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Abstract

Queueing systems with Bi-level control policy have been studied in the
literature (Lee et al. 2003,1994 and J.C.Ke 2004). Most of the queueing
models Bi Level control policy can be analyzed using Decomposition
property. The objective of this paper are i) to analyze some general bulk
arrival queueing system with server vacations and early setup time and to
drive the probability generating functions ii) Study state various performance
measures and find the optimal values
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I INTRODUCTION

The bi-level control policy was first introduced by Lee and Park (1997) for an
M/G/1queueing system. They have used the decomposition property of vacation
queues to derive the distribution of the number of units in the system and developed a
procedure to find the optimal value of (m,N) that minimizes a linear cost. They have
shown that the double-threshold policy is more beneficial than the conventional single
threshold policy. Lee et al., (1998) analyzed M*/M/1 queue with bi-level control and
obtained the queue length and waiting time distribution.

Later Lee et al.,(2003) extended Lee and Park (1997) model to a non-Markovian
batch arrival system with/without server’s vacation .The works mentioned above
focused only on reliable servers and do not investigate the cases involving unreliable
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server with both vacations and early startup. Ke (2004a) considered a bi-level control
of batch arrival M*/G/1 queueing system in which the system is unreliable and is
characterized by an early setup and multiple vacations. All these papers used the well
known decomposition property of vacation queues directly to derive the PGF of the
stationary queue length distribution.

Past work regarding queues may be divided into two categories (i) the case of
controlling the service and (ii) the case of controlling the arrivals. Regarding the
control policy of service, Yadin and Naor (1963) introduced an N-policy for M/M/1
queueing system, which turns the server on whenever N (predetermined value) or
more customers present in the system and turns off the server when the system
becomes empty. Lee et al., (1994a) successively combined the batch arrival queues
with N-policy and later Lee and Srinivasan (1989), Lee et al., (1994b and 1995)
studied the behavioral characteristics of batch arrival queues with N-policy and server
vacations. But these research works do not involve setup operations.

In many real world production systems, setup operations are needed in several
occasions. For example, when the machine changes its production type, the operator
of the machine changes the tools and adjusts the machine speed. Sometimes, a setup
operation takes several days and is very costly. One way to reduce the setup cost per
unit time is to delay the production until some number of raw materials accumulates.
But when the setup cost is very high, the operator may not need to wait until the
accumulated items reach the usual single threshold N (i.e.) the sever can start the
setup operation when m (m<N) customers accumulate in the queue. And after the
setup, if there are less than N customers in the queue, then the server remains dormant
in the system until the number of customers reaches N. If N (or) more customers are
in the system, after the setup, the server begins to serve the customers immediately.
This policy is called bi-level threshold policy (or) (m, N) policy. This policy is more
general than the usual (N, N) policy in which the server starts a setup when N
customers have piled up in the queue and then starts his service as soon as the setup is
complete.

In the literature of queueing, most of the papers deal with the queueing system
wherein the service stations are reliable (i.e.) do not fail. However in practice, we
often meet the case where the service station may fail and can be repaired. The
performance of the system may be heavily affected by the server break downs and
limited repair capacity. On such situations queueing system with unreliable service
stations are worth to investigate from performance prediction view point.

Regarding the control policy of arrivals many authors (Rue and Roshen Shine, 1981,
Netus, 1984 and Stidham, 1985) deal with the policy, where not all arriving batches
are allowed to join the system at all times. Such restrictions may be necessary in many
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real life situations, particularly in the over saturated queue with arrivals occurring
faster than the departures.

Ke and Pearn (2004) discussed the optimal management policy for heterogeneous
arrival queueing systems with server breakdown and multiple vacations for an M/M/1
queue, and derived the system size distribution and employed the PGF to obtain the
system characteristics. But the concept of heterogeneous arrivals is not combined with
the double threshold policy, batch arrival queues under server breakdowns and
vacations in literature.

