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Abstract

In this paper, the stability of impulsive infinite delay differential equations
has been considered. By using Lyapunov functions and Razumikhin
techniques, some criteria of uniform stability and asymptotic stability are
provided. We adopt several Lyapunov functionals so that not only can they
be easier constructed, but also the conditions ensuring the required stability
are less restrictive.
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1. INTRODUCTION

It is known that many biological phenomenon involving thresholds, bursting rhythm
models in medicine and biology optimal control models in economics and frequency
modulate system exhibit the impulse effect. Thus impulsive differential equations,
that is, differential equations involving impulse effects, appear as a natural description
of observed evolution phenomena for several real world problems. In recent years,
qualitative properties of the mathematical theory of impulsive differential equations
have been developed by large number of mathematicians ; see [ 1-12 ] . Systems
with infinite delay deserve study because they describe a kind of system present in the
real world. In [4], Lyapunov functionals are adopted and components of x are divided
into several groups, correspondingly, several functions Vj(t,x(j)) (=
1,2,.... ,m) are employed. In that way, to construct the suitable function is rather
easy and the imposed conditions ensuring the required stability are less restrictive.
There are some results on systems with infinite delay see [13, 14]

In this work, we consider impulsive infinite delay differential equations. By using
Lyapunov function and the Razumikhin technique ; we get some results that are more
general than the ones given in [5]. We extend the new technique developed in [4] to
study impulsive systems. We give an example to show that this new technique is
rather effective and especially applicable to system of impulsive infinite delay
differential equations.

2. PRELIMINARIES

Consider the following, impulsive infinite delay differential equations
x'(t)=f (t,x(t),x(t — T(t))), t>t,, t#ty

Ax(t) = x(t)-x(t-) = I(x(t-)), t=tk; k=1,2,.... (2.1)

Where t € R*, f € C[R* x R™ x PC((—,0],R"),R™], PC((—,0],R™) denotes
the space of piecewise right continuous functions @:(—o0,0] = R™ with the sup

norm |8l = _o,coenl®@(s)l, |.| is a norm in R™, f(t,0,0) =0,[,(0) =0, t >
() =0, 0=7) <71 < Ty <+ e eer. < T < ey T & @ fOr k - 00, x(t*) =
lier+ x(s), and x(t7) = lirp_ x(s). The functions I,:R" - R", k=1,2,.....,, and
S— S—

such that if ||x|| < H and I,(x) # 0, then |[x + I, (x)|| < H, where H = const.> 0.
The initial condition for system (2.1) is given by
Xg =0 (2.2)

Where @ € PC((—o,0],R™)
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We assume that a solution for the initial value problem (2.1) and (2.2) does exist and
is unique. Since f(t,0,0) =0, then x(t) = 0 is a solution of (2.1), which is called
zero solution.

Let PC(p) = {0 € PC((—,0],R™) : |91l < p}
For @ € PC(p), we define
I8l = gl = _, S&1a(s)]

For convenience, we define |x| = (i<, |x;|, for x € R™
We introduce some definitions as follows:

Definition 2.1 The zero solution of (2.1) and (2.2) is said to be stable if for any o >
to and € >0, thereisa § = &(o,e) such that [@ € PC(6),t = o] implies that
x(t,0,0)| < €.

Definition 2.2 The zero solution of (2.1) and (2.2) is said to be uniformly stable if it
is stable and & is independant of o.

Definition 2.3 A continuous W:R* — R™ is called a wedge function if W(0) =0
and W(s) is strictly increasing.

The following lemma (c.f [1]) is needed in proving the main result.

Lemma: Let u be a continuous and bounded function. Then for any wedge functions
W and W*, any h >0, and for each B > 0, there is a corresponding S* >0
such that

[, W(u(s)Dds = g implies [ W*(lu(s)))ds = g

In what follows, we will split @ = (@4, ®,, @3, ... .......,0,,)T € PC into several
vectors, say,

(0:2,0,9, ..o, 80. D) (0,2,0,2, 00, P) (0,7, 0,7, 0, ™)
suchthatn; + n, + -+ .......+n,, = n and {(51(1)'--'%1(1)'

6,?,....,0,2,0,",..8,, ™} ={0,0,,.....}
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For convenience, we define

