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Abstract

In this paper, we first introduce the concept of Q-semigroups, then we discuss pro-
perties and characterizations of Q-semigroups. Finally, we give structural theorem
of Q-semigroups.
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1. Introduction and Preliminary Results

In the theory semigroups, semigroups with a system of subsemigroups is play an import-
ant role. G.Pollák and L.Rédei [1] studied semigroup in which every proper subsemi-
group is a group. In [2], Š. Schwarz worked on semigroups in which every proper left
ideal is a group (we denote: F -semigroup). The same class of semigroups was studied
by R.Hrmová [3], Ǵ.Čupona [4] considered first a semigroup S in which every subset
Sx �= S is a group, later, semigroups in which some left ideal is a group [5]. This result is
a special case of the results given by A.H.Clifford [6]. In semigroups, quasi-ideals are a
generalization of one-sided ideals. The main purpose of this paper is to study semigroups
in which every proper quasi-ideal is a group and give it’s structural theorems.

Let Q be a nonempty subset of semigroup S, Q is called a quasi-ideal of S if
QS

⋂
SQ ⊆ Q. Semigroup S is a group if and only if S does not contain proper quasi-

ideals [7]. If semigroup S is not a group, then S contains proper quasi-ideals. Therefore,
we can give following definition.
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Definition 1.1. A semigroup S is called Q-semigroup if S is not a group but every proper
quasi-ideal of S is a group.

Lemma 1.2. [7] The minimal quasi-ideals of semigroup S are just the maximal sub-
groups of the kernel of S.

Lemma 1.3. Let Q be a quasi-ideal of semigroup S and G a subgroup of semigroup S.
Then the following statements hold.

(1) G
⋂

Q �= �, then G ⊆ Q.

(2) If Q is a minimal quasi-ideal of semigroup S, then G contains in the kernel of S.

Proof. (1) Let a ∈ G
⋂

Q. Since G is a group, we have G = Ga
⋂

aG. From this it

follows that G = Ga
⋂

aG ⊆ Sa
⋂

aS ⊆ SQ
⋂

QS ⊆ Q.
(2) By Lemma 1.2, it is obvious. �

Lemma 1.4. Let Q1, Q2 be two quasi-ideals of Q-semigroup S, then one of the following
statements hold.

(1) Q1

⋂
Q2 = �.

(2) Q1 = Q2.

Proof. Since S is a Q-semigroup, then Q1, Q2 are subgroups of S. If Q1

⋂
Q2 �= �,

by Lemma 1.2, then Q1 ⊆ Q2 and Q2 ⊆ Q1. Hence, Q1 = Q2. �

Remark 1.5. In Q-semigroup S, if Q is a proper quasi-ideal of S, then Q is a minimal
quasi-ideal of S. In fact: Let Q1 is a nonempty quasi-ideal of S such that Q1 ⊆ Q, then
Q1

⋂
Q �= �. By Lemma 1.4, we have Q1 = Q.

Lemma 1.6. [2] Every proper quasi-ideal of semigroup S is a bi-ideal of S.

Lemma 1.7. [2] A F -semigroup S contains at most two disjoint proper left ideals L1, L2

or proper right ideals R1, R2 such that S = L1

⋃
L2 = R1

⋃
R2.

Lemma 1.8. [8] The following conditions are equivalent on a semigroup S

(1) S has a bi-ideal which is a group.

(2) S contains the kernel K which is a union of groups.

Theorem 1.9. A Q-semigroup S contains at most two disjoint proper quasi-ideals
Q1, Q2 such that S = Q1

⋃
Q2.
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Proof. Let Q-semigroup S contains more than two different proper quasi-ideals Qa , Qb,
Qc, · · · , then Qa , Qb, Qc, · · · are subgroups of S, by Lemma 1.4, Qa , Qb, Qc, · · · are
disjoint. Now let

M = Qa

⋃
Qb

⋃
Qc

⋃
· · ·

by Lemma 1.6, Qa , Qb, Qc, · · · are bi-ideals of S and they are subgroups of S. In view
of Lemma 1.8, S has a kernel K which is a union of subgroups of S. From this it follows
that M ⊆ K . Conversely, since K is a ideal of S, therefore, K is a quasi-ideal of S, we
have K ⊆ M . Thus M = K . We obtain M is a quasi-ideal of S.

If M �= S, then M is a proper quasi-ideal of S, so M is a subgroup of S. By
Lemma 1.6, we conclude that M is a bi-ideal of S and it is a minimal bi-ideal of S,
but Qi ⊂ M(i = a, b, c, · · · ), which is contradiction. Hence, we have M = S =
Qa

⋃
Qb

⋃
Qc

⋃
· · · . Since a Q-semigroup is a F -semigroup, from this it follows

that S contains at most two disjoint proper left ideals or disjoint proper right ideals.
Without loss of generality, we can assume that S = Q1

⋃
Q2, Q1, Q2 are two disjoint

proper left ideals of S. Then we have

Q1

⋃
Q2 = Qa

⋃
Qb

⋃
Qc

⋃
· · · .