In this Chapter, batch arrival Markovian queueing systems along with server
breakdowns, bi-level threshold policy for service and restricted admissibility policy
for arrivals are analyzed under single. The PGF of the system size is obtained through
the Chapman-Kolmogorov balanced equations satisfied by the steady state system
size probabilities. The PGF is presented in closed form so that various performance
measures can be calculated easily. A cost model and a procedure to find the optimal
values of the decision variables m and N that minimize the linear average cost are
developed.

I MODEL DESCRIPTION

Customers arrive in batches in accordance with the time homogeneous Poisson
process with group arrival rate A. The batch size X is a random variable with
probability distribution Pr(X = k) = gk,k=1,2,3,...(i.e) the probability that a batch of k
units, arrive in an infinitesimal interval (t, t+h) is Agk+o(h).Not all arriving batches
are allowed to join the system at all times. The probability that an arriving batch is
allowed to join the system varies according to the system state which falls into one of
the 3-categories namely idle or busy or break down period. r1 (0 < r1 < 1) denotes the
probability that an arriving batch is allowed to join the system while the server
is idle and ri (i =2, 3) (0 <ri <1) respectively denotes the probability with which an
arriving batch joins the system during the busy and break down periods of the server.
The customers who arrive and join the system form a single waiting line based on the
order of the batches. It is further assumed that the customers with in a batch are pre-
ordered for service. The customer is served one by one according to the order in the
queue. A cycle starts whenever the system empties; the server is deactivated and
leaves the system for a vacation of random length V, following an exponential
distribution of parameterr .After returning from the vacation, if the server finds m
(or) more customers in the system, then the server immediately starts a setup
operation of random length D. Otherwise the server joins the system and remains idle
in the system until the system size reaches atleast m and then starts the setup work
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(i.e.) single vacation policy is adopted. The period during which the server remains
idle in the system before starting the setup work is called buildup period. The setup
time is assumed to be an exponentially distributed random variable with mean (1/y).

At the end of the setup period, if the queue length is greater than or equal to N, then
the server begins to serve the customers, one at a time. Otherwise the server remains
idle (dormant) in the system waiting for the queue length to reach atleast N, to start
the service. The service time of each customer is an independent and identically
distributed random variable, following exponential distribution (1 — e™%).

The server is subject to break downs at any time while working, with Poisson rate a.
Whenever the system fails, the server is sent immediately for repair at a repair facility,
where the repair time is independent and identically distributed random variable By
following an exponential distribution (1 — e®Y). The customer, who is just being
served when the server breakdown, joins the head of the waiting line and resumes the
service as soon as the server returns from the repair facility. This type of service
continues until the system becomes empty again. Thus vacation period, buildup
period, setup period and dormant period together represent an idle period and the sum
of busy period and the break down period gives the completion period. Thus an idle
period and completion period contribute a cycle. This model is denoted by
M%imny/M/1/BD/SV in which BD denotes breakdown and SV denotes single
vacation. The control policy adopted for service is called (m,N) policy (double
threshold policy or bi-level policy). In this model, the first threshold m, is used to
control the starting condition of a setup operation, and the second threshold N is used
to control the starting condition of service. If m = N, the model becomes the usual
setup time queueing model with N-policy and vacations. It is also assumed that all the
stochastic processes involved in the model are independent of each other.

To derive the PGF of the system size distribution the following notations are used to
write the steady state system size equations.

m, N : Bi-level thresholds

A :group arrival rate

X : Group size random variable
Pr (x =k) gk (k>1)

X(2) . ) g, z" the PGF of X

k=1
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g . i-fold convolution of gn’s with itself, where
gn@=1, ifn=0
=0, if n>0.

ri(i=1to 3) . The probability that the arriving batch is allowed to
join the system while the server is in idle (buildup,
setup, dormant and vacation) busy and in breakdown
state respectively.

Ai=Ari=123 : The probability that the arriving batch of size i, joins
the system while the server is idle (buildup, setup,
dormant and vacation) busy and in break down state
respectively.

