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Abstract

This paper examines the existence and uniqueness of mild solutions to a class of
partial functional differential equations by using the the theory of analytic semi-
groups. The main technique in this paper is the use of fractional powers of operators
combined with the Banach contraction mapping principle.

AMS subject classification: 35B08, 35B09, 35B10, 35B15, 35B65.

Keywords: Partial functional differential equation, Banach Spaces, infinitesimal
generator of analytic semigroup, fractional powers of operators, analytic semi-
groups, Banach contraction mapping principle.

1. Introduction
In this paper, we study the existence and uniqueness of mild solutions to a class of partial

functional differential equation

%[u(t) + [ u(@®)] = Au(t) + g(t,u(t)), to <t <t )
u(to) = xo
where A is the infinitesimal generator of an analytic Cy semigroup 7'(¢) on a Banach
space (X, ||-1]) [9], [12], [13] satisfying the exponential stability, i.e.,
T(t)<Me”, foro>0,M>1,0<t< 00, )

f, g are continuous functions in X. We assume that f(¢, x), g(¢, x) are locally Holder
continuous in ¢ and locally Lipschitz continuous in x. That is, for each point (¢, x) of U,
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there exist a neighbourhood V C U, constants L = L(¢,x,V) > 0and 0 < y < 1 such
that

I f (s, 31) = fls2, )l < L (Is1 — 521" + lly1 — »2lla) »

for (s1,y1) € V, (52, 2) € V, where X is areal or complex Banach space with norm ||-||,
A% is a closed linear, invertible operator with domain D(A%) endowed with the graph
norm ||-]|, of A% with

12
bl = (I + J42x]*) 7, x e Dea®).

Henry [10], Taira [16] proved the existence and uniqueness of solutions to a semilinear
equation

du(t) A 0 T
= u(t) + f(t,u(t)), <t< 3)
u(0) = ug

with f : [0, T) — X Lipschitz and Holder continuous and A generates Cp semigroups
on a Banach space X satisfying (2). See also [1], [3], [4], [9] [13] for more on (3).

Existence and uniqueness of pseudo almost automorphic and weighted pseudo al-
most automorphic mild solutions to (1) was proved in [18] where A is the infinitesimal
generator of analytic semigroups satisfying (2) and f, g are continuous functions.

Also Diagana [6] investigated the existence and uniqueness of pseudo almost periodic
mild solutions to (1) with f, g Lipschitz and Holder continuous and A generates C
semigroups satisfying (2).

The existence and uniqueness of pseudo almost automorphic mild solutions to (1)
was proved in [7] where A was replaced with A(¢) under the same assumptions as above.

In this paper, we show the existence and uniqueness of mild solutions to (1) and obtain
our results by using fractional powers of linear operators and the Banach contraction
mapping principle (Banach fixed-point theorem).

The rest of this paper is organized as follows: In section 2 we recall some basic
defnitions, lemmas and preliminary facts which will be needed in the prove of our main
results in section 3.

In proving the existence and uniqueness of solution of (1), we show first that the map

Do, t0+7] — X defined by

t

P(u)(t) = T(t — 10) [xo + f (10, u(t0))] — f(s,u(s)) — / AT (1 — ) f(s,u(s))ds

o

t
—|—f T(t—s)g(s,u(s))ds

Io

18 a strict contraction.
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2. Preliminary results

Let X be a real or complex Banach space and A a densely defined closed linear operator
with domain D(A).

2.1. Fractional powers of operators

We define fractional powers of operators of certain unbounded linear operators [9], [10],
[13] and we concentrate mainly on fractional powers of operators for which —A is the
infinitesimal generator of an analytic semigroup 7'(¢). The results obtained here will be
used in section 3.

For o > 0 we define the fractional power A™* by

A% = L/oot‘)“lT(t)dt
I'(a) Jo

with A% = (A_"‘)_1 since A™% is one to one. For0 < a < 1, A% is a closed and densely
defined linear operator (i.e., the domain D(A%) D D(A) is dense in X) and X, = the
space D(A%) endowed with the graph norm ||-||, of A* with

lelly = (hei? + 4% [?) . x e pea®).
Proposition 2.1.
(i) The space X, is a Banach space.
(i) The graph norm ||x||, is equivalent to the norm ” A%x H

(ii1)) If 0 < o < B < 1, then we have Xg C X, with continuous injection.

