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Abstract 
 

A decomposition of a graph ܩ is a collection of edge-disjoint subgraphs 
,ଶܪ,ଵܪ  ௜. Aܪ belongs to exactly one ܩ such that every edge of ܩ ௥ ofܪ…
decomposition ߰ = ,ଶܪ,ଵܪ} … …  ௥} is called a ∆-decomposition if theܪ,
maximum degree of ܪ௜ is ݅ for each ݅. A ∆-decomposition 
߰ = ,ଶܪ,ଵܪ} … …  ௥} of a graph G is called an induced ∆-decomposition ifܪ,
each of the subgraph ܪ௜ is an induced subgraph of ܩ. The minimum 
cardinality of the induced ∆-decomposition of a graph ܩ is called the induced 
∆-decomposition number of ܩ and is denoted by π୧∆(ܩ). ∆-decomposition 
concept was initiated in [1]. In this paper, we continue this study by defining 
induced ∆-decomposition and the corresponding parameter π௜∆ . We determine 
the value of π௜∆for perfect facto graph and some standard graphs.  
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Introduction 
By a graph ܩ =  we mean a finite, connected, undirected graph without loops (ܧ,ܸ)
or multiple edges. In a graph ܩ, p and q denote respectively the order and size of ܩ. 
Also ∆(ܩ) denotes the maximum degree of ܩ and is given by ∆(ܩ) = (ݒ)݀}ݔܽ݉ ⁄ݒ ∈
ܸ}. For terms not defined here we refer to Harary [5].  
 A decomposition of a graph ܩ is a collection of edge-disjoint subgraphs 
,ଶܪ,ଵܪ  ௜.Aܪ belongs to exactly one ܩ such that every edge of ܩ ௥ ofܪ…
decomposition ߰ = ,ଶܪ,ଵܪ} … … (௜ܪ)∆ ௥} is called a ∆-decomposition ifܪ, = ݅ for 
each ݅. The minimum cardinality of the ∆-decomposition of a graph ܩ is called the ∆-
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decomposition number of ܩ and is denoted by π୧∆(ܩ). Various types of 
decompositions have been studied by various authors. Induced Path decomposition 
number, Induced Acyclic Path decomposition number are some such decomposition 
parameters.  

1. For any positive integer z, we define the ݖ-facto graph as a graph (ݖ)ܩ =
= ܸ where (ܧ, ܸ)  ௜ݒ}  ௝ݒ ௜ andݒ and two vertices {ݖ ݂݋ ݎ݋ݐ݂ܿܽ ܽ ݏ݅ ௜ݒ /   are 
adjacent if and only if ݒ௜ݒ௝ܸ. A graph ܩ is said to be a facto graph if there 
exists a positive integer ݖ such that ܩ is isomorphic to an ݖ-facto graph (ݖ)ܩ, 
for some ݖ. If ܩ   is ܩ then the integral order of the graph ݖ for some ,(ݖ)ܩ 
equal to z and is denoted by ݋௜(ܩ). We refer a facto graph (ݖ)ܩ by ܩ with 
(ܩ)௜݋ =   .ݖ

2. A facto graph ܩ which is of integral order ݌ఈ, where ݌ is a prime and ߙ is a 
positive integer is called a Perfect Facto graph. If ߙ is odd (even) then G is 
called an odd (even) perfect facto graph. 

 
Example 3.5: Odd perfect facto graphs ܩ of integral order ݌ଽ is depicted in Figure 1. 

 

 
 

Figure 1 
 
 
Induced ∆-decomposition of a graph  
In this section we introduce the notion of induced ∆-decomposition and induced ∆-
decomposition number and determine the value of this parameter for even perfect 
facto graph and its complement. 
 
Definition 1.1: [3] A decomposition ߰ = ,ଶܪ,ଵܪ} … … -∆ is called a ܩ ௥} of a graphܪ,
decomposition if ∆(ܪ௜) = ݅, for ݅ = 1,2, … … . , -∆ The minimum cardinality of a.ݎ
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decomposition of ܩ is called the ∆ - decomposition number of ܩ and is denoted by 
π∆(ܩ).  
 
Definition 1.2: A ∆ - decomposition ߰ = ,ଶܪ,ଵܪ} … …  is called an ܩ ௥} of a graphܪ,
induced ∆ - decomposition of ܩ if each ܪ௜ is an induced subgraph of ܩ. The minimum 
cardinality of the induced ∆ - decomposition of ܩ is called the induced ∆ - 
decomposition number of ܩ and is denoted by ߨ௜୼(ܩ). An induced ∆- decomposition 
߰ of ܩ with |߰| =  .ܩ is called the minimum induced ∆ - decomposition of (ܩ)௜୼ߨ
 
Example 1.3: Consider the graph ܩ given in Figure 1. 