Since Q1, Q2 are two proper left ideals of S, then Q1, Q2 are two proper quasi-ideals
of S, so that Q1, Q2 are two subgroups of S. But Qi ⊂ M(i = a, b, c, · · · ) is disjoint and
it is a minimal quasi-ideal of S. Hence Q1, Q2 certainly coincide with two quasi-ideals
of Qa , Qb, Qc, · · · . Without loss of generality, we can assume that Q1 = Qa , Q2 = Qb,
then Qc = Qd = · · · = �, which shows that S contains at most two different proper
quasi-ideals. �

Theorem 1.10. A semigroup S is a Q-semigroup if and only if one of the following
statements hold.

(1) S contains unique a proper quasi-ideal.

(2) S contains exactly two proper quasi-ideals Q1, Q2 such that S = Q1

⋃
Q2 and

Q1

⋂
Q2 = �.

Proof. ⇐ ) Let S contains exactly one proper quasi-ideal Q, then Q is a minimal quasi-
ideal of S. By Lemma 1.1, Q is a maximal subgroups of the kernel of S. But S is not a
group and S has proper quasi-ideal, which shows that S is a Q-semigroup.

If condition (2) hold, for two proper quasi-ideals Q1, Q2 of S, since Q1

⋂
Q2 = �,

so that Q1, Q2 are minimal quasi-ideals of S. By Lemma 1.1, Q1, Q2 are two maximal
subgroups of the kernel of S. Since S has proper quasi-ideals and S is not a group, thus
S is a Q-semigroup.

⇒ ) It follows immediately from Lemma 1.3 and Theorem 1.9. �
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2. Structural Theorems

Let G be a group and I and � nonempty sets in which elements are denoted by i, j , k, · · ·
and λ, μ, ν, · · · respectively. Let P be a matrix of the type �× I with elements pλi from
G. On a set S = G × I × �, we define a multiplication with

(a; i, λ)(b; j , μ) = (apλjb; i, μ)

Then S with this multiplication is a semigroup which we shall call the Rees matrix
semigroup over the group G with a sandwich matrix P and denoted by M(G; I , �, P ).

Now we consider L-class set and R-class set of M(G; I , �, P ):

{Lλ|λ ∈ �}, Lλ = {(a; i, λ)|a ∈ G, i ∈ I }

{Ri |i ∈ I }, Ri = {(a; i, λ)|a ∈ G, λ ∈ �}
For an easy way check that Lλ is a left ideal of M(G; I , �, P ) and Ri a right ideal of
M(G; I , �, P ), so that Lλ and Ri are quasi-ideals of M(G; I , �, P ) and Lλ1

⋂
Lλ2 =

�, Ri1

⋂
Ri2 = �, λ1, λ2 ∈ �, λ1 �= λ2, i1, i2 ∈ I , i1 �= i2.

Theorem 2.1. Let M(G; I , �, P ) be a Rees matrix semigroup over the group G. If
|I | = 1, � = {λ1, λ2}, then Lλ1 , Lλ2 are subgroups of M(G; I , �, P ).

Proof. For Lλ1 , it is obvious that e = (p−1
λ1i

; i, λ1) is exactly one idempotent of Lλ1 . Let
(a; i, λ1) ∈ Lλ1 , then we have

(a; i, λ1)(p−1
λ1i

; i, λ1) = (p−1
λ1i

; i, λ1)(a; i, λ1) = (a; i, λ1).

For (a; i, λ1), there exists (p−1
λ1i

a−1p−1
λ1i

; i, λ1) ∈ Lλ1 such that

(a; i, λ1)(p−1
λ1i

a−1p−1
λ1i

; i, λ1) = (p−1
λ1i

; i, λ1) = (p−1
λ1i

a−1p−1
λ1i

; i, λ1)(a; i, λ1)

which shows that Lλ1 is a group. In a similar way we can prove that Lλ2 is a group, too.
Symmetrically, If |I | = {i1, i2}, |�| = 1, then Ri1 , Ri2 are also subgroups of

M(G; I , �, P ). �

Theorem 2.2. Let S = M(G; I , �, P ). If |I | = 1, |�| = 2 or |I | = 2, |�| = 1, then S

is a Q-semigroup and S =
⋃
λ∈�

Lλ or S =
⋃
i∈I

Ri .

