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Introduction 
Let ܯ be an (2n + 1)-dimensional connected Riemannian manifold with Riemannian 
metric g and Levi-Civita connection ∇ .  ܯ is called locally symmetric if its curvature 
tensor is parallel with respect to ∇.  The notion of local symmetry has been weakend 
by many authors in different ways such as recurrent manifold by Walker[26], semi 
symmetric manifold by Szabo[18],  pseudo-symmetric manifold by Chaki [13], and 
Deszcz[16],  weakly symmetric manifold by Tammasy and Binh[25],  and 
Selberg[17]. As a weaker version of local symmetry, Takahashi [23] introduced the 
notion of local ߶-symmetry on a Sasakian manifold. Extending this notion of local ߶-
symmetry, Takahashi[23] and De et al [14] introduced and studied the notion of ߶ -
recurrent Sasakian manifolds.  Extending the notion of ߶-recurrency, Generalised  ߶-
recurrent manifolds were studied by many geometers in their papers ([1], [3], [4], 
[15], [21], [22]). 
 In the present paper we study Generalised  ߶-recurrent ܰሺ݇ሻ -contact metric 
manifold. The paper is organized as follows : 
 Section 2 contains necessary basic details about contact metric manifolds, ሺ݇,  ሻߤ
manifolds and ܰሺ݇ሻ contact meric manifold. In Section 3, we have proved that a 
Generalised  ߶-recurrent  ܰሺ݇ሻ-contact metric manifold is an ߟ-Einstein manifold 
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with constant coefficients. Further it is shown that in a Generalised  ߮-recurrent 
ܰሺ݇ሻ െcontact metric manifold the characteristic vector field ߦ and the vector field ߩ 
associated to the 1-form ܣ are co-directional.  Finally in Section 4,  we have studied 
3-dimensional Generalised  ߮-recurrent  ܰሺ݇ሻ െcontact metric manifold and it is 
shown that such a manifold is of constant curvature. 
 
 
Contact Metric Manifolds 
A ሺ2݊ ൅ 1ሻ-dimensional manifold ܯ is said to admit an almost contact structure if it 
admits a tensor field ߮ of type ሺ1,1ሻ, a vector field ߦ  and a 1-form ߟ satisfying: 
(2.1)  (a)  ߮ଶ(ܺሻ = −ܺ + ߦ (ܺ)ߟ,  (b)  1 = (ߦ)ߟ,  (c)  0 = ߶ߧߟ,  (d)  ߮0 = ߦ. 
 
 An almost contact metric structure is said to be normal if the induced almost 
complex structure ܬ on the product manifold M × R defined by 

݂ ,ܺ)ܬ  ௗ
ௗ௧

) = (߮ܺ െ ,ߦ݂ ሺܺሻߟ ௗ
ௗ௧

ሻ 
 
is integrable, where ܺ is tangent to ܯ, t is the coordinate of ࡾ and ݂ is a smooth 
function on ܯ ൈ  Let ݃ be a compatible Riemannian metric with almost contact  .ࡾ
structure (߮, ,ߦ  ,that is  ,(ߟ
(2.2) ݃(߮ܺ, ܻ߮ ) = ݃ሺܺ, ܻ ሻ − ߟ(ܺ)ߟ(ܻ ), 
 
then ࡹ becomes an almost contact metric manifold equipped with an almost contact 
structure  ሺ߮, ,ߦ ,ߟ ݃ሻ. From (2.1) it can be easily seen that 
(2.3) (a) g(ܺ, ܻ߮) = −݃ሺ߮ܺ, ܻሻ, ሺܾሻ ݃ሺܺ, ሻߦ  ൌ  ሺܺሻߟ 

 
for all vector fields ܺ, ܻ .  An almost contact metric structure becomes a contact 
metric structure if 
(2.4)  ݃ሺܺ, ܻ߮ሻ  ൌ ,ሺܺߟ݀  ܻ ሻ, 

 
for all vector fields ܺ, ܻ.  The 1-form ߟ  is then a contact form and ߦ is its 
characteristic vector field.  We define a  ሺ1,1ሻ  tensor field ݄ by ݄ ൌ ଵ

ଶ
£ξԄ where £ 

denotes the Lie-differentiation, then ݄ is symmetric and satisfies ݄߮ ൌ  െ݄߮.  We 
have ܶݎ. ݄ ൌ .ݎܶ  ݄߮ ൌ  0 and ݄ߦ ൌ  0. Also, 
ൌ ߦX׏ (2.5)  െ߮ܺ െ ݄߮ܺ, 
 
holds in a contact metric manifold.  A normal contact metric manifold is a sasakian 
manifold.   An almost contact metric manifold is Sasakian if and only if 
୶߮ሻሺܻሻ׏) (2.6) ൌ  ݃ሺܺ, ܻሻߦ െ ,ܺ    ,ሺܻሻܺߟ  א ܻ  ,ܯܶ 
 
where ׏  is the Levi-Civita connection of the Riemannian metric ݃. A contact metric 
manifold ܯ (߮, ,ߦ ,ߟ ݃ሻ  for which ߦ is a killing vector is said to be a ܭ-contact 
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manifold.  It is well known that the tangent  sphere bundle of a flat Riemannian 
manifold admits a contact metric structure satisfying  ܴሺܺ, ܻ ሻߦ ൌ  0 ሾ5]. On the other 
hand,  on a Sasakian manifold the following holds 
(2.7) ܴሺܺ, ܻ ሻ ߦ ൌ ሺܻ ሻܺ െߟ  .ሺܺሻܻߟ
 