 

 

  
 

Figure 1 
 
 

 Let ߰ = ,ଷݒ} is induced by ܩ ଵ ofܪ The subgraph .{ସܪ,ଷܪ,ଶܪ,ଵܪ}  ଶ isܪ ,{ସݒ
induced by {ݒସ,ݒହ,଼ݒ} , ܪଷ is induced by {ݒଷ,ݒ଺,ݒ଻, ,଼ݒ ,ଽݒ ,ଵ଴ݒ (௜ܪ)ଵଵ}. Also Δݒ = ݅, 
for ݅ = 1, 2, 3, 4. Hence ߰ is an induced ∆ - decomposition of ܩ.  
 Now consider another decomposition of ܩ which is depicted in Figure 2. 

 

  
 

Figure 2 
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 Here ܩଵ is induced by {ݒ଻, ,଺ݒ} ଶ is induced byܩ ,{଼ݒ ,ଽݒ ,ସݒ,଼ݒ,ଵଵݒ,ଵ଴ݒ  ହ} andݒ
,ଷݒ,ଶݒ,ଵݒ} ଷ is induced byܩ ,ସݒ ,଺ݒ ,଻ݒ ଵ଴}. Let ߰ଵݒ =  Then ߰ଵ is an .{ଷܩ,ଶܩ,ଵܩ}
induced ∆ - decomposition of ܩ. Also, ߨ௜∆(ܩ) = |߰ଵ| = 3. 
 
Induced ∆-decomposition of perfect facto graph  
Theorem 1.4: Every odd perfect facto graph ܩ with ݋௜ = ఈ݌ , has an induced ∆ - 
decomposition and ߨ௜∆(ܩ) = ቒఈ

ଶ
ቓ. 

 
Proof: Let ܩ = (ܩ)௜݋ be an odd perfect facto graph and (ܧ,ܸ) = ఈ݌ ߙ, ∈ ܼା and ߙ is 
odd. Let ܸ = ,଴݌} ,ଵ݌ ,ଶ݌ … …   ఈ} and we have the edge set݌,
ܧ   = ൛݌଴݌௜ 1⁄ ≤ ݅ ≤ ൟߙ ∪ ቄ݌ଵ݌௜ 2 ≤ ݅ ≤ ߙ − 1} ∪ … … …∪ ቔ݌}

ഀ
మቕ⁄ ቒ݌

ഀ
మቓቅ. 

 
 We have the maximum clique of ܩ is the complete subgraph ܭቒഀమቓାଵ

 of ܩ and the 

clique number is ቒఈ
ଶ
ቓ + 1. Also ܭቒഀమቓାଵ

is induced by the set {݌଴, ,ଵ݌ ,ଶ݌ … … ቒ݌,
ഀ
మቓ} and 

it follows that ∆ ൬ܭቒഀమቓାଵ
൰ = ቒఈ

ଶ
ቓ. 

 Now for ݅ = 0,1,2, … … . , ቔఈ
ଶ
ቕ − 1, let ܧ ൬ܭଵ,ቔഀమቕି௜

൰ = ቄ݌௜݌௝ ቒఈ
ଶ
ቓ + 1 ≤ ݆ ≤ ߙ − ݅ൗ ቅ. 

 When ݅ = 0, we have ܧ ൬ܭଵ,ቔഀమቕ
൰ = ቄ݌଴݌ቒ

ഀ
మቓାଵ,݌଴݌ቒ

ഀ
మቓାଶ, … … ,  ఈቅ and hence݌଴݌

 ∆ ൬ܭଵ,ቔഀమቕ
൰ = ቔఈ

ଶ
ቕ. 

 

 When ݅ = 1, we have ܧ ൬ܭଵ,ቔഀమቕିଵ
൰ = ቄ݌ଵ݌ቒ

ഀ
మቓାଵ,݌ଵ݌ቒ

ഀ
మቓାଶ, … … ,  ఈିଵቅ and݌ଵ݌

∆ ൬ܭଵ,ቔഀమቕିଵ
൰ = ቔఈ

ଶ
ቕ − 1. 

 On incrementing the value of ݅ by 1 repeatedly we get stars 
ଵ,ቔഀమቕିଶܭ

ଵ,ቔഀమቕିଷܭ,
, …and after ቔఈ

ଶ
ቕ − 1 steps we have ݅ = ቔఈ

ଶ
ቕ − 1and ܧ൫ܭଵ,ଵ൯ =

ቄ݌ቔ
ഀ
మቕିଵ݌௝ ቒఈ

ଶ
ቓ + 1 ≤ ݆ ≤ ቔఈ

ଶ
ቕ + 1ൗ ቅ  = ቄ݌ቔ

ഀ
మቕିଵ݌ቔ

ഀ
మቕାଵቅ and ∆൫ܭଵ,ଵ൯ = 1. 

