Global Journal of Mathematical Sciences. Theory and Practical.
ISSN 0974-3200 Volume 5, Number 4 (2013), pp. 269-272

© International Research Publication House
http://www.irphouse.com

Solution of First Order Linear Forward Difference
Equation with Variable Coefficients

Sandeep Maurya

Kanpur, Uttar Pradesh, India
Sandeepmaurya.mauryas531@gmail.com

Abstract

In this paper, first order linear forward difference equation with variable
coefficients be solved with the help of integrating factor.
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1 Introduction:
A difference equation of the form Ay(X)+P(X)y(x)=Q(x)---(1), where
P(x) and Q(x) are functions of X and contain step size h aso, is called first order

linear forward difference equation with variable coefficients.
Solution of above equation (1) is given by

_ 1 - _c
y(X) = 00 AH{u(x+h)Q(x)} + 0

where ¢ isan arbitrary constant and u(x) isan integrating factor and is given by

( ) A_llog{lf;(X)}
u(x)=e

Method and Pr oof:
From above equation (1)

Ay(x) + P(x) y(x) = Q(x)

Multiplying by u(x+h) on both sides, then
u(x+h)Ay(x) +u(x+h)P(x) y(x) = u(x+ h)Q(x)
Take u(x+h)P(x) = Au(x)---(2) , then
u(x+h)Ay(x) + y(x)Au(x) = u(x+h)Q(x)

We know that

Me(X)y (X)} = ¢(x+h) Ay (X)+y (X)Ag(X)
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or
P()AY(X) +y (X+h)Ag(X)
Then, A{u(x)y(X)} =u(x+h)Q(x)
u(xX)y(x) = A {u(x+h)Q(x)} + ¢, where ¢ is an arbitrary constant

V(%) = —— AHu(x+ PQJ} +—
u(x)

u(x)
From (2) u(x+h)P(x) = Au(x)
u(x+h)P(x) = u(x+h)-u(x)
u(x) ={1- P(x)}u(x+ h)
logu(x) =log{1- P(x)} +logu(x+ h)
logu(x+ h)—logu(x) =—log{1- P(x)}

Alogu(x) = Iog{l_ I}’(x)}

logu(x) =A™ Iog{l_ I}’(x)}

( ) A_llog{lf;(X)}
u(x)=e

Thus, y(x)= iAfl{u(x+ h)Q(x)} +L, where c is an arbitrary constant and
u(x) u(x)
u(x) isan integrating factor and is given by

U(X) — eA_llog{lfP(x)} .
Example 1. Show that A™{ f (X)g(X)} = f (x—h)A™g(X) - A™{Af (x—h)A™g(X)},

where h isstep size.
Solution. We know that

Moy (X)} = o)A (X) +y (X+h)Ag¢(X)
v (x+h)Ag(X) = A{e(X)y (X)} —2(X) Ay (X)
Ay (x+h)AG(x)} = ATA{p(x)y (X)} = A { () Ay (x)}

Ay (x+h)Ag(x)} = p(X)y (X) - A { (X Ay (X)}
Take w(x+h) = f(x) and Ag(x) = g(x), then

AT (99(x)} = f(x-h)A7g(x) -A™{Af (x—=h)A™g(x)} .

Example 2. Solve Ay(X) +Lh y(x) = x?, where h isstep size.
X+

Solution. Ay(x) +L y(x) = x
X+h
Equate with Ay(x) + P(x) y(x) = Q(X)
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Here P(x) = —x:] - and Q(x) = x

A’llog{ L }
ux)=e P

At Iog{ 1h }
1-—
—e x+h

)

— eA’l{log(x+h)—log x}

- eA‘lAIogx

:elogx
=X
Solution is given by

y(X) = iAfl{u(x+ h)Q(x)} +—°  where cisan arbitrary constant
u(x) u(x)

_1,a -3, C
XA {(x+h)x }+X

:—Al{(x+h) 1 }+E
X (x+h)(x+2h)(x+3h)| x

1 1{ 1 } c
—A +—
X (x+2h)(x+3h)| x

=1A‘1(x+ h)? -
X X

1)@ e
X -h X

B 1
hx(x+ 2h)
c 1

Cc
4=
X

X hx(x+2h)’

Example 3. Solve Ay(x) + (1— a’ X;Ej y(X) = where h isstep size.
X+

_ n X=h 1
Solution. Ay(x)+(1—a mj y(x)_—(x+h)‘2)
Equate with Ay(x) + P(x) y(X) = Q(X)

_[q_gnX=h __ 1
Here P(x)—(l a X+h} and Q(x) (x+h)®

A‘llog{ L }
ux)=e X



272 Sandeep Maurya

— eA-l{mgah (x+h)—|og(x—h)}
— eA’l{hIoga+log(x+h)—log(><—h)}
— eA'l{h|oga+|og(x+h)—|ogx+|ogx—log(x—h)}
— eA'l{hloga+A|og><+A|og(x—h)}
— eA'l{hloga+A|ogx(x—h)}
- eA’l{ hloga}+A~*Alogx(®
- exloga+|ogx(2)
- elogax+logx(2)
— elogaxx(z)
=a*x®?
Solution is given by
y(X) = ﬁAl{u(x+ h)Q(x)} + ﬁ , Where ¢ isan arbitrary constant

_ 1 -1 . x+h @ 1 C
_—aXX(Z)A {a (x+h) X h)® +axx(2’

1 -1[ ox+h C
- a*x? A {a }+ a*x®?
1 ax+h C
= +
a‘x? (@"-1 a*x?
1 a ¢
x? @ -1 ax®’
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