Proof. Let |I | = 1, � = {λ1, λ2}, then Lλ1

⋂
Lλ2 = � and Lλ1 , Lλ2 are subgroups of S

and proper quasi-ideals of S. Let Q is a proper quasi-ideal of S. For each (a; i, λ) ∈ Q. If
λ = λ1, then (a; i, λ) ∈ Lλ1 . If λ = λ2, then (a; i, λ) ∈ Lλ2 . Hence we have Q ⊆ Lλ1 or
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Q ⊆ Lλ2 , from this it follows that Q
⋂

Lλ1 �= � or Q
⋂

Lλ2 �= �. If Q
⋂

Lλ1 �= �,

then for each (a; i, λ) ∈ Q
⋂

Lλ1 , since Lλ1 is group of S, we have that

Lλ1 = (a; i, λ)Lλ1

⋂
Lλ1(a; i, λ) ⊆ (a; i, λ)S

⋂
S(a; i, λ) ⊆ QS

⋂
SQ ⊆ Q

which shows that Q = Lλ1 . If Q
⋂

Lλ2 �= �, in the same way, we have Q = Lλ2 .
Hence S contains exactly two proper quasi-ideals Lλ1 , Lλ2 and Lλ1 , Lλ2 is subgroups of

S, so that S is a Q-semigroup. It is easy to prove that S =
⋃
λ∈�

Lλ.

For |I | = 2, |�| = 1, in a similar way we can prove that S =
⋃
i∈I

Ri .

If S is a nonempty set and “ · " is an operation defined for some elements of S,
then “ · " is a partial operation. If for x, y, z ∈ S there exist x · (y · z), (x · y) · z and
x · (y · z) = (x · y) · z, then S is a partial semigroup. �

Theorem 2.3. Let G be a group, P a partial semigroup, G
⋂

P = � and φ : P −→ G

a partial homomorphism. Let us extend φ to a mapping ψ : S = G
⋃

P −→ G by
ψ(x) = φ(x) if x ∈ P and ψ(a) = a for all a ∈ G. Let us define an operation on S by

xy =
{

φ(x)φ(y), if x, y ∈ P and xy is defined in P

ψ(x)ψ(y), otherwise

then S is a Q-semigroup with the unique proper quasi-ideal G. We shall denote the
semigroup S constructed above by S = M(G, P , φ, ψ).

Proof. For an easy way we can prove that S is a semigroup. By definition of operation
on S, we have SG ⊆ G, GS ⊆ G, so GS

⋂
SG ⊆ G. In view of G �= S, then G

is a proper quasi-ideal of S. Let Q is a proper quasi-ideal of S. Since G
⋂

P = �,

we have Q
⋂

G �= � or Q
⋂

P �= �. If Q
⋂

G �= �, since G is a subgroup of S

and quasi-ideal of S, by Lemma 1.2, we have G ⊆ Q, so that S = G
⋃

P ⊆ Q
⋃

P .

Hence S = G
⋃

P = Q
⋃

P , and from this it follows that G = Q. If Q
⋂

P �= �,

then P ⊆ Q or Q ⊆ P . In fact: If Q
⋂

G �= �, the proof is the same as in above,

we have G = Q, this is a contradiction. If P ⊆ Q, then S = G
⋃

P ⊆ G
⋃

Q,

so G
⋃

P = G
⋃

Q = S, and from this it follows that P = Q. But P is a partial
semigroup and not quasi-ideal of S, hence P �= Q. Therefore we have Q ⊂ P . Since
Q is a quasi-ideal of S, let x ∈ Q

⋂
P , then there exists a, b ∈ S such that ax =

xb ∈ SQ
⋂

QS ⊆ Q ⊂ P . Since ax = xb ∈ G, we have G
⋂

P �= �, this is

a contradiction. Hence Q
⋂

P = �. Moreover, Since S is not a group, so S is a
Q-semigroup with the unique proper quasi-ideal G. �
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Theorem 2.4. A semigroup S is a Q-semigroup if and only if one of the following
statements hold.

(1) S is isomorphic to some M(G; I , �, P ), |I | = 1, |�| = 2 or |I | = 2, |�| = 1.

(2) S is isomorphic to some M(G, P , φ, ψ).

Proof. Let S be a Q-semigroup. By Theorem 1.1, S contains unique a proper quasi-ideals
or S contains exactly two disjoint proper quasi-ideals.

Case 1: Let S contains exactly two disjoint proper quasi-ideals Q1, Q2 and S =
Q1

⋃
Q2, and Q1, Q2 are groups. Without loss of generality, we can assume that

|I | = 1, |�| = 2. We consider the mapping

φ1 : Q1 −→ Lλ1|φ1(a) = (aP −1
λ1i

; i, λ1)

φ2 : Q2 −→ Lλ2 |φ2(b) = (bP −1
λ2i

; i, λ2)

it is not hard to check that the mapping φ1, φ2 are isomorphic. Let us defined a mapping
ω on S by

ω : S −→ M(G; I , �, P )|ω|Q1 := φ1, ω|Q2 := φ2, (ab)ω = aφ1 · bφ2, a ∈ Q1, b ∈ Q2

it is easily prove that ω is isomorphic.

Case 2: Let S contains unique a proper quasi-ideals Q, then Q is a subgroup of S. Let
G = Q, P = S − G, then P is a partial semigroup, from this it follows that S belong to
the class of semigroup M(G, P , φ, ψ).

Conversely, it follows from Theorem 2.2 and Theorem 2.3. �
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