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functions which improve some earlier results.
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1. Introduction, Definitions and Notations

We denote by C the set of all finite complex numbers. Let f be a meromorphic function
and g be an entire function defined on C. We use the standard notations and definitions
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in the theory of entire and meromorphic functions which are available in [5] and [13].
In the sequel we use the following notation:

log[k] x = log (log[k_” x) fork=1,2,3,---and
log[o] X = X.
The following definition is well known.

Definition 1.1. The order ps and lower order A ¢ of an entire function f are defined as

. log[z] M (r, f) o log[z] M (r, f)
pf =limsup—————and Ay = liminf —————.
r—00 logr r—0o0 logr

If f is meromorphic then

) logT (r, f) .. dogT (r, f)
pf =limsup————and Ay = liminf ———.
00 logr r—00 logr
If py < oo then f is of finite order. Also py = 0 means that f is of order zero. In
this connection Liao and Yang [8] gave the following definition:

Definition 1.2. [8] Let f be a meromorphic function of order zero. Then the quantities
py and A’ of a meromorphic function f are defined as:

] logT (r, f) .. dogT (r, f)
% = lim sup————= and A% = lim inf —————.
Pr r—>oop log?! 7 f r—>o0o  Jogl?ly
If f is entire, then
log?' M (r, log"! M (r,
py = lim supog—z(rf) and A% = lim infog—z(rf).
rsoo  logl¥r r>oc  logllr

Datta and Biswas [4] gave an alternative definition of zero order and zero lower order
of a meromorphic function in the following way:

Definition 1.3. [4] Let f be a meromorphic function of order zero. Then the quantities
py and A" of f are defined by:

; . T,
p¥ = limsup . /) and A" = lim inf u f).
r—oo logr r—oo  logr

If f is an entire function then clearly

log M (r, .. Jdog M (r,
F—00 logr r—0o0 logr
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Definition 1.4. The type oy and lower type o r of ameromorphic function f are defined
as

T (r, - o
oy = lim sup . /) and oy = liminf

r—>00 r r—=>0o0

,0<,0f<oo.

T(r,f)
0

When f is entire, it can be easily verified that

) log M (r, f) - .. JdogM(r, f)
of =limsup———— and oy =liminf ———

, 0 < < 00.
00 rPr r—00 rPr Ps

Definition 1.5. [12] Afunction p (r) is called a proximate order of f relativeto T (r, f)
if
(i) py (r) is non-negative and continuous for r > ry, say,
(ii) py (r) is differentiable for r > ro except possibly at isolated points at which
,o} (r —0) and p} (r + 0) exist,
@iii) lim pr (r) = py < 00,
r—0o0
(iv) lim r,o} (r)logr = 0 and
r—00
T f)_,

(v) lim sup o7

r—0o0

In the line of Definition 5 the following definition can be given:

Definition 1.6. A function A s (r) is called a lower proximate order of f relative to
T (r, f)if
(i) A ¢ (r) is non-negative and continuous for r > ry, say,
(ii) Ay (r) is differentiable for r > ro except possibly at isolated points at which
Ap (r —0) and 1/, (r + 0) exist,
@ii) lim A7 (r) = Ay < 00,
r—>0o0
(iv) lim rA/; (r) logr = 0 and
r—00
T(r,f)

o =1

(v) lim inf
r—00
The following definitions are also well known.

Definition 1.7. A meromorphic function a = a (z) is called small with respect to f if
T (r,a)=S(r,f).

Definition 1.8. Let aj,ay, ... ,ax be linearly independent meromorphic functions and
small with respect to f .We denote by L (f) = W (aj,a, ... ,ax, f) the Wronskian
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determinant of ay, as, ... ,ax, f 1.e.,

a a . . . ai f

a a, . . . a f

L(f)=
’ PR .

ai ) aé oL a,i ) f(k)

Definition 1.9. If a € C U {o0},the quantity
N (r,a; . ,d;
d(a; f)=1—limsup (r.a; /) —hmmfm(r—af)

oo T(r,f) — =0 T(r,f)
is called the Nevanlinna’s deficiency of the value 'a’.