Proof. See [16]. [ |

Lemma 2.2. Let A be the infinitesimal generator of an analytic semigroup 7'(¢). If
0 € p(A) then

(i) fort > 0, @ > 0 the operator AT (¢) is bounded and
|A*T@)| < Cot ™™
(ii) for0 < o <1 and x € D(A%), we have
I(T (@) = Dxll < Cat® | A%

Proof. Using the following estimates:

IT ()| < Ce™
IAT @) < C1t~ e fort > 0.
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Soform =1,2,3,...

|A"T®)| = (AT @/m)"|| < I(AT@/m)|"
< (C]t—le—ﬁt/m)m — Cmt—me—(St.

fO<a<1,r >0,

HAO{T(I)” = HAT(I}A_(I_(X) AY = AA~ (-0

2

Putting | o
A~ — —/ s 4T (s)ds
' —ow) o

we have

[T = [aa~0=

1 By
= Hm/o AT(I)S T(S)ds
1 o0 w
< —m_a)/o S AT + )] ds

0
S L\/‘ S—Ol(t + S)—le—é(l-f's)ds
ra—awJy

o0 —
__ G / s (142) L omot(14) g
I'(l—a) t

K
Letu = ;,s = ut,ds = tdu, so

C o0

|A“T(1)| < —1/ (ut)~ (1 + )~ le 0+ gy
l—a)Jo
Cq >

=T
-5
< #/ u %e “du
ST - ),
C —4t
= ra-o
T(1 — a)®
= Cout %70,

Part (ii) follows from

(T@)—Dx = —/ AT (s)xds,
0



Fartial Functional Differential Equations in Banach Spaces 11

that is,

iTt—] ——i/tAT d
G aw=nx=-2 [ aruds

I(T(t) — Dx|| = H f AT (5)A%xds
0

t
< c/ s A% ds
0

= Cqt® |A%x| .

2.2. Lipschitz and Holder continuous functions in Banach spaces

Let X be aBanach spaceandlet A : X — X be adensely defined closed linear operator,
that is, the domain of definition D(A) of A is dense in the space X.

Definition 2.3. A function f : [0, T) — X is Lipschitz continuous on [0, T) if there is
a constant L such that

lf@)— f)Il <Lt —sl for0<s<t<T.

It is locally Lipschitz continuous if every t € [0, T) has a neighbourhood in which f is
Lipschitz continuous.

Definition 2.4. A function f : [0,T) — X is Holder continuous with exponent y,
0 <y < 1on[0,T)if there is a constant L such that

If(t) = f)I < LIt —s|” forO0 <s <t <T.
It is locally Holder continuous if every t € [0, T) has a neighbourhood in which f is
Holder continuous.

3. Main results

Definition 3.1. A function u(?) : [#9, 1) —> X is called a (classical) solution of (1) if it
satisfies the following three conditions:

(i) u(t) € C([to,11), X) N C' (1, 1), X) and u(tg) = xo.

(1) u(t) € D(A) and (t,u(t)) € U forall typ <t < t;.

(iii) % [u(t) + f(t,u(t))] = Au(t) + g(t,u(t)) forall rg < t < t;.



12 Richard Olu Awonusika

Before going further, let us do some formal analysis to see what a potential solution
of (1) should look like. We use the integrating factor method, treating A as a number.

The equation
d
7 [u(®) + (@, u(?)] = Au(t) + g(t, u(1))
has integrating factor e’ A Multiplying by this integrating factor, we have

e_tA% [u(r) + f(t,u(t)] = e Aute) + e Ag(t, u(t))

d
e )+ F(tu)] - e Au(r) = e~ g(t,u(0)
— du(t)
dt

e_tA? — e " Au(r) = —e_’A%f(t, () + e~ g(t, u(r)

% (e7" Au(r)) = —e_’A% Flt,u@) + e Ag(r, u(r)

t t
e_SAu(S)|§0 = / —e_SAif(s, u(s))ds + / e g(s, u(s))ds
to dS i)

+ e_’A%f(t, u(®)) — e "M Au(t) = e g(r, u(r))

t t
e Mu(t) — e " u(ry) = / _ead f (s, u(s))ds + / e g(s, u(s))ds

o ds fo

d t
_e_SAd—f(s,u(s))ds—i-f e g(s, u(s))ds
S

fo

t

e Au() = e u(ry) + /

fo

t t

—etAe_SAj—sf(s,u(s))ds —I—/ e e g (s, u(s))ds

0]

u(t) = e e 4 u(ty) + /

To

t d t
u(t) = "4 (1) + f —e(t_s)Ad—f(s, u(s))ds + / e g(s, u(s))ds
1 S )

u(t) = " Au(tg) — £t u(t)) + 7O f (19, u(to)) — / A9 f (s, u(s))ds

0]

t
+ f =9 g (s, u(s))ds
1o
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w(t) =T (t —1t0) xo — f(t,u(t)) + T (t — 10) f (10, u(0)) —/ AT (1 —5) f(s,u(s))ds