 Now let ߰ = ൜ܭቔഀమቕାଵ
ൠ ∪ ቊ⋃ ൬ܭଵ,ቔഀమቕି௜

൰
ቔഀమቕିଵ
௜ୀ଴ ቋ. 

 
 The decomposition ߰ is an induced ∆ - decomposition of ܩ, since each subgraphs 

are induced subgraphs of ܩ and also ∆ ൬ܭቔഀమቕାଵ
൰ = ቒఈ

ଶ
ቓ and for ݅ = 0,1, … , ቔఈ

ଶ
ቕ − 1, 

∆ ൬ܭଵ,ቔഀమቕି௜
൰ = ቔఈ

ଶ
ቕ − ݅. Hence ߨ௜∆(ܩ) ≤ |߰| = 1 + ቔఈ

ଶ
ቕ = ቒఈ

ଶ
ቓ.  

 Also since ܭቒഀమቓାଵ
 is an induced subgraph of ܩ which is a maximum clique of ܩ 

we have  ߨ௜∆(ܩ) ≥ ቒఈ
ଶ
ቓ. Hence ߨ௜∆(ܩ) = ቒఈ

ଶ
ቓ. 
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Example 1.5: Consider the odd perfect facto graph ܩ of integral order ݌ଵଵ, which is 
depicted in the following Figure. 

 

 
Figure  

 
 
 Here ቒఈ

ଶ
ቓ = ቒଵଵ

ଶ
ቓ = 6 and ቔఈ

ଶ
ቕ = 5. The maximum clique of ܩand the other induced 

subgraph are constructed as below: 
 The maximum clique ܭ଻ is induced by the set {݌଴,݌ଵ,݌ଶ, … … ,  ଵ,ହ isܭ ଺} and݌
induced by the set {݌଴,݌଻, ,଼݌ ,ଽ݌ ,ଵ݌} ଵ,ସ is induced by the setܭ {ଵ଴݌ ,଻݌ ,଼݌ ,ଽ݌  .{ଵ଴݌
The subgraph ܭଵ,ଷ is induced by the set {݌ଶ, ,଻݌  {଼݌,଻݌,ଷ݌} ଵ,ଶ is induced byܭ ,{ଽ݌,଼݌
and ܭଵ,ଵ is induced by the set of vertices {݌ସ,  .{଻݌
 The induced ∆ - decomposition of ܩ is depicted in Figure 3. 
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Figure 3 
 
 

 From the figure, we observe that the decomposition 
߰ = ൛ܭ଻,ܭଵ,ହ,ܭଵ,ସ,ܭଵ,ଷ,ܭଵ,ଶ,ܭଵ,ଵൟ is an induced ∆ - decomposition of ܩ and also 
(ܩ)∆௜ߨ = 6. 
 
Theorem 1.6: If ܩ is an even perfect facto graph with ݋௜(ܩ) = (ܩ̅)∆௜ߨ ఈ, then݌ = ఈ

ଶ
. 

 
Proof: ܩ is an even perfect facto graph with ݋௜(ܩ) =  .is even ߙ ,ఈ݌
 By Theorem 2.19, the complement ̅ܩ of ܩ is isomorphic to ܩ′ ∪  ଵ, whereܭ
(ܩ̅)௜݋ =  .ఈିଵ݌
(ᇱܩ)∆௜ߨ ,is an odd perfect facto graph and hence by Theorem 2.1 ′ܩ  = ቒఈିଵ

ଶ
ቓ. 

Since ߙ − 1 is odd, ቒఈିଵ
ଶ
ቓ = ఈିଵାଵ

ଶ
= ఈ

ଶ
. Thus ߨ௜∆(̅ܩ) = ఈ

ଶ
. 

 Now ̅ܩ ≅ ′ܩ ∪ (ܩ̅)∆௜ߨ ଵ implies thatܭ = ᇱܩ)∆௜ߨ ∪  ଵ has noܭ ଵ). Also, sinceܭ
edges, we have ߨ௜∆(̅ܩ) = (′ܩ)∆௜ߨ = ఈ

ଶ
. 

 
Remark 1.7: The even perfect facto graph has no induced ∆ - decomposition. 
 
