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Abstract :

In this paper some properties of kernel of Namias fractional Hankel transform
are proved and fractional Hankel transform is extended in the distributional
generalized sense. Testing function space is defined. Analyticity, inversion
theorem and uniqueness theorem for the generalized fractional Hankel
transform are proved.
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I. Introduction :

Namias [ 5 ] introduced the concept of Hankel transform of fractional order by the
method of eigen values. Kerr [3] also defined fractional Hankel transform which was
studied by us in detail in [7, 8, 9]. The fractional Hankel transform have many
applications in optics [2, 6], quantum mechanics [4], signal processing [6]. The
fractional Hankel transform defined by Namias is,

HE[F OO =, Kul, ) f (x)dx (1)
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is the generalization of the conventional Hankel transform

HELF O] =, £ (x) ], (ey)xdax (3)

and the fractional Hankel transform defined by Kerr [3] is a generalization of Hankel
transform defined by Zemanian [10]. It is interesting to develop some properties of
above defined kernel (2) and to extend Namias fractional Hankel transform in the
distributional generalized sense.

In this paper section Il discusses some properties of kernel where as in section 111
we define testing function space. Section IV gives inversion theorem and section V
uniqueness theorem, last section concludes the paper.

I1. Properties of Kernel:
We prove the following properties of kernel of fractional Hankel transform.

L Ke(y,x) =2 Ku(x,y)
2. K_.(x,y) = Ki(x,v), where ‘*’ denotes the conjugation

3. For «= 1t the kernel coincides with the kernel of the Hankel transform given
in (3)

4, KOC(X,O) =0= Ko((oay)

5. K.(—x,y) = e mC*tDK (x,y)

6. fooo K. (x,y) Kz (v, 2)dy = Kuyp(x, 2)
Proof: First five properties are simple to prove, hence we prove the last property.

(6) fooo Ko (x,y) Kg(y,2)dy = Key p(x, 2)

L.HS. = fooo K. (x,y) Kz (y, z)dy
i a B 1) i a b
— Bv,och,[?e_E(xZCOt?I-ZZCOtE)x fo ye—zyz(cot2+cot2)jv <x_yu)]v (X_3/B> dy (4)

let first evaluate [” ye=Y"J, (x,)/,(z1y)dy,

a B x z
= =+ = == ==
where A (cot -+ cot 2), Xq <Si Z), Z (Si ,23>

e _1 e e
| ye-fw/y(xly)]v(zly)dy=z12{ | @i eeosayday - [ (zly)%y%/y(xly)Jv(zly)sm(AyZ)dy}
0 0 0
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Using results (26, 27) on page no. 57 of [1].

] 22sin?Z 4 x2 szﬁ -
X Xz ' 25in2%sin2b, B w+1)7
L.H.S = = 3 Iy - 3 ” z e sin?3sin 2<Cot2+cot2)
(coti + cot 7) sinisinﬁ(cotﬁ + COt?)
Equation (4) gives,
l B x Xz
L. H.S = Bvchuﬁe (x cot2+z cotz)

Jv
a ., a . a
<C0t§+ COt%) SlTl?SlTl%(COt?"' COt%)
22sin2Z4x2sin2E
i 2 2 v+1)Z
e <Zsin2%sin2g<cot%+cotg) ( )2>

after some straight forward steps we obtain,

l(v+1)<n OHZ'B) Xz a+f
——(x +zz)cot( )
L.H.S= (D) I (sin(u;B)> xe 2

=B, 0(+ﬁxe—§(x +zz)cot( zﬁ)fv Xz

= Kutp(x, 2)
=R.H.S.

11 The testing function Space E:
An infinitely differentiable complex valued function @ on R" belongs to E(R") or E if
for each compact set BcS,, where S, ={xeR" |x| <a,a>0}yzi(®)=

ren| DX (x)| < o0, 4P ID¥B(x)| < oo, keN™.
Clearly E is complete and so a Frechet space.
The fractional Hankel transform on E':
It is easily seen that for each xeR™and 0 <«x< 2m the function K. (x,y) belongs
to E as a function of x.

Hence the fractional Hankel transform of feE’ can be defined by

Hy[f(0)](y) = F(y) = (f (x), Ko (x, y)) (5)
where
Koc(x, y) = el(%:l[;_ﬂXe (‘_+i)cotglv <Sm )

then the right hand side of (5) has a meaning as the application of feE’ to K. (x,y)€E.
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IV Inversion Theorem:
Let feE'(R),0 <x< 7 and suppf subset of S,where S, = {xeR", |x| < a,a > 0}
and let F(y) be the generalized fractional Hankel transformation of fdefined by

Hy[f ()]1() = F(y) = (f (x), K (x, y))
Then for each @eE, we have

(F (), 8()) = ¢ j Ka,y) F(y)dy, 0(x))
0

Where
—l(U+1)[%—%] ix? iy? - X
K. (x,y) = 7%( 73 )Cot2]v : yoc
Sln7 Sln7

Proof :- To prove the inversion theorem, we state the following lemmas to be used in
the sequel.