]

t
+ / T (t —s)g(s,u(s))ds

1o
t

ut) =T (1 —to) [xo + f (10, u(t0))] — f(r,u(r)) —/ AT (1 —5) f(s,u(s))ds

]

+ / T (t —s)g(s,u(s))ds

)
The following lemma will be needed in the proof of our main result.
Lemma 3.2. If u(?) is a solution of (1) on (79, #1), then

u(t) =T (t — 10) [xo + f (t0, u(t0))] — f(z,u(t)) — / AT (1 —5) f(s,u(s))ds
)
“4)

t
+ / T (t —s)g(s,u(s))ds
To

Conversely, if u(z) : [t9,t1) —> X 1s a continuous function, and

fo+7T to+t
f | £ (s, u(s)ll ds < oo, f (s, u(s )l ds < o0
lo fo

for some T > 0, and if the integral equation (4) holds for fop < t < t1, then u(z) is a
solution of (1) on (g, #1).

Proof. The first claim is immediate in view of the solution above and from Definition
3.1. Suppose u(t) is a solution of the integral equation (4) and u(t) € C((to, 1), X). We
first prove that u(¢) : (t9,t;) —> X is locally Holder continuous. Iftg <t <t+h < 11,
then

u(t +h) —u@) =T (t +h —19) [xo + f (to,u(t0))] — f(t + h,u(t + h))

t+h t+h
— f AT (t +h —s) f(s,u(s))ds + f T(t+h—s)g(s,u(s)ds
0]

fo
t

ST (= 10) Lo + f (o ulto)] + £t u(0)) + / AT (t — ) f(s, u(s))ds

1o

t
— f T (t —s)g(s,u(s))ds
fo
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=T +h—1)[xo+ f (t0, u(to))] — T (t — to) [x0 + f (to, u(tp))]

t
— [+ hou(t + h)) + f(t,u?)) +/ AT (t —s) f(s,u(s))ds

To
t+h

t+h
- / AT (t+h —s) f(s,u(s))ds + f T({+h—s)g(s,u(s))ds

] ]

=T +h—1)[xo+ f (t0, u(to))] — T (t — to) [x0 + f (fo,u(t))]

t
— [f @+ h,u +h)) — f(t,u(t))] +f AT (t —s) f(s,u(s))ds

To
t+h

- / AT (t +h —s) f(s,u(s))ds — f AT (t +h —s) f(s,u(s))ds

to t

t+h t
+ / T(t+h—s)g(s,u(s)ds + / T(t+h—ys)g(s,u(s))ds
t

To

— / T (t —s)g(s,u(s))ds — / T (t —s)g(s,u(s))ds
to fo

=TT (t —19) [xo + f (o, u(to))] — T (t — 10) [x0 + f (10, u(tp))]

t
— [f @+ h,u@ +h) — f(t,u(t))] +/ AT (t —s) f(s,u(s))ds

To

t t+h
— / AT(W)T (t — s) f(s,u(s))ds — / AT(WT (t — s) f(s,u(s))ds
fo t
t+h t
+ / T(WT (t —s) g(s,u(s))ds + / T(WT (t —s) g(s,u(s))ds

t t
— / T (t—s)g(s,u(s))ds — / T (t —s)g(s,u(s))ds

fo fo

=T (t —1o) (xo + f (20, u(t0))) [T (h) — I] = [f(t + h,u(t + h)) — f(t,u(t))]

t 1
—f (T'(h) — DAT (¢t —s) f(s,u(s))ds +/ (T'(h) — DT (t —s) g(s, u(s))ds
to fo
t+h t+h
—/ AT (t +h —s) f(s,u(s))ds—i—/ T (t+h—ys)g(s,u(s))
t 1
Now if 0 < § < 1 — «, then for any z € X, we have by Lemma 2.2
KT () — DTt = $)zlly, < C(r = 5)"“HPn2e™) ).
Hence for ¢ € [1y, 1] C (to, 11),

lu(t + h) —u(t)|l, < Kh®, K a constant.
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Itfollows thatt — f(t,u(t)),t —> g(t,u(t)) are locally Holder continuous on (#, t1).
So u(t) solves the linear equation

%[v(t) + f(t,v()] + Av(t) = g(t, u(t)), fh<t<nt
v(tg) = Xo.
Hence, u(t) is also a solution of (1) on (g, t1). |

Definition 3.3. A continuous solution u of the integral equation (4) is called a mild
solution of the initial value problem (1).