 As a generalisation of both ܴሺܺ, ܻ ሻߦ ൌ 0 and the Sasakian case;  D.Blair, T. 
Koufogiorgos  and B.J. Papantoniou[9] considered the ሺ݇, ሻߤ െnullity condition on a 
contact metric manifold and gave several reasons for studying it. The ሺ݇,  ሻ- nullityߤ
distribution ܰሺ݇,  is defined by ܯ ሻ ([6], [7]) of a Contact metric manifoldߤ
 ܰሺ݇, ሻߤ ׷ ՜ ݌  ,ሺ݇݌ܰ  ሻߤ
 ൌ  ሼܹ א ܯ݌ܶ  ׷  ܴሺܺ, ܻ ሻܹ ൌ  ሺ݇ܫ ൅ ,ሻሾ݃ሺܻ݄ߤ  ܹሻܺ െ  ݃ሺܺ, ܹሻܻ ሿሽ, 
 
for all ܺ, א ܻ ,where ሺ݇  ,ܯܶ ሻߤ א ܴଶ .  A contact metric manifold ܯ with  א ߦ
ܰሺ݇, ,ሻ is called a  ሺ݇ߤ ሻߤ െmanifold.  In particular on a ሺ݇, ሻߤ െmanifold, we have 
(2.8) ܴሺܺ, ܻ ሻ ߦ  ൌ  ݇ሾߟሺܻ ሻܺ െ ሺܺሻܻ ሿߟ  ൅ ሺܻ ሻ݄ܺ െߟሾߤ   ሺܺߟሻ݄ܻ ሿ. 

 
 On a ሺ݇, ݇  ሻ-manifoldߤ ൑ 1.  If ݇ = 1, the structure is Sasakian  (h = 0 and μ is 
indeterminate)  and if ݇ ൏ 1 , the (k, μ)-nullity condition determines the curvature of 
 completely[6].  Infact,  for a (k, μ)-manifold,  the condition of being a Sasakian ܯ
manifold,  ݇-contact manifold, ݇ = 1 and ݄ = 0 are all equivalent.  In a 
ሺ݇, ሻߤ െmanifold the following relations hold  ([6], [8]) : 
(2.9) ݄ଶ ൌ  ሺ݇ െ  1ሻ߮ଶ, ݇ ൑ 1 
(2.10) ሺ׏௫߮ሻሺܻሻ  ൌ  ݃ሺܺ ൅  ݄ܺ, ܻሻ ߦ െ ሺܻ ሻሺܺ ൅ߟ  ݄ܺሻ, 
(2.11) ܴሺߦ, ܺሻܻ ൌ  ݇ሾ݃ሺܺ, ܻሻ ߦ െ ሺܻሻܺሿ ߟ  ൅ ,ሾ݃ሺ݄ܺߤ  ܻ ሻߦ െ  ,ሺܻ ሻ݄ܺሿߟ
(2.12) ܵሺܺ, ሻ ߦ  ൌ  ,ሺܺሻߟ2݊݇ 
(2.13) ܵሺܺ, ܻ ሻ  ൌ  ሾ2ሺ݊ െ  1ሻ  െ ,ሿ݃ሺܺߤ݊  ܻሻ  ൅  ሾ2ሺ݊ െ  1ሻ  ൅ ,ሿ݃ሺ݄ܺߤ  ܻሻ 
  ൅ ሾ2ሺ1 െ  ݊ሻ  ൅  ݊ሺ2݇ ൅ ,ሺܻ ሻ ߟሺܺሻ ߟሻሿߤ  ݊ ൒ 1, 
ൌ ݎ (2.14)  2݊ሺ2݊ െ  2 ൅  ݇ െ  ,ሻߤ݊ 
(2.15) ܵሺ߮ܺ, ܻ߮ ሻ  ൌ  ܵሺܺ, ܻ ሻ  െ ሺܻሻߟሺܺሻߟ2݊݇   െ  2ሺ2݊ െ  2 ൅ ,ሻ݃ሺ݄ܺߤ
ܻሻ, 
 
where ܵ is the Ricci tensor of type (0, 2), ܳ is the Ricci-operator, that is ݃ሺܳܺ, ܻ ሻ  ൌ 
ܵሺܺ, ܻ ሻ and ݎ is the scalar curvature of the manifold.  From (2.5), it follows that 
(2.16) ሺ׏௫ߟሻሺܻ ሻ  ൌ  ݃ሺܺ ൅  ݄ܺ, ܻ߮ሻ. 