N(t) . The number of customers in the system at time t,
including the one in service.

Let w, n, vy and P respectively denote the parameters of the exponential distributions
of the random variables namely service time (S), vacation time (V), setup time (D)
and repair time (Br). The Laplace Stieltes transforms of the distributions of the
random variables respectively are given by :

$*(0) = wp+0; V(0) =n/(+0);D*(6) =1/ (A+0) and B/(6) =B/ (B+0).
The server’s states at time t are denoted by the random variableQ.

Q 1 =0 if the server is vacation;1 if the server is bulid up; 2 if the server is
setup;3 if the server is dormant; 4 if the server is busjj’s if the server is breakdown

The probability that there are n customers in the system and the server is in vacation,
buildup, setup, dormant, busy and in break down states respectively at time t are
defined by:

Qn(t)
Ra(t) = Pr(N@®)=n, Q=1)0<n<m-1

Pr(Nt)=n,Q=0)n>0

Dn(t)

Pr(Nt)=n,Q=2), n>m

Un(t) Pr(N(t)=n,Q2=3), m<n<N-1
Pa() = Pr(N(t)=n,Q=4), n>1

Ba(t) = Pr(N(t)=n,Q=5), n>1.
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Then (N(t), 2) follows a Markov process.

Further let Qn, Rn, Dn, Un, Pn and Bn denote the respective steady state probabilities
(independent of time t) are given by:

(ie) Qn= !ian(t); Rn = !imRn(t); Dn = !im D,(t); Un= !imUn(t);Pn = !imPn(t);
Bn = 1im B,(t).

i THE SYSTEM SIZE DISTRIBUTIONS:

Observing the changes of the states during the interval (t,t+At) at any time t, the
forward set of Kolmogrov equations satisfied by the steady state probabilities are
given by:

(A1 +m) Qo = uP; 1)
n
(A1 +m) Qn = M) Quy Y n>1 (2
k=1
A1 Ro = n Qo 3)
n
A1 Rn = MQn+i Y Ry G, 1<n<m-1 (4)
k=1
m
(A1 +7) D = M) Ry 9 +1Qnm (5)
k=1
n n-m
(A1 +7) Dn = M D Ry O *+h > D0 +nQn nzm+l  (6)
k=n-m+1 k=1
A1 Um = v Dnm @)
A Uy = yDn+a > U, g m+l<n<N-1 @®)
k=1
(A+pu+o)Pr = BBi+uP; )
n-1
(l2+p+a)Pn = BBa+pPra+hs Y Py gk, 2<n<N-1 (10)

k=1
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n-1 n-m
BBr+pPwiths D P GtyDi+th > Uy g, n=N (1)

(A2 +u+a) Py =
k=1 k=n-N+1
(A3 + B) By = oP; (12)
n-1
(A3 +B) Bn = aPnt A3 D B,y Ok, n>2 (13)
k=1

v PROBABILITY GENERATING FUNCTIONS(PGFs):

To obtain the system size distribution of the model, the following partial PGF’s of Rn,
Dn, Un, Pn and By, are defined.

m-1 0
R(z) = R, z"; Dz = > D,z
n=0 n=m
N-1 0
Ui = u,z"; Pu(z) = > P, Z (14)
n=m n=1
Q) = Y Qzand Br = 3> B2
n=0 n=1

For this we list the partial generating functions corresponding to different system
state.

