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Abstract

In this paper,strong convergence of Modified Mann iterative algorithm is proved
for A-strictly pseudocontractive mapping in a uniformly smooth real Banach space.
It is also a solution of a certain variational inequality. Our result extends the result
of Marino et al. [17] and other such results.
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1. Introduction

Let E be a real Banach space and E* its dual space. Let us denote by J,(g > 1) the
generalized duality mapping from E into 2F" that is, Jg  E— 2E" which is defined as

Jgx) ={f € E*: (x, f) = |Ix|%and|| £1| = |Ix[|7~"},
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where (-, -) denotes the duality pairing between E and E*. In particular, J, = J; is called
the normalized duality mapping and J,;(x) = ||x||q_2J2(x) forx 2#0. If E:= Hisa
real Hilbert space, then J = I where [ is the identity mapping. It is well known that if
E is smooth, then J; is single-valued , which is denoted by j, [25].

Let U = {x € X : ||x|| = 1}.A Banach space E is said to be strictly convex if
XAy forall x.y € E with ||x|| = [[y]] = 1 and x # y. It is also called
uniformly convex if lim ||x, — y,|| = O for any two sequences {x,}, {y,} in E such that
lxn + yall

l1xa]] = [|ynll = 1 and lim
! " 121l

. . . . et X+ tyll —|lx
A Banach space E is said to be Gateaux differentiable if the limit hn(l) I ytl L= il
t—

exists for all x,y € U. In this case E is smooth. Also , we define a function
px : [0,00) — [0, 0o) called the modulus of smoothness of E as follows:

1
px(t) = sup{Z(llx + yl[ +[lx = yI) = 1:x € U, [lyll <1}

Px (1)

A Banach space E is said to be uniformly smooth if — Qast — 0.

Definition 1.1. A mapping 7 : C — C is said to be A-strictly pseudocontractive [4] , if
forall x, y € C there exist A > 0 and j,(x — y) € J,(x — y) such that

(Tx =Ty, jgox =) < llx = ylIT = Al = T)x = (I = T)y|l,
or, equivalently
(I =T)x = =Ty, jglx —y) =AU =T)x — I =T)yll".

The convergence of iterative sequences for strictly pseudocontractive mapping were
initiated by Browder and Petryshyn [4] in 1967 while studying the nature of non-
expansive mapping. However later, it was found that the applications of strictly -
pseudocontractive mappings are vast when it is associated with inverse strongly mono-
tone operators. Consequently studies were made of iterative sequences that converges
strongly to fixed point of a strictly pseudocontractive mapping and relating them to the
solution of a certain variational inequality.The reason was the classical Variational In-
equality problem which was first introduced by Stampachhia [24] in 1964. Since then
many researchers have studied wide class of unrelated problems in the unified and gen-
eral framework of variational theory. In fact, nonlinear equilibrium, dynamical network,
optimal design, bifurcation and chaos, and moving boundary problems arising in various
branches of pure and applied sciences can be studied via variational inequalities.

The problem of finding fixed points for A-strictly pseudocontractive mappings using
the Mann method [16] in suitable space structure has been studied by many authors.
Mann iteration [21] was first used to obtain fixed points of non expansive mapping given
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by an iterative sequence {x,} - for x; € K where K is a convex subset of a Banach
Space Eand T : K — K is a nonexpansive mapping, such that

Xpp1 = (0 —ap)xy + oy Tx,, n>1, (D
where {a, }o2 | is a sequence in [0, 1] satisfying the following conditions:

(i) lim «, =0;
n—oo

(ii) Zan = 0.
n=1

It was found that in an infinite-dimensional Hilbert space, the Mann iteration (1)
converges weakly for A- strictly pseudocontractive mapping, and even in general for
nonexpansive mappings. It therefore implied that Mann iteration (1) has to be modified
in order to prove its strong convergence.

In 2007, Marino and Xu [17] generated an iterative sequence using Mann algorithm
(1) and proved weak convergence for k-strictly pseudo-contractive mapping in Hilbert
Space. But then they used CQ algorithm to obtain strong convergence for finite family
of A-strictly pseudocontractive mapping in Hilbert space.

Also, Acedo and Xu [1] using Mann iteration obtained weak convergence for finite
family of A-strictly pseudocontractive mapping in Hilbert space and then used CQ al-
gorithm to obtain strong convergence for finite family of A-strictly pseudocontractive
mapping.