We can now proceed to the proof of the following theorem which is the main result
of this paper.

Theorem 3.4. Let A be the infinitesimal generator of an analytic semigroup 7'(¢), 0 <
a < l,and f,g: U — X, U an open set of [0,00) x X,, f(¢,x),g(t,x) are locally
Holder continuous in ¢, locally Lipschitz continuous in x; then for any (7, xg) € U
there exists T = t(fy, xg) > 0 such that (1) has a unique mild solution u« on (9, ty + 7)
provided ¢ < 1 where

L8 L8

= L M, + A°L
C= b Ma A T B A L) T A, + L)

and B = max || f(zo,xo0)ll.
[t0,t0+€]

Proof. It suffices to prove the result for the integral equation (4), the ‘“variation-of-
constants formular”.
Choose § > 0, € > 0, such that the set

V ={(t,x) € [0,00) x Xo|t <t <1o+¢,|x—xollqy <3} CU,
and
If @ x)— fENI<Llx—ylg for (z,x), (t,y) € V.
Now let

B = max | f(z,xo)ll 5
[70,t0+€]

and choose 7 sothat 0 < t < € and

(T () = Dxoll, < 8/4 forO<h <7, (6)

T
My(B + LS)/ u “e"du < 5/4 (7)
0
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where
AT (@)|| < Mot~ e fort > 0. (8)

Let S denote the set of continuous functions u : [y, fo+7] —> X, suchthat |lu(t) — xoll, <
donty <t <ty+ 7, provided with the maximum norm

lull = max |u(?)],
t0,f0+7T

then § is a complete metric space.
For u € S, we define

Qu(t) : [to,to+ 1] — X by

t
Qu(t) =T (t —to) [xo + f (10, u(t0))] — f(r,u(r)) —/ AT (t —5) f(s,u(s))ds

1o

t
+ / T (t —5s)g(s,u(s))ds.

To

We show that ® maps S into itself, i.e.,
d:5— S )

and @ is a strict contraction.
To show this, it suffices to verify that

I Pu(t) — xollq, = | Pult) — A%xo| <6, t<t<ty+r.
So

I Pu(t) — xolly < I(T(z —1t0) = Dxolly, + 1T — t0) f (o, u(t0)) — f (£, W)l

t
+ / ATt —s)[f(s,u(s)) — f(s,x0)lds
t
+ ‘ / AT(t —s) f(s,x0)ds
1o o
+ / T(r —s)[g(s,u(s)) — g(s, xp)dsl|| + / T(t — 5)g(s, x0)ds
to o ) o
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< (T (t —1t0) = Dxoll + 1Tt —10) f (20, u(t0)) — f (£, )l

t 1
+ Ly ‘ / ATIT(t — $)ds| |lu — xoll + By / AT (s — §) f(s,x0)ds
i ?
! .
+ L, / AT (t — s)ds| llu — xoll + By / A*T(t — s)ds
to 0]

< (T (t —1t0) = Dxoll + 1Tt —10) f (20, u(t0)) — f (£, )l

t t
+ L8 /A““T(t—s)ds fA““T(t—s)ds
to ]

+Bf‘

t t
+ L, ‘ / AT (t — s)ds|| + By / AT (t — s)ds
fo fo
8 t t
<zt (L¢8 + By) / AYTIT(t — s)ds | + (LgS + By) / A*T(t — s)ds
fo fo
5 to+7
<o+ (Ly8+ By) Mt / (t —s) % e gy
fo

fo+7
+ (Lgd + Bg) M, / (t —s) %" Hds by (3.5).

0]

But by (3.4),

t+7 T S
/ (r— S)_aea([_s)ds = / u *e"duy < ————.
0 0 A4M,(B + LJ)

So

|Dut) — xoll, < >+ (Ly8+ By) My118 (L¢84 Bg) Myd
“T 2 AMayi (By+Lyd) | 4Mo (Bg + Lyd)

5
< +§:8, fortg <t <ty+r.

| >

Also, ®(y) : [to,t0 + T] —> X, is continuous by the continuity of f, g and strongly
continuity of 7'(¢), and so ® maps S into itself.