00 = (0,2,0,7, ..., 0, ), j =12 ,m
And 8 =(p®,0@,.......,0m)
Note that the order of components in @U) is not necessarily same as that in @
For x = (x1,X3, e oo e, Xp)T € R™, we adopt the similar notation as for @ €
PC(p)
Let || = 1S,Zi’;|xk<f>|, =12 i
and thus

x| = 1 <m [

Correspondingly

max

99)] = | e PO =12 e and 9()] =, [0 (s))
Let

29| = [0 || = |80, j=12 e m
and denote

PCO () ={pYV: (—,t] » R™ | @Y is continuous and bounded},
and

PC, () = (09 € P () | |09 < p}

3. MAIN RESULTS

Theorem 3.1: let ®;: R* — R* be continuous, ®; € L'[0, ), ®;(t) < K; for t = 0
with some constants K;(j = 1,2) and W;;(i = 1,2,3,4,5,j = 1,2) be wedge functions.
Let there exist continuous functions P;, g;: (0,00) — (0, ) such that P(s) > s for
s> 0 and g;(s) is non increasing (j = 1,2) and continuous lyapunov functionals

V;:[0,0) x PCyP(£) » R*(j = 1,2)
) W[99 < Vi, 89 () < Wy, (oY ()]
+ Wa; fq>j(t—s)w4j|¢<f>(s)|ds j=12

—00



Stability Theorems of Impulsive Infinite Delay Differential Equations 21
i) When V,(t) = V,(t) there holds V{(t) < —Ws; (|xP(0)| if Vi(t—1(®) <
Py (V1(1))

When V() < V,(t) there holds V5(t) < —Ws,(|xP@)| if Vo(t —()) <
P, (V2 (1))

iii) V; (Tkx(rk") + Ik(x(rk‘))) <@+ b)Vi(te ™ x(xe7)), j =12k =12, .....
for which b, = 0 and Y-, by < oo

Where x(t) = (x® (1), x@ (¢)) is a solution of (2.1) and (2.2) then the zero
solution of (2.1) is U.A.S

Proof: Since b, = 0 and Y7, by < oo, it follows that [[;-,(1 + b)) = M

and1<M< o

Let x(t) = {xP@®),x?P ()} is a solution of (2.1). Define a function V(t) as

follows:
_(nh@, if V@) =V
vO={0 i 1oero) 31

Then V(t) is continuous forall t € R*
We first claim that for any t € R,
(Wi, (|x2(@0)]) sz Wi (]x® ®])] <V(t)

t
< W21(|x(1)(t)|) + W22(|x(2)(t)|) + Ws, f D, (t — S)W41(|x(1)(s)|)ds]
+ Ws, f d,(t — S)W42(|x(2) (S)Dds] (3.2)

In fact if V;(t) = V,(t) then by condition (i),

[Vi(®) + V(O] (Wi (|x® @) + Wi (|x@©)])]
2 - 2

V() =Vi(t) =

Whereas if V,(t) < V,(t), we also have

[Vi(t) + V2(D)] - [W11(|x(1)(t)|) + W12(|x(2)(t)|)]
> >

V(t) =Vy(t) = >
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On the other hand, the right hand inequality in (3.2) obviously holds.

Let P(s) = min{P,(s), Pz(s)} and q(s) = max{q(s), qz(s)}

Obviously P and g: (0, ) — (0, ) are also continuous, P(s) > s for s > 0 and
q(s) is non increasing.

Now we can show that

(@) On any subinterval of [ty, ©)] where V;(t) = V,(t), we have

V'(t) < —Wsr (|x® (@) (3.3)
if vit-t@®) <P(V(@®)
(b) On any subinterval of [t,, )] where V;(t) < V,(t), we have
V'(t) < —Wep (|x@ (@) (3.4)
if v(it—t@®) <P(V(®)

In fact, suppose that there is some s; > s, such that V(t) = V,(t) for t € [sy, 51]
Then by (3.1), we have

V(t) = Vi(t), fort € [sg, 1]
If Vi(t—t(@®) =Vo(t —() then V(t—1(t) =Vi(t—(t)) and P(V(D)) =
PV, (D) < PL(V1(t)), hence V(t—t(t)) <PV (t) implies Vi(t—1(t)) <
P,(V1(t)); whereas if Vi(t—1(t)) < Vo(t—1(t)) then Vi(t—1(t)) < Vo(t—
7(0)) =V(t — (@) and P(V(D)) = P(V1(1)) < P,(V1(t)), hence V(t—t(t)) <
PV (©)) also implies V; (t — 7(t)) < Py (V1 (1)).