 
 Also in a ሺ݇, ሻߤ െmanifold, 
,ሺܴሺܺߟ (2.17) ܻሻܼሻ ൌ  ݇ሾ݃ሺܻ, ܼሻߟሺܺሻ െ  ݃ሺܺ, ܼሻߟሺܻሻሿ 
  ൅ ߤሾ݃ሺ݄ܻ, ܼሻߟሺܺሻ  െ  ݃ሺ݄ܺ, ܼሻߟሺܻሻሿ 
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holds. 
 The ݇-nullity distribution ܰሺ݇ሻ of a Riemannian manifold [9] ܯ is defined by 
 ܰሺ݇ሻ ׷ ՜ ݌  ሺ݇ሻ݌ܰ   ൌ  ሼܼ א ܯ݌ܶ ׷  ܴሺܺ, ܻ ሻܼ ൌ  ݃ሺܻ, ܼሻܺ െ  ݃ሺܺ, ܼሻܻ ሽ , 

 
݇ being a constant.  If the characteristic vector field א ߦ ܰሺ݇ሻ,  then we call a contact 
metric manifold an ܰሺ݇ሻ െcontact metric manifold [10] .  If ݇ = 1, then 
ܰሺ݇ሻ െcontact metric manifold is Sasakian and if ݇ ൌ 0, then ܰሺ݇)-contact metric 
manifold is locally isometric to the product ܧ௡ାଵ× ܵ௡(4) for ݊ > 1 and flat for ݊ = 1. 
If ݇ < 1, the scalar curvature is  ݎ ൌ  2݊ሺ2݊ െ 2 ൅ ݇ሻ. If 0 = ߤ, then ሺ݇, ሻߤ െcontact 
metric manifold reduces to a ܰሺ݇ሻ െcontact metric manifold.  ݊ܫ  a ܰሺ݇ሻ െcontact 
metric manifold the following relations hold : 
(2.18) ݄ଶ ൌ  ሺ݇ െ  1ሻ߮ଶ, ݇ ൑ 1 
(2.19) ሺ׏௫߮ሻሺܻሻ  ൌ  ݃ሺܺ ൅  ݄ܺ, ܻሻߦ െ ሺܻሻሺܺ ൅ߟ  ݄ܺሻ, 
(2.20) ܴሺߦ , ܺሻܻ ൌ  ݇ሾ݃ሺܺ, ܻሻߦ െ  , ሺܻሻܺሿ ߟ
(2.21) ܵሺܺ, ሻߦ  ൌ  ,ሺܺሻߟ2݊݇ 
(2.22) ܵሺܺ, ܻሻ  ൌ  ሾ2ሺ݊ െ  1ሿ݃ሺܺ, ܻሻ  ൅ ሾ2ሺ݊ െ  1ሻ ሿ݃ሺ݄ܺ, ܻሻ  
(2.23) ൅ሾ2ሺ1 െ ݊ሻ ൅ 2݊݇ሿߟሺܺሻߟሺܻሻ,   ݊ ൒ 1 
ൌ ݎ (2.24)  2݊ሺ2݊ െ  2 ൅  ݇ሻ, 
(2.25) ܵሺ߮ܺ, ܻ߮ሻ ൌ  ܵሺܺ, ܻሻ െ ሺܻሻߟሺܺሻߟ2݊݇  െ 4ሺ݊ െ 1ሻ݃ሺ݄ܺ, ܻሻ, 
(2.26)  ሺߘ௫ߟሻሺܻሻ ൌ ݃ሺܺ ൅ ,ݔ݄ ܻ߮ሻ, 
(2.27) ܴሺܺ, ܻሻߦ ൌ ݇ሾߟሺܻሻܺ െ  ,ሺܺሻܻሿߟ
,ሺܴሺܺߟ (2.28) ܻሻܼሻ ൌ ݇ሾ݃ሺܻ, ܼሻߟሺܺሻ െ ݃ሺܺ, ܼሻ ߟሺܻሻ 
 
 
Generalized ࣐-recurrent ࡺሺ࢑ሻ െcontact metric manifolds 
Definition 3.1.  A ܰሺ݇ሻ െcontact metric manifold is said to be locally ߮-symmetric if 
the relation 
 ߮ଶሺሺ׏௪ܴሻሺܺ, ܻሻܼሻ ൌ 0, 
 
holds for all vector fields ܺ, ܻ, ܼ, ܹ orthogonal to ߦ. 
 
