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Abstract

In 2005 Khan, Bhat and S. Pirzada proved a noiseless coding theorem
by considering useful entropy and useful mean codeword length. In this
communication we consider a generalization of the useful mean
codeword length and derived lower and upper bounds for it in terms of
useful entropy for incomplete probability distribution.
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INTRODUCTION
Consider the following model for a random experimentsS,

S, =[E;P;U] (1.1)
where E=(E,E,..E,) is a finite  system  of  events,

P=(p, PPy )OS P <L Dip, =1 is the probability distribution and
U =(u,,U,...,uy ) u; 20,i=12,..,N is the utility distribution. The u,’s are non-
negative real numbers. Denote the model by E, where

E.E,..E,

E= Py Py Py
u, u, ...uy
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we call (1.1) a utility information scheme. Belis and Guiasu [1] introduced the
measure

H(P;U)==>"u;p; log p, (1.2)

about the scheme (1.1). They called it useful information for this scheme,
where H(P;U)reduces to Shannon’s [10] entropy when u, =1 i.e., the utility

aspect of the scheme is ignored for each i. Unless otherwise stated z will

N
stand forz and the logarithms are to the base D(D>1) throughout the paper.

Guiasu and Picard [4] considered the problem of encoding the outcomes in
(1.1) by mean of a prefix code with code words w,,w,,...w, having lengths

respectively n;,n,,..n, and satisfying Kraft’s inequality [3]
> D"<1 (1.3)

where D is the size of code alphabate. They introduced the following useful
mean length of the code

ZU Pl 1.4
L) Sup (1.4)

and the authors obtained bounds for it in terms of H(P:U)

Longo[8] , Gurdial and Pessoa[5],Khan and Autar[6],Khan ,Bhat and
Pirzada[7] have studied generalized coding theorem by considering different
generalized measure of (1.2) and (1.4) under condition(1.3) of unique
deciferablity.

In this paper, we study upper and lower bound by considering a new
function depending on the parameters o« and B and a utility function .Our
motivation for studing this function is that it generalizes some information
measures already existing in the literature.

2. Coding Theorem
Consider a function

H, ,(P;U)= {D “ } [%‘: ':ﬁ]y 2.1)

where o >0(=1),8>0,p, 20,i=12,...N ,and > p, <1.
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() when =1 and a —1, (2.1) reduces to a measure of information due to
Belis and Guiasu[1].

(i) when u;, =1 for each i, i.e., when the utility aspect is ignored Zpi =1,
p=1 and a —1, the measure (2.1) reduces to Shannon’s entropy [10].

(iii) when u, =1 for each i,the measure (2.1) becomes the entropy for the s -
power distribution derived from P studied by Roy[9]. We call H, ,(P;U) in

(2.1) the generalized useful measure of information for the incomplete power
distribution P” .

Further consider

w1 7 u Ve et
La,ﬂ(U){D“ —1} 1—pr(2ufpﬁ] D « (2.2)

(i) Forp =1the length (2.2) reduces to the useful mean length of the code
given by Bhatia[2].

(i) For p=1 and o —1, the length (2.2) reduces to the useful mean length
L(U) of the code given in (1.4).

(iii)When the utility concept of the scheme is ignored by taking u, =1 for
each i,Zpizl,ﬁzl and a —1, the mean length becomes optimal code
length defined by Shannon [10].

We establish a result, that in sense, provided a characterization of unique
decifer-ability.

THEOREM 2.1:- For all integers D>1, let n,satisfy (1.3), then the generalized
average useful code word length satisfies

L,,U)=H,,(P;U) (2.3)

and the equality holds iff

af
n, = —Iog{%] (2.4)

Proof:-
By Holder’s inequality [10]

Yxy = (Exe )P (S ye) e (25)
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For all x,y,>0i=12..N and l+£:1,p<1(;zt0),q<0 or
P q

q<1(=0),p<0.
We see that equality holds if and only if there exists a positive constant ¢
such that

x; =cy; (2.6)

Making the substitution

p:a__]"q:l_a
(04

1

1
aff u. a-1 ap u. 1a

X. = a-1 | D_ni ’ = pla |
P [Zuipf} o [Zuipf}

in (2.6), using (1.3) and after making suitable operations we get (2.4) for

a-1
{D o —1}&0according as o=l

It is clear that the equality in (2.4) holds if and only if
D—ni _ ulplaﬂ

>up?

u, p**
n. =—logl ="
' g{Zui pf‘ﬂ}

THEOREM 2.2:- For every code with length{n },i=12,...N, of theorem 2.1,
L, ,(U)can be made to satisfy

or

H,,(PU)<L,,U)< Ha'ﬂ(P;U)Dl_“a {Daj —1] {1— Dlﬂ (2.7)

Proof:- From (2.4) it can be concluded that it is always possible to have a
code satisfying

u. p.aﬂ u. p.aﬂ
—loal — " l<n <—logl — |41
g{Zui pf‘ﬂ] - g{Zui P’ }
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or
-1 -1
uipiaﬂ n uipiaﬂ
|:2Uipiaﬂ:| <D< Dl:ZUipiaﬁ} &9
From (2.8), we have
-1
n uipiaﬂ
D" <Dl =——
) {Zuipf"j}
or
_ni(a;lj Lal | p% (%_1)
D ‘*/ <D= W (2.9)

%
Ui } summing over i=12,..N

> up!

Multiplying both sides of (2.9) by pfl:

and making suitable operation we get ,
Lo a1 Lo
L,,U)<H,,(P;U)D « {D « —1} {1—D « } (2.10)

which proves the theorem 2.2.

Remark: For O<a<l and sinceD>2 from (2.10), we have
a-1 -1 la

{Da —} {1—Da }>1from which it follows that the upper bound of

L,,U)in (2.7) is grater than unity.
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