Q@ = uﬂ[M];R@) - WPy
wi(@)
0@ = 6P/ ) (v i) ~wh@ve) U@ =P

where wi(z) = M(1 - X(2))

To calculate the total PGF PSmn)(z), we first calculate the partial generating function
of the system size when the server is idle(Pi(z)) ; P1 (z) = Q(z) + R(z) + D(z) + U(z)
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1-V* (! 1-D" (! . ) .
P,(z)=uP1{[ WliV(VS(Z»J*[ W(lxvzzx)(z”J(v (wx(z»-wx(z>w(z))+¢(z)+w(z)}
(i.e) Pi(z) = pPils(z)

1- V'(wy(2)) D' (Wx(2))
W (2)

where Is(2) :{ +D*(w;(z»w(z)+¢5<z)J

Pu(z) + B(2) = (1+(a/B)B; (Wx(2)))P.(2)

Thus the total PGF of the system size is given by;

PSmn(z) = Pi(2) + Pw(2) + B(2)

[z le;<z>]ul' D (2) V- (w, (Z»J +D WL (@) v(2) + ¢°(2) J

W (2)

P.(2)= > —
[Hz-1)+2(W@)+ a(1-B/(w}(2))] )
B@) = S BW@P.Q)
The following identities are used to calculate the system size probabilities:
*fin,l
. "ml(l‘v fWX(Z»J:E(V)
z-> WX(Z)
b, lim Ll'v*(WlX(zl»D*(WlX(z))J =E(D)+E(V)
WX(Z) (16)

c. lim W3 (2) _p
. ﬁl[u(z-1)+z(w§((z)+q(1_B:(Wi(z)»ﬂ 1-p”

Where p =p, +p,(a/B) and p1=[%JE<X>
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\ PERFORMANCE MEASURES

In this section, the expressions for the steady state probabilities are obtained. Let the
steady state syatem size probabilities Py, Puuild, Psetup, Pdor, Pbusy P1 and Pgr denote the
probability that the server is in vacation, buildup, setup, dormant, busy and in
breakdown state respectively.

Pv = (uPi/m)
m-1
\Vj
Phuild = lez xn
n=0 1
Psetup = (uP1/y)
N-1 ¢S
Pdor = U P1 Z }\‘_n
n=m
P = PV+Psetup+Pd0r+Pbulid
Py = uP1ds(m ,N)
m-1 N-1 ¢
where ds(m ,N) = 1/n+1/y+z\lfn Z)\_ =15(1)
n=0 n=m
P
Pbusy = H pl d (m N) (17)
1- p23
and Per = (I/B Pbusy

Thus the normalizing condition implies,
Penny (1) = Pi+Pousy+Per = 1

1= uPuds(mN)+ EPPLg (m N) -+ o/B Pousy
1'p23

= pPds(m, N)L1+(1+ =) J
B 1-p;

_ WP, d(m, N)[MJ
‘pzs

ie. 1= HRds(MN)
R
R
uP1=———— (18)

dg(m, N)
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1-p . .
where R = —2__— with pi = M/ EX ;i=1,23,...
((2-p%)+pY) N
pY = pu(L+(/B)and pBy = o+ ps(L/B)
_ P
ThUS, Pbusy - —brl or
(1- (P25 -P1)) (from equation 17 )

By substituting for p P1 from equation (18) the equation (PSm.n)(2)) can be written as

z (Wlx(z) (1+@/B)(B; (wi(z))))) 1,(2)

= =R|1-
mo(2) u(z-1)+z(Wi(2)+(a/B) wi(2)B; (wi@)) | 1x®

(19)

1- V' (wx(2)) D’ (Wx(2))
w;(2)

where Is(2) { LD WD) WD)+ 8 @) J

Vi DECOMPOSITION PROPERTY

Equation (19) implies that under the condition pgg < 1, the total PGF of the system
size probabilities is the product of the PGF of two random variables one of which is

ey |, AmelepEe)

P . Z) = -
M /M/l/BD( ) (1_ (ptz)r3 _ pgr ))

u(z-1)+ z(wi(z)+§wi<z> B; (wi(z))j

This gives the PGF of the system size for the batch arrival M.* / M /1/ BD queueing
model with heterogeneous arrival and unreliable server without (m,N) policy and
ls (2)
ls (1)

distribution during the server idle period (vacation + buildup + setup + dormant).

without vacation and 6(z) =

gives the PGF of the conditional system size



The Bi-Level Control Policy for M 4, n)M/1/BD/SV Queueing System... 163

Vil EXPECTED SYSTEM SIZE

In this section, the mean system sizes when the server is in different states are
calculated. Let Lv, Lbuid, Lsetup, Ldor, Lbusy @and Lgr denote the expected system size
when the server is in vacation, buildup, setup, dormant, busy and breakdown state
respectively.