Definition 3.2. A ܰሺ݇ሻ െcontact metric manifold is said to be ߮ -recurrent if and 
only if there exists a non-zero 1-form A such that 
  ߮ଶሺሺ׏௪ܴሻሺܺ, ܻሻܼሻ ൌ ,ሺܹሻܴሺܺܣ  ܻ ሻܼ, 

 
for all vector fields ܺ, ܻ, ܼ and ܹ. Here ܺ, ܻ, ܼ and ܹ are arbitrary vector fields 
which are not necessarily orthogonal to  ߦ. 
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Definition 3.3. A ܰሺ݇ሻ െcontact metric manifold is said to be generalised ߮-
recurrent if and only if there exists a non-zero 1-form ܣ such that 
(3.1) ߮ଶሺሺ׏௪ܴሻሺܺ, ܻሻܼሻ  ൌ ,ሺܹሻܴሺܺܣ  ܻ ሻܼ ൅ ,ሺܹሻሾ݃ሺܻܤ  ܼሻܺ  
  െ ݃ሺܺ, ܼሻܻ ሿ, 
 
for all vector fields ܺ, ܻ, ܼ and ܹ. Here ܺ, ܻ, ܼ and ܹ are arbitrary vector fields 
which are not necessarily orthogonal to  ߦ. 
 
Definition 3.4. A Contact manifold is said to be  ߟ -Einstein if the Ricci tensor ܵ of 
type (0, 2) satisfies the condition 
(3.2) ܵሺܺ, ܻሻ  ൌ ܽ݃ሺܺ, ܻ ሻ ൅  ,ሺܻ ሻߟ ሺܺሻ ߟ ܾ

 
where ܽ and ܾ are smooth functions on ܯ. 
 
Theorem 3.1.  A Generalized ߮-recurrent ܰሺ݇ሻ െcontact metric manifold is an  ߟ െ 
Einstein  manifold with constant coefficients. 
. 
Proof.   By virtue of (2.1) (a) and (3.1) we have 
(3.3) െሺሺ׏௪ܴሻሺܺ, ܻሻܼሻ ൅ ,௪ܴሻሺܺ׏ሺሺ ߟ   ܻሻܼሻߦ 
   ൌ ,ሺܹሻܴሺܺܣ  ܻ ሻܼ ൅ ,ሺܹሻሾ݃ሺܻܤ  ܼሻܺ െ  ݃ሺܺ, ܼሻܻ ሿ, 

 
from which it follows that 
(3.4) െ݃ሺሺ׏௪ܴሻሺܺ, ܻሻܼ, ܷሻ  ൅ ,௪ܴሻሺܺ׏ሺሺ ߟ  ܻሻܼሻ ߟሺܷሻ 
  ൌ ,ሺܹሻ݃ሺܴሺܺܣ  ܻሻܼ, ܷሻ  ൅ ,ሺܹሻሾ݃ሺܻܤ  ܼሻ݃ሺܺ, ܷሻ  
  െ݃ሺܺ, ܼሻ݃ሺܻ, ܷሻሿ. 
 
 Let ሼ݁݅ሽ, ݅=1, 2, ..., 2n+1 be an orthonormal basis of the tangent space at any point 
of the manifold. Then putting ܺ ൌ ܷ ൌ ሼ݁݅ሽ in (3.4) and taking summation over ݅,  
  1 ≤ i ≤ 2n + 1, we get 
  
(3.5)  െ ሺߘ௪ܵሻሺܻ, ܼሻ ൅ ∑ ,௪ܴሻሺ݁௜ߘ൫ሺߟ ܻሻܼ൯ߟሺ݁௜ሻଶ௡ାଵ

௜ୀଵ ൌ ,ሺܹሻܵሺܻܣ   ܼሻ 

  ൅ 2݊ܤሺܹሻ݃ሺܻ, ܼሻ. 
 
 The second term of (3.5) by putting ܼ ൌ  takes the form ߦ
݃ሺሺߘ௪ܴሻሺ݁݅, ܻሻ ߦ, ,ሻ݃ሺ݁݅ ߦ  vanishes. Namely ܧ In this case  .ܧ ሻ, which is denoted byߦ
we have 
  ݃ሺሺߘ௪ܴሻሺ݁݅, ܻሻ ߦ, ሻߦ ൌ ݃ሺሺߘ௪ܴሺ݁݅, ܻሻ ߦ, ,௪݁݅ߘሻ- ݃ሺܴሺߦ ܻሻ ߦ,  ሻ ߦ
                   െ ݃ሺܴሺ݁݅, ,ߦ௪ܻሻߘ ሻߦ െ  ݃ሺܴሺ݁݅, ܻሻߘ௪ߦ,   ሻߦ

  
 Using (2.3) ሺܾሻ and (2.27) we obtain 
 ݃ሺܴሺ݁݅, ܻሻ ߦ, ,[ ܻ ௪ߘ (ei) ߟ − ei( ௪ܻߘ) ߟ]݇)ሻ= gߦ  ሻߦ
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 .0 = [( ܻ ௪ߘ)ߟ (ሺeiߟ-(ሺeiߟ( ௪ܻߘ) ߟ]݇ =                          
 