Zhou [30], in 2008, proved the weak convergence for A-strictly pseudocontractive
mapping in real 2-uniformly smooth Banach space and then made a modification in
Mann iteration to obtain strong convergence for A-strictly pseudocontractive mapping.

Zhang and Su [29] in 2009, extended the results of Marino and Xu [17], first obtained
weak convergence results using Mann iteration (1) for A-strictly pseudocontractive map-
pings in real g-uniformly smooth Banach space and further obtained strong convergence
for the finite family of A-strictly pseudocontractive mapping in g-uniformly smooth
Banach space using a modification of Mann iteration method.

In same year 2009, Zhang and Guo [28] using Mann iteration (1) established the weak
convergence for A-strictly pseudocontractive mappings in a real g-uniformly smooth and
uniformly convex Banach space which was an improvement of the result of Osilike et al.
[19]. They in fact proved the following theorem:

Theorem 1.2. [28] Let E be a real g-uniformly smooth and uniformly convex Banach
space and let K be a nonempty closed convex subsetof E. Let T : K — K be a A-strictly
pseudocontractive mapping with F(T) # ¢ Let {a,} be a real sequence satisfying the
condition:
w=oa, <l

o0

Y (I —anlgh — Cy(l — ay)g—1]1 =00

n=0
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where

qAi
ne | max46,1 —|— , 1
Cq 1
qg—1
Given xp € K, let {x,}2 be the sequence generated by Mann’s algorithm (1). Then
the sequence {x,} converges weakly to a fixed point of T.

In the above result, obviously the Mann iteration needs to be modified and the con-
ditions upon A-strictly pseudocontractive mapping needs to be strengthen in order to
establish the strong convergence of the iterative sequence.

Apart from using Modified Mann Method, Katchang et al. [13] used Modified
Ishikawa Iterative method to obtain strong convergence for an infinite family of strictly
pseudocontractive mappings in Banach spaces given by:

Theorem 1.3. [13] Let E be a real g-uniformly smooth and strictly convex Banach
space which admits a weakly sequentially continuous duality mapping J from E to E*.
Let C be a nonempty closed and convex subset of E which is also a sunny nonexpansive
retraction of E such that C+C C C. Let A be a strongly positive linear bounded operator
on E with coefficient y > 0 such that 0 < y < y/a, and let f be a contraction of C into
itself with coefficient « € (0, 1). Let S;,i = 1, 2, ...., be A;-strictly pseudocontractive
mappings from C into itself such that N2, F(S,) ;é ¢> and 1nf > (. Assume that the

sequences {«,}, {B,}, {v,} and {§,} in (0, 1) satisfy the followmg conditions:

() Zan — o0 and lim a, = 0,

n—00
n=0

(i) 0 < hm 1nf B, <limsupp, <1,
n—oo

(111) nli>lrolo |Vn—|—l - ynl =0,
@av) 8,(1 +y,) —2y, > a, forsome a € (0, 1)

and the sequence {0, «} satisfies some Hypothesis. Then, the sequence {x,} generated
by xo € C chosen arbitrarily,

in = (Snxn + (1 - 5n)ann

Yn = ynxn + (1 - yn)WnZn
Xn+l = O[n)/f(xn) + ,ann + (1 — ,Bn)l - anA))’n» Yn >0

converges strongly to x* € Ny2 ; F(S,), which solves the following variational inequal-
ity:
(Y f(x™) = Ax*, J(p—x¥)) <0, Vf eTlc, p € N2 F(Sy)
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Another method which was used to obtain strong convergence for A-strictly pseu-
docontractive mapping was given by Yao et al. [27]. They used Halpern type iterative
method to obtain strong convergence for A strictly pseudo-contractive mapping in a
g-uniformly smooth Banach space. They gave following result:

Theorem 1.4. [27] Let C be a nonempty closed convex subset of a g-uniformly smooth
Banach space E. Let f : C — C be a p-contraction. Let T : C — C be a A strictly
pseudo-contractive mapping such that F'(T) # ¢. Fort € (0, 1), defined a net {x;} by
x; =tf(x;) + (1 —¢t)Tx;. Then, as t — 0, the net {x;} converges strongly to p € F(T)
which solves the following variational inequality

(I —=flp, j&x —p)) =0; forallx € F(T)

Recently, Cho and Kang [7] considered the convex feasibility problem and con-
structed a hybrid iterative method based on Mann and relaxed extragradient method to
approximate strong convergence for common element of solution set of classical varia-
tional inequality and fixed point set of strictly pseudocontractive mapping in framework
of Hilbert spaces.