From the second fundamental theorem it follows that the set of values of a € CU{o0}

for which § (a; f) > 0 is countable and Z d(a; f)+68(00; f) <2(cf[5],.p.43). If
a7#oo

in particular, Z d(a; f)+ 6 (oo; f) = 2, we say that f has the maximum deficiency

a#oo
sum.

In the paper we establish some newly developed results based on the comparative
growth properties of composite entire or meromorphic functions and wronskians gener-
ated by one of the factors improving some earlier results.

2. Lemmas
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [1] Let f be meromorphic and g be entire then for all sufficiently large
values of r,

T(r,g)
T(r’fog)<{1+0(1)}10gM—(rg)T(M(r’g)’f)'

Lemma 2.2. [2] Let f be meromorphic and g be entire and suppose that 0 < 1 < pg <
oo. Then for a sequence of values of r tending to infinity,

T(r,fog)=T(exp(r"), ).

Lemma 2.3. [3] If f and g are two entire functions then for all sufficiently large values
of r,

M(r,fog) <MM(r,g),f).
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Lemma 2.4. [6] Let g be an entire function with A, < oo and assume that ¢;(i =

n
1,2,...,n;n < oo)are entire functions satisfying 7' (r, a;) = o{T(r,g)}.IfZS(ai,g) =
i=1
T 1
1 then fim — 28 _ 1
r-oclogM(r,g) =

Lemma 2.5. [7] If f be an entire function, then for §( > 0) the function r*/ =270 jg
ultimately an increasing function of r.

Lemma 2.6. [9] Let f be an entire function. Then for §( > 0) the function prrH A
is ultimately an increasing function of r.

Lemma 2.7. [10] Let f be a transcendental meromorphic function having the maximum
deficiency sum. Then

CTeLU)

Lemma 2.8. If f be a transcendental meromorphic function with the maximum defi-
ciency sum, then the order and lower order of L( f) are same as those of f.Also the type
and lower type of L[ f]is {1 +k —kd (oo; f)} times thatof f,i.e., pr(f] = pr, AL[f] =

Arsorif) = {14k —k8(c0; f))op,andopis] = {1 +k — k3 (00; f))}o r when f is
of finite positive order.

Proof. By Lemma 2.7,
log T'(r, L(f))
im ——
r—oo logT(r, f)
exists and is equal to 1. So
: log T'(r, L(f))
pLif] = limsup ———

F—00 logr

log T(r, f) . lim log T'(r, L(f))

= lim sup
r—00 logr r—oo logT(r, f)
= ,Of.l = pf.
In a similar manner, Ap[r] = Ay.
Again
orf] = limsu TeLLfD
LU = A S oty
LD T(r, f)
= ———— -limsu
r—oo T (r, f) r—00 rPf

={l1+k —kd (o0; f)loy.

Similarly o 7] = {1 + k — k8 (00; f) )}o 7. This proves the lemma. [ ]
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3. Theorems
In this section we present the main results of the paper.

Theorem 3.1. Let f be a transcendental meromorphic function with the maximum
deficiency sum and g be an entire function such that (i) 0 < py < o0, (ii) pf = pg,

(iii) Ef > 0 and (iv) o, < c0. Then

lim sup10g Lr.fo8) _ P o
roo0o T (r,L(f)) — f{1+k—k5 (005 f))o s

Uk — k8 (00 Pl s

Proof As T (r,g) < logt M (r, g), we have from Lemma 2.1 for all sufficiently large
values of r,

T(r,fog < {l+oM}ITM(r,8),[)
ie., logT (r,fog) < (py+¢)logM(r,g)+0(1)
L log T (r, fog) : log M (r,g)
i.e., limsu + &) limsup——. 1
el T (. f) (o =€) lim sup =05 M
Also from the definitions of type and lower type it follows for all sufficiently large values
of r

N

log M (r,8) < (og +€) r’s ()
and
T f)= (o, —e)rrr. 3)
Since pr = p, we get from (2) and (3) that
log M (r,
lim Supog—(rg) < ﬁ. “4)
r—oo T (r, [) gf
As ¢ (> 0) is arbitrary and p s = p,, from (1) and (4) we obtain that
log T (r,
lim sup 28 L "/ °8) 028 = p, %8 (5)
r—>00 T(r,f) (;f gf