 Thus we obtain 
 ݃ሺሺߘ௪ܴሻሺ݁݅, ܻሻ ߦ, ሻߦ  ൌ  ݃ሺߘ௪ܴሺ݁݅, ܻሻ ߦ , ሻߦ  െ  ݃ሺܴሺ݁݅, ܻሻ ߘ௪ ߦ ,  .ሻߦ

 
 In view of ݃ሺܴሺ݁݅, ܻሻ ߦ , ሻߦ  ൌ  ݃ሺܴሺߦ, ,ሻ݁݅ߦ ܻሻ  ൌ  0,  we have 
 ݃ሺߘ௪ܴሺ݁݅, ܻሻߦ, ሻߦ  ൅  ݃ሺܴሺ݁݅, ܻሻ ߦ , ሻߦ ௪ߘ  ൌ  0,  since  ሺߘ௪݃ሻ  ൌ  0, 
 
which implies 
 ݃ሺሺߘ௪ܴሺ݁݅, ܻሻ ߦ , ሻߦ  ൌ  െ݃ሺܴሺ݁݅, ܻሻ ߦ , ሻߦ ௪ߘ  െ  ݃ሺܴሺ݁݅, ܻሻ ߘ௪ ߦ , ሻߦ  ൌ  0 
 
 Using  (2.5)  and applying skew-symmetry of ܴ we get 

 ݃൫ሺߘ௪ܴሻሺ݁݅, ܻ ሻߦ , ൯ ߦ ൌ  ݃ሺܴሺ݁݅, ܻ ሻߦ, ܹ߮ ൅  ݄ܹ߮ሻ 

 ൅ ݃ሺܴሺ݁݅, ܻ ሻሺ ܹ߮ ൅  ݄ܹ߮ሻ,  ሻ ߦ
 ൌ  ݃ሺܴሺܹ߮ ൅  ݄ܹ߮, ,ሻܻ ߦ ݁݅ሻ  ൅  ݃ሺܴሺߦ, ܹ߮ ൅  ݄ܹ߮ሻܻ, ݁݅ሻ. 

 
 Hence we obtain 

 E=∑ ሾ݃ሺܴሺ݄ܹ߮, ,ሻܻ ߦ ݁݅ሻ݃ሺߦ , ݁݅ሻଶ௡ାଵ
௜ୀଵ   

 ൅ ݃ሺܴሺߦ , ܹ߮ ൅  ݄ܹ߮ሻܻ, ݁݅ሻ݃ሺߦ , ݁݅ሻሿ  ൌ  0. 
 
 Replacing ܼ by ߦ  in (3.5) and using (2.21) we get 
(3.6)  െ ሺߘ௪ܵሻሺܻ, ሻߦ  ൌ ሺܻ ሻ ߟ ሺܹሻܣ2݊݇   ൅  .ሺܻ ሻ ߟ ሺܹሻܤ2݊ 
 
 Now we have 
 ሺߘ௪ܵሻሺܻ, ሻ ߦ  ൌ ,௪ܵሺܻߘ  ሻ ߦ  െ  ܵሺߘ௪ܻ, ሻߦ  െ  ܵሺܻ,  .ሻ ߦ௪ߘ
 
 Using (2.21) and (2.5) in the above relation, it follows that 
(3.7) ሺߘ௪ܵሻሺܻ, ሻ ߦ  ൌ  2݊݇ሺߘ௪ ߟ ሻሺܻ ሻ  ൅  ܵሺܻ, ܹ߮ ൅  ݄ܹ߮). 
 
 In virtue of (3.7),(2.26) and (2.3) (a) we get 
(3.8) ሺߘ௪ܵሻሺܻ, ሻ ߦ  ൌ  െ2݊݇݃ሺܹ߮ ൅  ݄ܹ߮, ܻ ሻ  ൅  ܵሺܻ, ܹ߮ ൅  ݄ܹ߮ሻ. 
 
 By (3.6) and (3.8) we have 
(3.9) 2݊݇݃ሺܹ߮ ൅ ݄ܹ߮, ܻ ሻ െ ܵሺܻ, ܹ߮ ൅ ݄ܹ߮ሻ ൌ  ሺܻሻ ߟሺܹሻܣ2݊݇ 
  ൅ 2݊ܤሺܹሻߟ ሺܻሻ. 
 