We next show that

|Pu(t) — ®v(t)|| < c|lu— v foru,ve S,c < 1. (10)
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Fortg <t <ty+r,

[ Pu(t) = Pv(D)ll, = IT( = 10) Lf (20, u(t0)) — f (10, v(to)]llg + [1F (2, u(2)) — f (2, v(0))l,

t
+ ‘ / T(t—s)[f(s,u(s) — f(s,v(s))]ds
t
+ ‘ / Tt —s)[g(s,uls)) — g(s,v(s)]ds
o o

= [A“T(t —10) [ f (10, u(10)) — f (10, v(t0))]]
+ | A* (f @ u@) — fv@))|

+ ‘ / AYTIT(t — 5) [ f (s u(s)) — f(s,v(s)]ds
t
+ ‘ / AYT(t — s5) [g(s, u(s)) — g(s,v(s))]ds
fo

< LyMg llu—vll+ ALy llu—v|
fo+7
+ LMoy f (t—5)" 1 flu— vl
1

0

o+t
FLMy [ =7
0]

)
<|LsM,+ A°L LM —
= |: [ + f + f a+14Ma+1(B T Lf5):| ”M V”

LM, -
+[ g a4Ma(B+L83)] I — vl

u—v

< |:LfMa + AO{Lf +

forall u,v € S.

L¢é n Lgd
4B+ Lys) 4B+ Lyo)
(3.7), one can apply the contraction mapping theorem to @ to obatain that

There exists a unique fixed point u € §, which is a continuous solution of the integral
equation (4) and has f(¢, u(z)), g(¢, u(t)) bounded as t — ¢*. By Lemma 3.2, this is the
unique solution of (1) on (zg, #o + 7). |

< 1, then by (3.6) and

Clearly,ifc = Ly Mo+ AL s +

Example 3.5. Consider
2

0 0 0
— [u(t,x) + f(t,x,u(t,x))] =u—7s — u—u + g(t,x,u(x,t)) O0<x<1,t>0
ot dx?2 0x

(11)

u(0,1) =0,u(l,r) =0 O<x<1,t>0
(12)
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where f,g : R x [0,7] x R — R are measurable in x, locally Holder continuous in
t and locally Lipschitz continuous in #, uniformly in x, with

gt x, Wl < h(r(e,lul),  h e LXO, 1), (13)

r continuous and increasing in its second argument.

Take
2

X =L%0,1),A = —%
with domain
D(A) = H*(0,1)N Hy(0,1)
and
D(AY?) = X1, = HJ(0,1).
We write (3.8) as
F(1,9)(x) = —p(x)(@)'(x) + g(t, x, p(x)) (14)
and prove that

F:RT x Hj(0,1) — L*(0,1), 0<x<l,

satisfies the hypotheses of Theorem 3.4.
X
Now, we observe that, for ¢ € HOI(O, 1), ¢(x) = f ¢'(&)dE, so ¢ is absolutely
0

continuous with

sup [p(x)] < NPl 2

so from (3.10) and (3.11), we have
IFE D201y < |I¢|I%/2 + Il 20,0y 7 (25 10111 2) »

and F maps bounded sets in R* x X; /2 into bounded sets in X. Also, if (7, o) €
R x X, /2, ¢o continuous, then there exists a neighbourhood V' of the compact set
{(to, x,p0(x)) : 0 < x < 1} in RT x [0, 1] x R and positive constants L, 6 so that for
(t1,x,u1) e V,(tr,x,up) € V,

lg(t1,x,u1) — g(t2, x,u2)] < L (It — 7 + luy — ual) .
Hence there is a neighbourhood U of (7, ¢¢) in RY x X; /2 so that

(t,p) e U = (t,x,p(x)) eV foraeO0<x <1;
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and if (¢1,¢1) € U, (12, ¢2) € U we have

lg(t1, - @1()) — g(t2. 2 Nlp2ory < L (161 — 2I° + 11 — g2l -

Also for any ¢1, ¢ in X2,

[0105 = @205 1201y = 61 (@1 = 62) | 12 + | @1 = ¢2) 3] 1.2
< il llor = @2llifp + lid2ll1 2 - 161 — 21112
< (lp1ll1j2 + o211 /2) 1 — d2llya -

Thus all the hypotheses of Theorem 3.4 are verified for the boundary value problem
(3.10)-(3.11).
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