To calculate the mean system size the following identities are used.

=1 2

dz Wi (2)
dz Wy (2) o
(20)
o d W (@)
- dz| |-+ z(wWi@+a(1-Biwi@)] )
 (MMEX(X-1))+ 22, E(X)(@ 2E(X))? (E (B?)/2) +p Pk
- 2p*(1-p5 )?
Then
v = Q@ = wPIMEXENVD/2)
Louila = %(R(Z)zzl = ubP me nw, (1/A1)
Lo = @@=t = 1P EX) (D7) 2)+EO) (EV)+ (D))
Ldor = %(U(Z)zzl = pbkP: E n (pﬁ a/nr)
e = L@@t = L Ly +As (E(X)/B)Py,]  and
dz B

d
Lousy = — (PW(Z))Z=1
dz
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Ry, + P SMN) e oy -1
oo * g 7 IHHEOOD

+ 20, EQQ(@ 2 E(X)?) (E(B?)/2) +ppth | + uP, 2 zs<m,N>}

(1-p3;)
m-1 n \ll N-1 n (p
where Is(m,N) = [lo+daEX)ED) y(l)+ Y, —rn + 5 2%
e R VR ) (21)

with 0= 1E(X)((E(D?)/ 2)+E(D) E(V)+(E(V?)/2)) 22)

Let LS(m,N) denote the expected system size of Mf(‘m'N)/M/1/SV/BD queueing
system under consideration. Then LS(M,N) = Lv + Louild + Lsetup *+ Ldor

I (M, N) N

+ Lousy + Ler ImpliesLS(mN) = S+ 2 4+ | 23
busy + Ler Imp (m,N) d. (m.N) 1 (23)
) 2 2
where Ly = b} _ {pir +7~1E(X(X 1))E(H)+7;7~3(E(X )E(H )J
(1' (pzs -pP; )) 2(1' p23)

(24)
with  EH) = Q/p) @+ (a/p) = ESA+(alP))
and  E(HY) = o« EBr?E(S) (1 +ps—p2) +E(S?) (1 +(ou/ B)) [(A2/ As) + (! B)]

L1 gives the mean system size of classical M*/M/1/BD queueing model with

unreliable server under restricted admissibility without vacation and without (m,N)
policy.

VI OTHER SYSTEM CHARACTERISTICS:

Busy period: The busy period begins, when the system size becomes at least N (soon
after the set up work (or) at the end of the dormant period) and the server starts
serving the customers and it ends, when the system next becomes empty and the
server leaves for a vacation.
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Let E(cycle), E(Busy) and E(I) denote the expected length of cycle, busy period and
expected idle period. Then the long run fraction of time that the server is in set up
state implies,

. E(D) o 1
i P = —— =—uPE(D), hich E(cycle) = —
() = Eoycle) E(D), whichgives E(cycle) P
Similarly,
. E(Busy)
(") =/ 1. _ " busy

E(cycle) implies,
E(Busy) =P, E(Cycle) = d_(m,N)—

(1-p33) (from equation 17)
and
(iii) E(idle) =P,E(cycle) =d.(m,N) follow by substituting for P,

Let E(w,) denote the expected waiting time in the system. Then the Little’s formula
implies

. L*(m,N)

v E =_r » 7
I W=16)
where A, denote the actual arrival rate into the system which is given by,
Ao = OMP, +AP, +A1P) = AR + (1, +15(2)) e
B (1 ~Paos )

IX OPTIMAL MANAGEMENT POLICY:

In this section, the optimal values of m and N that minimize a linear cost function are
obtained. To do this, the cost structure that has been widely used in the literature is
employed (refer Yadin and Naor (1963), Ke (2003b), and Armuganathan and
Jayakumar (2005)).