Further, Nazari et al. [18] improved and extended the result of Cho and Kang [7] from
Hilbert space to a more general g-uniformly smooth Banach space using a modification
of hybrid [7] iterative sequence {x,} for family of A-strictly pseudo-contractive mappings
{T,,} withO < A < 1 as

x1e€C

,
Yn = QpXy + (1 —ap) Z 7721 Qc(xp — AmApmxy)
m=1

Xn+1 = Qc[,Banxn + I - ,Bn/fLF)Snyn]’ n>1,

for the sequences in (0, 1).Then x,, converges strongly to x* € Fix(T,) asn — oo in
which x* is unique solution of Variational inequality

(WF =y [)x", jg(x™ = p)) =0 Vp e F(S)

In 2015, Yekini Shehu [23] using another Modified Mann method proved the strong
convergence of an iterative sequence to approximate the fixed point of A-strictly pseudo-
contractive mapping in a uniformly smooth real Banach space. It extended in fact the
results of Li and Yao [14].

In the same year another important modification of Mann iteration method to obtain
strong convergence using non-expansive mapping was given by Hussain et al. [10] who
used the following iterative method:

Theorem 1.5. [10] Let H be a Hilbert spaceand 7 : H — H anon-expansive mapping.
Let (), (1,) be sequences in (0,1] such that

e lim — oo =0;
n
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+00
* ) anp, = 400;
n=1

* |/’Ln+1 - /’Ln| = O(Mn);

* |app1 — oyl = olauity,)

then the sequence (x,) generated by
Xpp1 = pXp + (1 —ay)Tx, — oy, Xy
strongly converges to a point x* € Fix(T) with minimum norm

Ix*[l = min_[]x]]
xeFix(T)

Last year, Marino et al. [17] extended the above [10] modified Mann method to
find strong convergence of fixed point of k-strictly pseudocontractive mapping in Hilbert
space which was also a solution of certain variational inequality. They observed that
above modification was closest to original Mann as compare to other modifications.
They proved:

Theorem 1.6. [17] Let H be a Hilbert space and let C be a nonempty closed cone of
H.Let T : C — C be a k-strictly pseudo-contractive mapping such that Fix(T) # ¢.
Suppose that («,,),en and (u,,),eN are real sequences, respectively, in (k, 1) and in (0,1)
satisfying the conditions:

(1) k <liminf < limsupa, < 1
n—00 n—00

2) lim w, =0
n—oo

3) Y my =00
n=1

A sequence (x;),eN is defined as:
x1 € C,xpq1 = ap(l — pwp)xn + (1 —ay)Tx,, n €N

Then (x,),en converges strongly to x € Fix(T) that is, the unique solution of the
variational inequality
(=X, y—Xx) <0, Vye Fix(T)

Now, the question is:
Is this possible to prove the above strong convergence of A strictly pseudocontractive
mapping in Banach space also? The above question, we reply affirmatively in this paper.
Inspired by above results [18], [17], [23], [7], [10], we have proved in this paper, the
strong convergence of a Modified Mann iterative algorithm to a fixed point of a A-strictly
pseudocontractive mapping in a uniformly smooth real Banach space and also shown
that it is a solution of a certain variational inequality.
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2. Preliminaries
In order to prove our main result we the following Lemmas:

Lemma 2.1. [26] Let (a,),en be a sequence of nonnegative real numbers satisfying the
following relation:

ap+1 = (1 —oy)ay + o0, + Vu, N = 0,

where

0.¢]
* (@nnen C 10,11, ) oty = 00;
n=1

* limsupo, <0;
n—oo

(0.¢]
*Yaz0.) vy <o

n=1

Then we have

lim a, =0
n— oo

Lemma 2.2. [15] Let (y,), € N be a sequence of real numbers such that there exists
a subsequence (an)jeN of (¥,)nen such that y,. <y, .,forall j € N. Then there

exists a nondecreasing sequence (my)xeN of N SUCI’II that khm my = oo and the following
— 00

properties are satisfied by all (sufficiently large)numbers k£ € N:

Yig < Vg1 A0d Vi <V 11

In fact, my is the largest number n in the set 1, - - -, k such that the condition y,, < y,, .4
holds.

