to verify that the necessary and sufficient condition for the existence of 
the positive real root of Eq. (2.1) and Eq. (2.2) is 
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 Thus, in this subsection we assume that A satisfies  
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 By (2.3) we know that Eq.(2.1) has two positive real roots 12 βα < , Eq.(2.2) has 
two positive real roots 21 βα < .It is easy to prove that,  

 21*210 ββξαα ≤<<≤<  
 
Theorem 2.1: Suppose that A and P satisfies(2.3), X is the solution of Eq.(1.1).Then 
 2min1 )( αλα ≤≤ X  or 2min1 )( βλβ ≤≤ X  

 2max1 )( αλα ≤≤ X  or 2max1 )( βλβ ≤≤ X . 
 
Proof: Suppose X is the solution of Eq.(1.1), then PAXAX ns =+ −* , by Wyle 
inequation we know that,  
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 So, 1min )( βλ ≥X  or 2min )( αλ ≤X ; 2max1 )( βλα ≤≤ X . 

 On the other hand, PAXAX ns =+ −* , so *1)( AXPAX sn −−= , then 
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thus )()()( *
minmaxmin AAXPX sn λλλ ≥− , )()()( *

maxminmax AAXPX sn λλλ ≤−  
by Wyle ineqution, we can obtain 

 )()()(
minmaxmax XPXP ss λλλ −≤− , )()()( maxminmin XPXP ss λλλ −≥−  

 

so, )()()()( *
minminminmax AAXXP snn λλλλ ≥− + , )()()()( *

maxmaxmaxmin AAXXP snn λλλλ ≤− +  

so, 2min1 )( βλα ≤≤ X , 1max )( βλ ≥X  or 2max )( αλ ≤X . 
 
Remark 2.1: Suppose that A and P satisfies(2.3), X is the solution of Eq.(1.1), there 
are no solutions in ],[ 12 II βα . 
 
Remark 2.2: Suppose that A and P satisfies(2.3), X is the solution of Eq.(1.1), then 

 })(,)({],[],[ 2max12min1
*

2121 βλβαλαββαα ≤≤≤≤=∪∪∈ PPXXIIIIX . 
 
Theorem 2.2: Suppose that A and P satisfies(2.3), We define sequences as the 
following,  
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the sequences satisfy 
∧∧∧∧
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≤≤≤≤≤≤≤≤≤≤≤ 0110 XXXXXXXX nn ,  

then there is a maximal solution 
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∨
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Proof: Let 
ns AXPAXh
1
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It is easy to verify the sequences },{
∧

nX }{
∨

nX are convergent,  

 ,lim
∧

∞→

∧

= n
n

XX
∨∞→∨

= n
n

XX lim . 

 
 Collary. Suppose that A and P satisfies(2.3), X is the solution of Eq.(1.1).If 
 ]},[ 21 IIX αα∈ , then 
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