C, ( start up cost per cycle),Cpuila (cost per unit time for keeping the server idle

(buildup)),Ch (holding cost per customer per unit time),CsetupServer set up cost per
unit time for the preparatory work of the server before starting the service),Cqor
(Server standby cost per unit time.),Cnusy(Cost per unit time for keeping the server on
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and in operation.),Cv(Reward per unit time due to vacation.),Cg:( Breakdown cost per
unit time for a failed server)

Let TS (m, N) denote the total average cost per unit time for the system. Then

C
Tg (m, N)=——2— +Cp Ls(m,N) + Chuild Pbuitd + Csetup Psetup + Cdor Pdor

E(cycle)
+ Cbusy Pbusy — Cv Pv+CdorPdor (25)

Substituting for the system performances and rearranging the terms, TS (m, N) Can be
written as,

1 s N-1 ¢S N-1 n¢S
TS(mN)=z——| A +2z,(M+C,, R > - +C ! +AS
C( ) ds(m,N)\‘ S( ) d nZ: }Ll h r; 7\11 J 1

where AS = (Chusy+ % Cor) Pousy + Cn L1 . AS=R (Cy + Cet E(D) — Cv E(V) +
Ch Lo

m-1 m-1 n
and Zy(m) =(R Couig + Ch A1 E(X) E(D)) 3. 0 +Cp 3 —4n

n=0 }‘1 n=0 }‘1

and /,, L, as in equations (22) and (24)

In order to find the optimal control values (m*, N*) that minimize TS (m, N), a two

dimensional search over the non-negative integer space must be made. Due to the
mathematical complexity it is difficult to prove the convexity or unimodality of the

cost functions TS (m,N). This following the concept of the dynamic optimization
(due to Bellman 1957, Ke 2001, 2003b and Lee and Park 1997) we consider the
procedure that make it possible to calculate the optimal thresholds (m”, N™).

LetJ (m, k) = iqn ; M (m, k) = iicéf

then TS(m, k+1)-TS(m, k) = . (m kﬁ(l)d K Hs(m,k)  (26)

k-1 S
where Hg(M,K) = Cn (k3 +Z(k-n))\i)+ R CaorlS — (A + Zy(m)) (27)

1
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m-1 v,
with IN =ED)+E(V)+ >

n=0 7“1
The equation (26) implies, for a given m, the sign of Hg(m,k) determines whether TS
(m, K) increases (or) decreases w.r.t. k. Let n be the first k for which Hg(m, k) >0.Then

k
H (m,n+1) = Hi(m,n) + Cp (l,f] +> qi.SJ > 0 implies TS (m, k) > T2 (m, n) for
k>n.

This means that for a given m, the optimal value N* (m) of N is given by the first k for
which H¢(m,k)> 0 and that, once TS (m, N(m)) increases with respect to N, it keeps

on increasing thereafter. Therefore for a given m, TS (m,N(m)) is conditionally

unimodel and thereby N* (m) conditionally optimal.
Thus N*(m) = min {k >1/Hs(m,k) >0}, (28)

where Hg(m,K) is given as in equation (27)

Therefore for each m, TS (m, N) has a relative minimum value at (m, N*(m)). Thus

the pair (m, N*(m)) gives the relative optimal policy for a given m. Though it is
difficult to prove mathematically that TS(m, N) is convex or unimodular the
computer experiments show that, the expected cost function is convex. Thus the
optimal (m*,N*) can be obtained by using the following algorithm.

CONCLUSION

A Bulk arrival, unreliable server with early setup and single vacation has been
analyzed using P.G.F. This method works efficiently the steady state probabilities of
the model considered. Further various performance measures and optimal
management policy are derived and particular cases are also deduced. This is a part of
the research work carried out to analyze breakdown queueing models with early setup
and single vacation.
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