Lemma 1:-
Let HX[f(x)](y) = F(y) for 0 < o <7 and supp S, for @(x)eE

¥(y) = j Rary) 0(x)dx

0

Then for any fixed numberr,0 <r < oo

I3 O (F Q). K S 9T = (F (D), [ w()K(C, ¥) dr) (6)

where y = ¢ + iteC™ and { is restricted to a compact subset of R.

Proof:- The case @(x) = O is trivial, let (x) # 0,

It can be easily seen that, forl,[)(y) K. (Z,y)dt,where y = ¢ + it is C* - function
of ¢ and it belongs to E. Hence the right hand side of (6) is meaningful.

To prove the equality, we construct the Riemann-sum for this integral and write

for‘l’(}’) (f((): Ko(((: }’))dr = mlinoo(f(()' Zﬁgol Ko(((: o+ iTn,m))‘ab(O- + iTn,m)ATn,m-

We show that the last summation converges in E to the integral on the right hand
side of (6). Consider,

m-1 -
VB k {Z Koc((a o+ iTn,m)w(O- + iTn,m)ATn,m - j d’(y) Koc((a y)} dt
n=0 0

m-1 -
=S DkKoc 0+ nm +1i nm A nm DkKoc ) d
up [ 6 e i) = [ w0 00 2
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Carrying the operator Dé‘ within the integral and summation signs, which is easily
justified.We get,

lim g1 DE¥K(3,0 + ity m)P(0 + iTpm)ATm = [; Y(¥) K<({, y)dr,V {€B.

m — OO

It thus follows that for every m, the summation is a member of E and it converges
in E to the integral on the right hand side of (6).
Hence the proof.

Lemma 2:-
For @(x)eE, set Y(y) as in Lemma 1 above for yeC, { is restricted to a compact
subset of R then

M, (Q) = [§ K(3,y) [ Ko (x,y) @(x)dxdr (7)
converges inEtoy({) asr —» o .

Proof:-
We shall show that M,.(¢) —» @({) in E asr — oo. That is to show,

VoM Q) = (O] = LB (DEIM, () — 0]} - Oas 7 = o

We note that for k=0,
j K«(¢,y) (j Ko (x,y) ®(X)dX> dr = 0({)
0 0

lim
— 00

That is to say that _ M, (3) = o(0)

Since the integrand is a C*- function of { and @ € E, we can repeatedly
differentiate under the integral sign in ( 7 ) and the integrals are uniformly convergent.
We have

j DEK.(¢,y) (J Kx(x,y)Q)(X)dx) dr = @({)
0 0

forall ¢ € B.
Hence the claim.

Proof of inversion Theorem:
Let ¢(x)e E . We shall show that

(J] K«Cx, ) F(y)dr, @(x)) tends to (f (x), §(x)) asr — oo (8)

From the analyticity of F(y) on C and the fact that @(x) has a compact support in
R, it follows that the left side expression in (8) is merely a repeated integral with
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respect to x and y and the integral in (8) is a continuous function of x as the closed
bounded domain of the integration.
Therefore we write (8) as,

[ 0@ [ Gy Fardx = [ ) FQ),Klg3)ben
0 0 0

Since @(x) is of compact support, and the integrand is a continuous function of
(x,y) the order of integration may be changed. The change in the order of integration
is justified, where

() = [, KeCx,y) 0(x)dx

This yields
W) (FQ), K (G, y))dt = (FQ), [ w()K (S, y) do) 9)

again by lemma 2, RHS of equation (9) converges to (f({),8({)) asr — oo.
This completes the proof of the theorem.

V. Uniqueness Theorem :
If HX[f(x)](y) = F(y) and H[g(x)](y) = G(y) for 0 <x< % suppf subset of S,

and suppg subset of S, where S, = {x€R, |x| < a,a > 0},
if F(y) = G(y)

then f = g in the sense of equality in E'

Proof :- By inversion theorem

flog= j K [FO) - G()]dy

=0,asF(y) =G(y)
thus f = ginE'
This proves uniqueness.

V1 Conclusion:-

We present some properties of kernel. The inversion theorem for the generalized
fractional Hankel transform with two lemmas is given. Uniqueness theorem is also
given. Further we plan to prove operation transform formulae and some more
interesting properties of this transform.
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