 Replacing ܻ by φY in (3.9) and using (2.1) ሺ݀ሻ, (2.2), (2.25) we get 
 2݊݇݃ሺܻ, ܹሻ  ൅  2݊݇݃ሺܻ, ݄ܹሻ െ ܵሺܻ, ܹሻ െ ܵሺܻ, ݄ܹሻ 
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 ൅ 4ሺ݊ െ  1ሻ݃ሺܻ, ݄ܹሻ  ൅  4ሺ݊ െ  1ሻ݃ሺܻ, ݄ଶܹሻ  ൌ  0, 
 
since, ݃ሺܺ, ݄ܻ ሻ  ൌ  ݃ሺ݄ܺ, ܻ ሻ. 
 Now by (2.23), (2.18) and (2.1) ሺܽሻ this implies 
 ܵሺܻ, ܹሻ ൅ 2ሺ݊ െ 1ሻ݃ሺܻ, ݄ܹሻ െ 2ሺ݊ െ 1ሻሺ݇ െ 1ሻ݃ሺܻ, ܹሻ 
 ൅ 2ሺ݊ െ 1ሻሺ݇ െ 1ሻ ߟ ሺܻሻ ߟ ሺܹሻ  ൌ  ሾ2݊݇ െ 4ሺ݊ െ 1ሻሺ݇ െ 1ሻሿ݃ሺܻ, ܹሻ 
 ൅ ሾ2݊݇ ൅  4ሺ݊ െ 1ሻሿ݃ሺܻ, ݄ܹሻ  ൅  4ሺ݊ െ 1ሻሺ݇ െ 1ሻ ߟ ሺܻ ሻ ߟ ሺܹሻ, 

 
which gives, 
(3.10) ܵሺܻ, ܹሻ ൌ 2ሺ݊ ൅  ݇ െ 1ሻ݃ሺܻ, ܹሻ ൅  2൫݊݇ ൅ ݊ – 1൯݃ሺܻ, ݄ܹሻ 

  ൅2ሺ݊ െ 1ሻ 
  ሺ݇ െ  1ሻ ߟ ሺܻ ሻ ߟ ሺܹሻ. 
 
 Replacing ܹ by ݄ܹ and using (2.23), (2.18) and (2.1) ሺܽሻ we get from (3.10) that 
 െ2݇݃ሺܻ, ݄ܹሻ ൌ  െ2݊݇ሺ݇ െ 1ሻ݃ሺܻ, ܹሻ ൅  2݊݇ሺ݇ െ 1ሻ ߟ ሺܻሻ ߟሺܹሻ. 
 
 Since we may assume that k ≠ 0, and so 
(3.11) ݃ሺܻ, ݄ܹሻ  ൌ  ݊ሺ݇ െ 1ሻ݃ሺܻ, ܹሻ  െ  ݊ሺ݇ െ 1ሻ ߟ ሺܻ ሻ ߟ ሺܹሻ 
 
 From (3.10) and (3.11) we get 
(3.12) ܵሺܻ, ܹሻ  ൌ  ܽ݃ሺܻ, ܹሻ ൅  ,ሺܹሻ ߟ ሺܻሻ ߟ ܾ 
 
 Where 

 ܽ ൌ  2ൣ൫݊ ൅  ݇ –  1൯൧ ൅  ݊൫݇ –  1൯൫݊݇ ൅  ݊ –  1൯, 

 ܾ ൌ  2ሾሺ݊ െ  1ሻሺ݇ െ  1ሻ െ  ݊ሺ݇ െ  1ሻሺ݊݇ ൅  ݊ െ  1ሻሿ  
 
are constants. So, the manifold is an ߟ -Einstein manifold with constant coefficients. 
Hence the theorem is proved.  
 Now, from (3.3) we have 
 
(3.13) ሺ ߘ௪ܴሻሺܺ, ܻ ሻܼ ൌ ,௪ܴሻሺܺߘሺሺ ߟ   ܻ ሻܼሻሻߦ െ ,ሺܹሻܴሺܺܣ  ܻ ሻܼ  
  െ ܤሺܹሻሾ݃ሺܻ, ܼሻܺ െ  ݃ሺܺ, ܼሻܻ ሿ. 
 
 From (3.13) and the second Bianchi identity we get 
,ሺܴሺܺ ߟ ሺܹሻܣ (3.14)  ܻ ሻܼሻ  ൅ ,ܻ ሺܹሻሾ݃ሺܤ  ܼሻ ߟ ሺܺሻ  െ  ݃ሺܺ, ܼሻ ߟሺܻ ሻሿ  ൅ 
,ሺܴሺܻ ߟ ሺܺሻܣ   ܹሻܼሻ  ൅ ,ሺܺሻሾ݃ሺܹܤ  ܼሻ ߟሺܻ ሻ  െ  ݃ሺܻ, ܼሻ ߟ ሺܹሻሿ  ൅ 
,ሺܴሺܹ ߟ ሺܻ ሻܣ   ܺሻܼሻ  ൅ ,ሺܻ ሻሾ݃ሺܺܤ  ܼሻ ߟ ሺܹሻ  െ  ݃ሺܹ, ܼሻ ߟ ሺܺሻሿ  ൌ
 0 
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 Using (2.28) we get from (3.14) that 
(3.15) ݇ሾܣሺܹሻሺ݃ሺܻ, ܼሻ ߟ ሺܺሻ െ ݃ሺܺ, ܼሻ ߟሺܻ ሻሻሿ  ൅  ሾܤሺܹሻሺ݃ሺܻ, ܼሻ ߟ ሺܺሻ  
  െ݃ሺܺ, ܼሻ ߟ ሺܻ ሻሻሿ 