Induced ∆ - decomposition and of Graphs 
In this section we determine the induced ∆-decomposition number for the path and for 
the particular cases of star for which the induced ∆-decomposition exist.  
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Theorem 2.1: ߨ௜∆൫ܭଵ,௡൯ = ቐ
 2 if ݊ = 3 

 
݉ iff ݊ = ൫௠ଶ ൯ and ݉ > 2

 

 
Proof: Let ܸ = ,ݑ} ,ଶݒ,ଵݒ … ,  .ݑ ଵ,௡ with centreܭ ௡} be the vertex set of the starݒ
When ݊ = 3, then the star ܭଵ,ଷ can have induced ∆-decomposition, ߰ = ൛ܭଵ,ଵ,ܭଵ,ଶൟ 
where ܭଵ,ଵ is induced by the set {ݑ,  clearly ߰ is {ଷݒ,ଶݒ,ݑ} ଵ,ଶ is induced byܭ ଵ} andݒ
the minimum induced ∆-decomposition of ܭଵ,ଷ and hence ߨ௜∆൫ܭଵ,ଷ൯ = 2. 
 Now, suppose that the star ܭଵ,௡ has an induced ∆ - decomposition and let ݉ > 2 
and ߰ = ,ଶܪ,ଵܪ} … (௜ܪ)∆ ଵ,௡.Thenܭ ௠} be an induced ∆-decomposition ofܪ, = ݅, for 
݅ = 1,2, … ,݉. Since any induced subgraph of ܭଵ,௡ having maximum degrees 
1,2,3, …  ௜ must beݍ ௜, thenܪ ௜ is the size ofݍ ଵ,௜. Also ifܭ ௜ must be isomorphic toܪ,݉,
equal to ݅. 
 Then the size ݍ of ܭଵ,௡ which is equal to ݊ is given by 
 q = ݊ = 1 + 2 + 3 + ⋯+ ݉ = ൫௠ଶ ൯ 
 
 Conversely suppose that ݊ = ൫௠ଶ൯,݉ > 2. 
 The star ܭଵ,௡ is now ܭଵ,൫೘మ ൯

, and it has ൫௠ଶ ൯ = 1 + 2 + 3 + ⋯+ ݉ edges. The star 
ଵ,൫೘మܭ ൯

 can be decomposed into induced subgraphs ܭଵ,ଵ,ܭଵ,ଶ,ܭଵ,ଷ, …  ଵ,௠, induced byܭ,

the set {ݑ, ,{ଵݒ ,ݑ} ,{ଷݒ,ଶݒ ,ݑ} ,{଺ݒ,ହݒ,ସݒ … , ቄݑ, ൫೘షభݑ
మ ൯ାଵ, ൫೘షమݑ,ݑ

మ ൯ାଶ, … , ൫೘మݑ ൯ቅ 
respectively and ∆൫ܭଵ,௜൯ = ݅, ݅ = 1,2, … ,݉.Hence the decomposition,߰ =
൛ܭଵ,ଵ,ܭଵ,ଶ, …  ଵ,௠ൟ is an induced ∆ - decomposition and this is the only possibleܭ,
number of ∆ - decomposition, so that ߨ௜∆൫ܭଵ,௡൯ = ݉.  
 
Result: 2.2 For any path ௡ܲ with ݊ > )∆௜ߨ,3 ௡ܲ) = 2. 
 
Proof: Let ܸ = ,ଵݒ} ,ଶݒ …  ௡} be the vertex set of ௡ܲ and let the path be denoted byݒ,
,ଵݒ ,ଶݒ …  and let ௡ܲିଵ be the {ଶݒ,ଵݒ} ଶ induced byܭ ௡. Consider the complete graphݒ,
path given by ݒଶ, ,ସݒ,ଷݒ … , ,ଷݒ,ଶݒ} ௡ and is induced byݒ … ,  .{௡ݒ
 Now, ∆(ܭଶ) = 1 and since ݊ > 3,∆( ௡ܲିଵ) = 2. 
 Thus the decomposition ߰ = ,ଶܭ} ௡ܲିଵ) is an induced ∆ - decomposition of ௡ܲ. 
Also, ௡ܲ cannot have other induced ∆ - decompositionlity different from 2 and hence 
)∆௜ߨ ௡ܲ) = 2. 
 
Result 2.3: A cycle ܥ௡ has no induced ∆ - decomposition. 
If ܥ௡ ,݊ > 3 be given by ݒଵ,ݒଶ, … , ௡ݒ ,ଵݒ} ଶ is induced byܭ ଵ and ifݒ,  ଶ}, then all theݒ
remaining edges cannot be covered by a path. More precisely, the edges incident with 
 - ∆ ௡ has no inducedܥ ଶ cannot be covered by an induced path, and henceݒ ଵ andݒ
decomposition. 
 
Remark 2.4: The complete graph has no induced ∆ - decomposition. 
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