Now in view of (5) and Lemma 2.7 we get that
logT (r, fog) log 7 (r, fog) . T (r,f)

lim sup = limsup Jdim ————
r—00 T (r,L(f)) r—00 T (r,f) r—ooT (r, L(f))
Og
= py =
{1 +k—ké(o0; floy
= o s

Utk — k8 (00 o s
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This completes the proof. |

The following theorem can be proved in the line of Theorem 3.1 and so the proof is
omitted.

Theorem 3.2. Let f be a transcendental meromorphic function with the maximum
deficiency sum and g be an entire function such that (i) 0 < pr < o0, (ii) pr = pg,
(iii) oy > 0and (iv) o4 < 0o. Then

lim logT (r, fog) Og
im inf < pr
r—~oo T (r,L(f)) {14k —k8(c0; f)lof
Og
P+ k — k6 (00; oy

In the line of Theorem 3.2 the following two corollaries can also be proved:

Corollary 3.3. Let f be a transcendental meromorphic function with the maximum
deficiency sum and g be an entire function such that (i) 0 < py < 00, (ii) py = pg,

(iii) oy > Oand (iv) o4 < co. Then

. logT (r, fog) . o

im inf = pf -

r—>o00 T (r, L(f)) {1 +k—k8(c0; Yoy
= /0 Gg

Uk —ks (oo Mo s

Corollary 3.4. Let f be a transcendental meromorphic function with the maximum
deficiency sum and g be an entire function such that (i) 0 < Ay < oo, (ii) pf = pg,

(iii) Ef > 0 and (iv) o, < c0. Then

logT(r,ng)<xf % .
oo T L) T (1 4k — k8 (00; f))o

We may now state the following corollary without proof for the right factor g of the
composite function f o g based on the type of an entire function:
Corollary 3.5. Let f be a meromorphic function and g be a transcendental entire func-
tion such that (i) 0 < pr < 00, (ii) 0 < Ag < py < 00, (iii) 0 < Eg < 0y < o0 and
(iv) Y _8(a;g) +8(00;g) = 2. Then

a#o0o
log T (r,
lim sup Oé; ( (rL{ C)))g) < py O .
— r, . —
r—00 8 {1 +k—ké(c0; flog
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The proof is omitted as it can be carried out in the line of Theorem 3.1. |

Remark 3.6. Under the same conditions of Corollary 3.5 if f be a meromorphic function
with order zero and 0 < p*%* < oo then by Definition 1.3 and in the line of Theorem 3.1
one can easily verify that

lim su —T (r,fo8) <
ol T (r L(g)) —

Og

{14k — k8 (00; )}ag

(1+0 (D)o}

Remark 3.7. If we take “0 < Ay < o0” instead of “0 < py < 00” in Corollary 3.5
and the other conditions remain the same then it can be shown in the line of Corollary
3.4 that
log T (r,
lim inf OgT ( (rL{ ‘)’)g ) <, % .
r—00 r, . ~
8 {1+k—ké(oc0; fllog

Remark 3.8. In Remark 3.6, if we take “ 0 < )C}* < o0” instead of “ 0 < ,o;'i* < o0”
and the other conditions remain the same then it can be shown that

Og

<{l+o(DH¥ '
r—oco T (r,g) / {]_|_k—k8(00;f)}gg

Theorem 3.9. Let f be a transcendental meromorphic function with the maximum
deficiency sum and g be an entire function such that 0 < py < pg < 00. Then

lim su logT (r./o8) _
r—>oop T (r,L(f)) B

Proof. Since py < pg we can choose ¢ (> 0) in such a way that

pr+e<pg—e<pg. (6)

Now we obtain from Lemma 2.2 for a sequence of values of r tending to infinity that

log T (r, f o g) > log T {expr(pg—g), f}
i.e., logT(r,fog) > ()“f —g) logexpr(pg_g)
i.e, logT (r,fog) > ()\f — g) r(pg—e) (7)