We conclude that for any t € [s, s1],

V() = V{(®) < —Ws, (|xP@)]) if V(e—1() < PWV(D)
In a similar way

V'(t) = V5 (t) < W, (|xP(@0)]) if V(t—1®) <P ()
The trivial solution of (2.1) is trivially U.S

Furthermore, we can show the U.A.S. Let € = h < H, we can find the corresponding
§(h) >0 (6 <h) in the US, and let n = §(h) then [0 =ty, @ € PC,(5),t = a]
implies

V) <% and [x(®)| <h (3.5)

Where Mh* = min{W;(h), Wy, (h)}
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For any given y > 0 with y < h, we will find a T(y) > 0 such that [c > t,, @ €
PC(8),t = o+ T] imply |x(t)| = |x(t,0,8| <y. Since @; € L'[0, ), for the given
y > 0, let My* = min{W;,(y), W;,(y)}, we can find [ > 1 such that

Wy (R) [[” @;(s)ds < Ws;

And

al, aEON
sz {W4] [W3] 4 ]} < : ) ] = 1,2

(ZKjl

Then for t > o + [, we have by (i) that

*

Vi(t) < Wy (|xD(©)]) + Ws; [W3j‘1(;;) +K; [, W (|x(j)(s)|)ds] Jj=12. (3.6

Let 0 < a < inf{P(s) —s (y?) < h?*} and let N be the smallest positive integer such
that

V* h*
? + Na = ? (37)
Sett, =0+ kT", k =0,1,2,........, N where T* is to be determined later and will be
independent of o and @
We claim that
V() < L+ (N =ka, for >t k=012,..,N (3.8)

Obviously, (3.8) holds for k = 0 in view of (3.5) and (3.7). Suppose that for some
k:0 <k <N-1, (3.8 holds. We want to show that (3.8) also holds for k + 1, i.e.
V()< L+ (N =k —1a, for t > ty,, (3.9)

2

Let r = max {l, q (%)} We first prove that if there exist some t; > t; + r with

*

V() < L+ (N—k-1a, (3.10)

Then

V) < L+ (W —k-1a for t21, (3.11)
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In fact, suppose it is not true, then there is a £ > t; with V(f) > y?*+ (N—k—-1)a
and V'(£) >0

h* Py
andt >t >t +r,

. y* 2
Since 5 < V(t) < -

we have PUE) >V +a> L+ -Ka2V(-1(1)
Noting that V (£) > %*and q(s) is non increasing,
we have q(V(@) < q(y?*), and thus

t—qv@®)zt-qB) =t-1.
Hence there holds

P(V(®))>V(t—1(D)

It follows from (3.3) or (3.4) that either

Vi@ < W (xP@®| <0
Or V(@) < —Wg(|xP @] <0
In either case it leads to a contradiction. This shows that (3.11) holds.

Next, we show that there does exist some t; € [t + 1, t;41] Such that (3.10) holds.

Suppose not, for all t > t; + r we would have

Ly(N—k-Da<v(®) <L+W-ka (3.12)

This with the same arguments as above we obtain for t > t;, +r
Either V'(t) =V'1(t) < —Ws1 (|xP ()| (3.13)
or V'(t) =V'5(t) < —Wsy(|xP ()| (3.14)

As we have shown before, one or the other inequalities holds on successive
subintervals of [t + r,4+0). For any t > t;, + r we denote on [t; + 7, t] by I1, the
set of subintervals where V,(t) = V,(t) and by 12 the set of subintervals where
Vi (t) < V,(t). Then on 11, where (3.13) holds we have by (3.6) with j=1 and (3.12)

that
(Y_*) t .
Woy (JxD@©)]) + Wy W31'1% + Ky | Way (|x@(s)|)ds| = Vi) =V (e) > %
t—1
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Which implies that either

War (F @) ZV:* Ie. PO 2w, ™ (VT)
o W1 W31_1@ +t K ftt_lWA,l (|x(1)(s)|)dsl > VI
ie [5 Wer (Jx®()|)ds = Wiy~ i
- e AT

Then by lemma 1 there exist a §; > 0 such that

ftt_l Wsq (|xP(s)|)ds = p,

Let Ell = {t € 11|W21(|x(1)(t)|) = y:*} and E21 = [tk + r, t] - Ell'

25

(3.15)

(3.16)

Similarly on I,where (3.14) holds, we have by (3.6) with j=2 and (3.12) that either

@) = Wy (1)

Or for some 3, > 0,
t
f Ws, (|x(2)(s)|)ds > B,
t—1

Let By, = {t € 12|W22(|x<2>(t)|) > V;} and Ey, = [t + 7, t] — Eyy
Suppose k;" is the positive integer with
* h* * .
kB> = (" = 1), j=12
h* h*

LetT* =T+k1*l+k2*l+ *

Walwer (D) | Wl ()]

Since the total measure of the interval [t, + 7, ¢, + T*] is

h* + h*
wea[war 7 ()] wea[wea T (F)]

there must hold at least one of the following cases:

KU+ kL +

.
wa[war ™ ()]

b) m(E,) = k,'1

a) m(Epq) =

andsett =t, +T"

(3.17)

(3.18)
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h*

Wea[ W (D))

d) m(E,;) =k,"l, where m(E;;) denote the measure of set E;;(i,j = 1,2)

c) m(E;p) 2

If (a) holds, then it follows from (3.13) and (3.15) that

Vi(te +T*) < Vit +w) — ftt,f:;* Wy (|x@(s)|)ds
S h?* - fEll W51 [W21_1 (y:*):l dS S _h?* < O