  ൅݇ൣܣሺܺሻ൫݃ሺܹ, ܼሻߟ ሺܻ ሻ െ  ݃ሺܻ, ܼሻߟ ሺܹሻ൯൧ 

  ൅ ሾܤሺܺሻሺ݃ሺܹ, ܼሻ ߟ ሺܻ ሻ  െ ݃ሺܻ, ܼሻߟ ሺܹሻሻሿ 

  ൅݇ൣܣሺܻ ሻ൫݃ሺܺ, ܼሻߟ ሺܹሻ െ ݃ሺܹ, ܼሻߟ ሺܺሻ൯൧ 

  ൅ ൣܤሺܻ ሻ൫݃ሺܺ, ܼሻߟ ሺܹሻ െ ݃ሺܹ, ܼሻߟ ሺܺሻ൯൧ ൌ  0. 
 
 Putting ܻ ൌ ܼ ൌ ሼ݁݅ሽ in (3.15) and taking summation over i, 1 ≤ i ≤ 2n + 1, we 
get 
(3.16) ሾ݇ܣሺܹሻ ൅ ሺܺሻߟ ሺܹሻሿܤ   ൌ  ሾ݇ܣሺܺሻ  ൅  ,ሺܹሻߟ ሺܺሻሿܤ 

 
 Replacing ܺ by ߦ in (3.16), it follows that 
(3.17) ሾ݇ܣሺܹሻ ൅ ሺܹሻሿܤ   ൌ  ሾ݇ ߟሺߩଵሻ  ൅  ሺܹሻߟ ଶ)ሿߩሺߟ 
 
for any vector field ܹ, where ܣሺߦሻ ൌ  ݃ሺߦ, ሻߩ ൌ ,ሻߩሺ ߟ   being the vector field ߩ
associated to the 1-form ܣ, that is, ݃ሺܺ, ሻ ߩ  ൌ  ሺܺሻ. Hence we state the followingܣ 
theorem: 
 
Theorem 3.2. In a Generalised ߮-recurrent ܰሺ݇ሻ െcontact metric manifold ሺܯ, ݃ሻ, 
 ݊ ൐ 1, the characteristic vector field ߦ  and the vector field  ߩ associated to the 1-
form ܣ are co-directional  and the 1-form ܣ is given by (3.17). 
 
 
3-dimensional Generalised ࣐-recurrent ࡺሺ࢑ሻ െcontact metric 
Manifolds 
In a 3-dimensional Riemannian manifold we have 
(4.1) ܴሺܺ, ܻ ሻܼ ൌ  ݃ሺܻ, ܼሻܳܺ െ  ݃ሺܺ, ܼሻܻܳ ൅  ܵሺܻ, ܼሻܺ 

  െܵሺܺ, ܼሻܻ ൅ ௥
ଶ

  ሾ݃ሺܺ, ܼሻܻ െ  ݃ሺܻ, ܼሻܺሿ, 
 
where ܳ is the Ricci-operator, that is, ݃ሺܳܺ, ܻሻ ൌ ܵሺܺ, ܻሻ and ݎ is the scalar 
curvature of the manifold. Now putting ܼ ൌ  in (4.1) and using (2.3) ሺܾሻ and (2.21)  ߦ 
we get 
(4.2) ܴሺܺ, ܻ ሻߦ  ൌ ሺܻሻܳܺ െ ߟ  ሺܺሻܻܳ ߟ  ൅ 2݇ሾߟ ሺܻሻܺ െ  ሺܺሻܻ ሿ ߟ 

  ൅ ௥
ଶ

 ሾߟሺܺሻܻ െ  ሺܻሻܺሿ ߟ 
 
 Using (2.27) in (4.2), we have 

(4.3)  ሺ݇ െ ௥
ଶ
ሻ  ሾ ߟ ሺܻሻܺ െ ሺܺሻܻ ሿ ߟ   ൌ ሺܺሻܻܳ െߟ   .ሺܻሻܳܺߟ 



On Generalised ߶-Recurrent ܰሺ݇ሻ-Contact Metric Manifolds 333 
 

 