Again in view of Lemma 2.8 we have for all sufficiently large values of r that

log T (r,L(f)) =< (pw(s)+¢)logr
i.e., logT (r,L(f)) < (,of —|—8) logr
ie., T(r,L(f) < rlorte), (8)
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Therefore from (7) and (8) it follows for a sequence of values of r tending to infinity,

logT (r, fog) - ()»f — 8) r(Pg=¢)

9
TG L)~ et .
Now in view of (6) it follows from (9) that
: logT (r, fog)
lim sup =
r—oo T (r,L(f))
This proves the theorem. |

In the line of Theorem 3.9 the following corollary may be deduced:

Corollary 3.10. Let f be a transcendental meromorphic function with the maximum
deficiency sum and g be an entire function such that 0 < ps < A, < oco. Then

lim su logT (r./o8) _
T L)

Theorem 3.11. Let f be a meromorphic function of order zero and g be a transcendental

entire function of non zero finite order satisfying Z d(a;g)+ 6 (c0;g) =2, then

a7#o0o

: logT (r, fog)
lim sup >1
r—oo logT (r,L(g))

Proof. In view of Lemma 2.2 we obtain for a sequence of values of r tending to infinity
that

T(r,fog) > T {expr(pg_g),f}
ie, T, fog) > (A’}* — 8) log exp r (Ps—¢)
ie,T(r fog) > (x;* _ 8) (pg—e)
ie., logT (r,fog) > (pg—¢)logr+ O(1). (10)
Again for all sufficiently large values of r, we obtain by Lemma 2.7,
log T (r, L(8)) < (pr(e) + ) logr = (pg + ) logr . (11)

Therefore from (10) and (11) we obtain for a sequence of values of r tending to infinity
that

logT (r.fog) _ (pg — €)logr + O(1)
log T (r,L(g)) ~ (pg +¢€)logr

(12)
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Since ¢ (> 0) is arbitrary, the theorem follows from (12) . [ |

Theorem 3.12. Let f be a meromorphic function of order zero and g be transcendental
entire such that p, is finite and Z 8(a;g)+ 6 (0o, g) =2. Then forany @ > 1,

a7#oo

T fog (I+o()(a+ .o (a)s
lim inf < .
r—oo T (r,L(g)) (@ — DI +k—kd(c0;8))

Proof. If p}* = oo, then the result is obvious. So we suppose that p7* < oco. Since

T (r,g) < log™ M (r, g), we obtain by Lemma 2.1 for & (> 0) and for all sufficiently
large values of r,

T(r,fog) <(1+o0o(1) (p}'?* + 8) log M (r, g)
Since ¢ (> 0) is arbitrary, it follows from above that

lim inf LS © &)

r—00 T (r’g)

log M (r,
< (1 +o() p?*ligi(}gf%((;)(g). (13)

T(r,g)

Since lim sup )

r—0o0
of r,

= 1, forgivene (0 < ¢ < 1) we get for all sufficiently large values

T(r,g) < (14¢&)rfs? (14)
and for a sequence of values of r tending to infinity

T (r,g) > (1—¢g)rPe), (15)

1
Since log M (r, g) < (g) T (ar, g) {cf.[5]}, for a sequence of values of r tending
a —
to infinity we get for any § (> 0)

logM(r,g) _ (@+D(d+e) CKEN 1
T(r,g) ~— (@—1DA—e¢) (ar)letd=rs@) prs@)
< (a+ 1A+ 8).(a)/’g+5.
(a—1)(1—¢)

because by Lemma 2.5, rPetO=Ps s yltimately an increasing function of r. Since
€ (> 0) and é (> 0) are arbitrary, we obtain from above that

log M 1
liming M8 (@t D

Pg
P T @0 (10
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Thus from (13) and (16) we obtain that

. T fog) (a+1)

P (o). (17)

Now in view of (17) and Lemma 2.7 we get that

limi I(r,fog) . . T@r, fog) . T(rg)

minf ——— = liminf———= . lim ———

r—co T (r,L(g)) roco T(r,g) r—>ooT (r,L(g))
(I+o () (a+ 1).pF" ()