This is a contradiction.
If (b) holds then there must exist k," points in E,; such that
<< <t G2te+wHlandf, 263+ i=12,., k"
Hence, we have by (3.13) and (3.16) that
tk+T*
Vit + T7) < Vy (b + w) — f W, (|x®(s)])ds
tpt+w
ke G
n € W
<=-) j We (XD ()[)ds < =~ ky"By < 0
i=1 fl—l
Again, a contradiction

Similarly, by (3.14) and (3.17) or (3.18), we can conclude that ( ¢) or (d)
also leads to a contradiction. This shows that there must exist some ¢ € [t; +
w, t; + T*] such that (3.10) holds. Thus

V() < §+ (N—k—1a,forallt =t +T" = ty4q,
i.e, (3.9) is true.
By induction, we arrive at

[Wa1 (Ix® @D+ (2 @)
2

If V(7)) = Vo(ty) then V() = Vy(t;); from inequality (3.19) and condition
(iii) we have

Vi) =V (Tz,x(Tz_) + Ik(x(fz_))) =1 (Tl’x(Tl_) + Ik(x(Tz_)))

<V <L for t2ty=0+NT" (3.19)

<@ +b)Vi(n 7 x(m 7)) <A+ bl)%*
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If Vi(t) < Vo(7y) then V(z;) = V,(7;); from inequality (3.19) and condition
(iii) we have

V() =V (t,x(r) + L(x(@0)) = V2 (1, x(1 ) + L(x(@)))
< W+ bVa(r 2 (@) < A+ b)S
So in either case, we have proved that V(z;) < (1 + by) h?
Next we prove that
V() < (L+b) S forn, <t <ty (3.20)
If inequality (3.20) does not hold, then there isa $ € ( t;, 7;41) Such that
V(> +b)S

and V'(3) > —Ws; (|x®(8)

), V() <V($)fort € [1,3]
Since t > 7(t) = 0, we have
V(E—1(8) = P(V(%)
From (3.4) V'(3) < —Ws1(|x(8)
This is a contradiction. So (3.20) holds.
If Vi(t141) 2 Va(T144) then V(7y4q) = Vi(Ty41);

from inequality (3.20) and condition (iii) we have

V() =V (T 2101 + e (x(11417)))

).

=0 (T1+1,x(Tz+1_) + Ik(x(’flﬂ_)))

<@+ bl+1)V1(Tl+1_'x(Tl+1_)) <A+by)A+ bl)h?
If Vi(Ti41) < Va(Tig1) then V(zyyy) = Vo(Ti54);
from inequality (3.20) and condition (iii) we have

V() =V (Tia0, % (@1417) + e (x(1141 7))

=V, (‘[l+1,x(T1+1_) + Ik(x(TH'l_)))

h
< (@4 b )Vo(r7x(17)) < (X + b)) + b1)7
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So in either case, we have proved that
V(te) < (1+ b)) (1+b) %
By simple induction, we can prove that in general
V(i) < (1 + byyjrq) or . (1 + bl)h?* for 14 <t <Ti4is1

Taking this together with (3.2) and (3.19) and [[;~,(1 + b;) = M, we have

Wi (IxP @) +wi2 (xP @)
2

l<viy <M forezo
Since Mh* = min{wy(h), w1, (h)}, we have

W11(|x(1)(t)|) < Wi, (h), W12(|x(2)(t)|) < Wi, (h).
Therefore,

lx(@®)| = max(|xP©)|), (|xP©®)|) <, fort=0+T
where T = NT* is obviously independent of o and @.

Therefore, the zero solution of (2.1) is U.A.S

Theorem 3.2: Suppose that there exist continuous lyapunov functionals
Vi: [@, ) X Cy’ () > R*(j = 1,2, ....,m) satisfying (i) in Theorem 3.1 and
such that

(i) when V, (t,x(k)(.)) = max[Vj(t,x/(.))|1 <j <m)], there holds
Vi' (6, x® () < —Wer (|x® @) if Vie(s, x®()) < P (Vi (8, xH())  for
s € [max{a, t — q(vi(t))},t], where Ws; are wedge functions and P;,q;

have the same properties as in Theorem 3.1 for j = 1,2, .....,m then the zero
solution of (2.1) is U.A.S

4. CONCLUSION

In this work, we have considered the impulsive infinite delay differential equations.
By using Lyapunov functions and Razumikhin technique, we have obtained some
more general results. When using the razumikhin technique, we used a new technique
given in [4], this technique has been extended to study impulsive infinite delay
differential systems.
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