 Putting Y = ߦ  in (4.3) and using (2.21), we get 

(4.4) ܳܺ ൌ  ሺ௥
ଶ

െ ݇ሻܺ ൅ ቀ3݇ െ  ௥
ଶ
 ቁ  ሺܻሻ ߟሺܺሻߟ

 
 Therefore, it follows from (4.4) that 

(4.5) ܵሺܺ, ܻ ሻ ൌ ቀ ௥
ଶ

 െ  ݇ቁ ݃ሺܺ, ܻ ሻ ൅  ቀ3݇ – ௥
ଶ
ቁ  ሺܻ ሻ ߟሺܺሻ ߟ

 
 Thus from (4.1), (4.4) and (4.5), we get 
(4.6)  ܴሺܺ, ܻ ሻܼ ൌ  ቀ௥

ଶ
െ 2݇ቁ ሾ݃ሺܻ, ܼሻܺ െ  ݃ሺܺ, ܼሻܻ ሿ 

  ൅ ሺ3݇ – ௥
ଶ
ሻሾ݃ሺܻ, ܼሻ ߟ ሺܺሻ ߦ – 

   ݃ሺܺ, ܼሻߟ ሺܻ ሻ ߦ ൅ ሺܼሻܺ െ ߟሺܻ ሻ ߟ   .ሺܼሻܻ ሿ ߟ ሺܺሻ ߟ 
 

 Taking the covariant differentiation to both sides of the equation (4.6) we get 

 (4.7) ሺߘ௪ܴሻሺܺ, ܻ ሻܼ ൌ ௗ௥ሺ௪ሻ
ଶ

 ሾ݃ሺܻ, ܼሻܺ െ  ݃ሺܺ, ܼሻܻ െ  ݃ሺܻ, ܼሻ ߟ ሺܺሻ ߦ 

 ൅ ݃ሺܺ, ܼሻ ߟ ሺܻ ሻ ߦ  െ ሺܼሻܺ ൅ ߟ ሺܻ ሻ ߟ   ሺܼሻܻ ሿ ߟሺܺሻ ߟ 

൅ ሺ3݇ –
ݎ
2ሻ ሾ݃ሺܻ, ܼሻ ߟ ሺܺሻ  െ  ݃ሺܺ, ܼሻ ߟ ሺܻ ሻሿ ߘ௪ߦ  

൅ ቀ3݇ –
ݎ
2ቁ ሾ ߟ ሺܻ ሻܺ െ  ሻሺܼሻ ߟ ௪ߘሺܺሻܻ ሿሺ ߟ  

൅ ቀ3݇ –
ݎ
2ቁ ሾ݃ሺܻ, ܼሻ ߦ  െ  ሻሺܺሻ ߟ ௪ߘሺܼሻܻ ሿሺߟ 

_ ቀ3݇ –
ݎ
2ቁ ሾ݃ሺܺ, ܼሻ ߦ െ  .ሻሺܻ ሻ ߟ ௪ߘሺܼሻܺሿሺ ߟ 

 
 Noting that we may assume that all vector fields ܺ, ܻ, ܼ and ܹ are orthogonal to 
 and using (2.1) (b), we get ߦ 

(4.8) ሺߘ௪ ܴሻሺܺ, ܻ ሻܼ ൌ ௗ௥ሺ௪ሻ
ଶ

ሾ݃ሺܻ, ܼሻܺ െ  ݃ሺܺ, ܼሻܻ ሿ 

൅ ሺ3݇ –
ݎ
2 ሻሾ݃ሺܻ, ܼሻሺߘ௪ ߟ ሻሺܺሻ  െ  ݃ሺܺ, ܼሻሺߘ௪ ߟ ሻሺܻ ሻሿ ߦ .   

 
 Applying ߮ଶto both sides of (4.8) and using (2.1) (a) and (2.1) (c), we get 

(4.9) ߮ଶ ሺߘ௪ܴሻሺܺ, ܻ ሻܼ =ௗ௥ሺ௪ሻ
ଶ

 ሾ݃ሺܺ, ܼሻܻ െ  ݃ሺܻ, ܼሻܺሿ. 
 
 Using (3.1), the equation (4.9) reduces to 
,ሺܹሻܴሺܺܣ (4.10) ܻ ሻܼ ൅ ,ሺܹሻሾ݃ሺܻܤ  ܼሻܺ െ  ݃ሺܺ, ܼሻܻ ሿ  

  = ௗ௥ሺ௪ሻ
ଶ

ሾ݃ሺܺ, ܼሻܻ െ  ݃ሺܻ, ܼሻܺሿ. 
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 Putting ܹ ൌ  ሼ݁݅ሽ, where {݁݅ሽ, ݅ = 1, 2, 3, is an orthonormal basis of the tangent 
space at any  point of the manifold and taking summation over i, 1 ൑ i ≤ 3, we obtain 
(4.11) ܴሺܺ, ܻ ሻܼ ൌ ,ሾ݃ሺܺߣ  ܼሻܻ െ ݃ሺܻ, ܼሻܺሿ, 
 
where ߣ ൌ ሾ ௗ௥ሺ௘௜ሻ

ଶ஺ሺ௘௜ሻ 
– ஻ሺ௘௜ሻ

஺ሺ௘௜ሻ
]   is a scalar, since ܣ is a non-zero 1-form. Then by Schur’s 

theorem  ߣ will be a constant on the manifold. Thus we obtain the following theorem: 
 
Theorem 4.3. A 3-dimensional Generalised  ߮ -recurrent ܰሺ݇ሻ െcontact metric 
manifold is of constant curvature. 
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