(@ — 1)1 +k —kS(0058))

This proves the theorem. |

In the line of Theorem 3.12 one can easily prove the following theorem using the
definition of lower proximate order:

Theorem 3.13. Let f be ameromorphic function of order zero and g be a transcendental
entire function with maximum deficiency sum and A, < 0o. Then for any a > 1,

. T, fog UA+oM)(x+ 1)~/)}*‘(a)kg
lim inf < .
r=oo T (r,L(g)) — (@ — D +k—ké(c0;8))

Theorem 3.14. Let f be a non constant entire function such that ,0;5* is finite and g be a
non constant transcendental entire function with the maximum deficiency sum and finite
lower order. Also suppose that there exist entire functions a; (i = 1,2,... ,n;n < 00)

n

satisfying (i) T(r,a;) = ofT(r, )} as r — oo fori = 1,2,...,n (ii) Y 8(a;,g) = 1.
i=1

Then

34% {1 +k—k8(00;8)) = rooo T(r,L(g) — {1 +k—k§(c0;8)}

Proof. Let us choose ¢ in such a way that 0 < & < min {)ﬁ}*, 1} . For any two entire
functions f and g, the following two inequalities are well known,

T (r,f) <log" M (r, f) <3T 2r, f). {cfI5]) (18)

and

T > Loenr L (7 1 1 19
rrowz yloe |gi (o) +os)enm a9
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Now from (19) we get for all sufficiently large values of r,

T(r.fog) = %(x;*—e)log{%M(g,g)m(l)}
e T fon) = 5 (7 —e)tog [ (5.6))}
e, T(r fog) > %( *}* 8>logM(4,g> +%(A’}* —s)log§
ie,T(r,fog) > % (x** _ g) log M (%,g) L0
ie. T(TKTf,;)g) % (x** _ g) logT Aéi’)g);(é: 2 ro. Qo)
T(r.g)

Since lim inf
r—00 rkg(")

= 1 for given ¢ (> 0) we get for all sufficiently large values of r,

T(r,g) > (1 —e&)rt® (21)
and for a sequence of values of r tending to infinity
T (r,g) < (1+e)rt®. (22)

From (21) and (22) and in the line of Lemma 2.6 we get for a sequence of values of r
tending to infinity and for § (> 0)

T(pg) _ l-e (O 1
T(r,g) 1+¢ (i)xﬁs—xg(g) " ()
- 1—¢ 1
= 14 g 4hete

Since ¢ (> 0) and § (> 0) are arbitrary we get from (20), Lemma 2.4 and above that

T(r,fog) - YT)\};*

lim su . 23
e T (r.g) — 34k (23)
Now in view of (23) and Lemma 2.7 we get that
i T(r,fog) .. T (r,fog) . T8
imsup——— = liminf . lim
r—oo I (r,L(g)) r—oo T (r,g) r—ooT (r,L(g))
n,)\‘**

d (24)

3.4% (1 +k — kb (003 8)}
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Again in view of inequality (18) we get from Lemma 2.3, Lemma 2.4 and Lemma 2.7
that for all sufficiently large values or r,

T(r,fog) =< logMM(r,g),[)
ie.T(r.fog) < (p_’;* +e> log M (r, g)
r(r,fog) _ (p;* 8>10gM(r,g)

e

T(r,L(g) T (r,L(g))
T (r,fo s ) log M (r,

L T(r,fog) . : logM (r,g) .. logT (r,g)
i.e., imsup———— < (,of + e) lim sup lim
r—oo 1 (r,L(g)) r—00 T (r,g) r—ooT (r,L(g))
T (r, 1
i.e., lim supM < (,0;2* + 8) b4 )
r—oo T (r,L(g)) {1 +k—ké(c0;8)}
[ |
Since ¢ (> 0) is arbitrary it follows from above that
T (r, .TL'p**
lim sup (r./o8) _ / (25)

rooo T (r,L(g)) ~ {1 +k—kd(c0;8)}

Thus the theorem follows from (24) and (25) .
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