A Banach space X is said to satisfy Opial’s condition if whenever {x,} is a sequence
in X which converges weakly to x, then

liminf ||x, — x|| < liminf ||x, — y|| Vye X, y #x
n—oo n

By [[9] Theorem 1], we know that if X admits a weak sequentially continuous duality
mapping, then x satisfies Opial’s condition.The following Lemma will be needed in the
sequel:

Lemma 2.3. [2,11,25] Let C be anonempty closed convex subset of a reflexive Banach
Space X that satisfies Opial’s condition and suppose that T : C — C is nonexpansive
then mapping / — T is demiclosed at zero, i.e. if x, — x and ||x, — Tx,|| — O then
Tx =x.
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One of the important lemma in this regard as given by Marino et al. [17] is

Lemma 2.4. [17] Let C be a non-empty,closed, and convex subspace of H, T a mapping
from C into itsef such that I-T is demiclosed at 0, let (y,) C C be a bounded sequence.
If ||y, — Ty,l|| — O, then

limsupn(—p,x — p) <0,
where p = Prix()(0) is the unique point in Fix(T) that satisfies the variational Inequality
(—p,x —p) <0, Vx € Fix(T). (2)

Lemma 2.5. [6] Let X be a Banach Space and J be a normalized duality mapping. Then
for any given x, y € X, the following inequality holds:

[ + yII < [1xIP +2(y, j(x + ), forall j(x+y) e J(x+y).

3. Main Result

Now we prove our main result as follows:

Theorem 3.1. Let K be a nonempty closed convex subset of a uniformly smooth real
Banach space E and Let T : K — K be a A-strictly pseudo—contractive mapping such
that Fix(T) # ¢.Let (ay)nen and (u,)nen are real sequences, respectively, in (X, 1)
and in (0, 1) satisfying the conditions:

(1) A <liminfa, <limsupa, < 1;
n—00 n—00

2) lim p, =0;
n—00
(3) =21, = oo.
Let us define a sequence (x;),.N as follows:
x1€ K, xpy1 =an(1 —p)x, + (1 —ap)Tx,, neN 3)

Then (x,),en converges strongly to x € Fix(T), that is, the unique solution of the
Variational Inequality
(=x,y—x) <0, Vye Fix(T)

Proof. We shall first show that (x,),c(n) is bounded. We observe from the conditions
#, — 0and k < liminf o, < limsupea, < 1, it follows that there exists an integer
ng € N such that
,unfl—i, Yn > no
an
that is,
k—oa,(1—pn, <0 4
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Let we have p € Fix(T) and put r = max{||x,0 — pl|, || p||}. Then we have
[Xn+1 = pll = llanl(1 — ) (X0 — p) + iy (=p)1 + (1 — @) [Txn—plll

< llen(l = p,)(xn = p) + (I =) (Txp — Pl + 1yl Pl
= [len (1 = ) (0 — p) = (1 = o) (X — ) | + 1, [ Pl

(5)
Now, from (5) and Lemma 2.1
lltn (1 = ) (xn — p) — (1 — &)ty — Txn) |12
< a2(1 — )% — pI* + (A — a)*cllxy — Txyll?
— 200, (1 — ) (1 = ) (xXn — Txn, j (xn — p))
= ap(1 — ) llx, — pI* + (1 — ap)’cllx, — Txu?
— 2hatn (1 — ) (1 = o) lxn — Toxy?
= ap(1 — w)?llx, — pII* — (1 — ) @hatn (1 — 1)
—c(1 — o)) lxn — Txnll?
< (1= ) ?lxn — plI? (6)

from (5) and (6), it follows

X041 — Pl < (1 — w)llxn — pll + py,llpll
< max{|lx, — pl, llpl}

< max{llx, — pl, I pll}

Hence x,, is bounded and also is 7 x;,,.
Now we shall prove that for p € Fix(T)

(1 —an) (otn — M|1xn — Txnl 1> < (20— P)* = X041 =PI = 2001ty (Xns j (Xns1 — P))
(7)

we have

Xpp1 —p=0ay(I —pu)x, + (1 —ay)Tx, — p

= (xp — P) -0 =oap)xy —Tx, — OpyXn
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and so

Xn1 — PIF < 11Gen — p) — (L — a)xn — Tx)|1* = 2atntty (Xn, j(ng1 — P))
= 120 — pII* = 2(1 — o) (X0 — Txn, j(xn — P))
+ (1 = an)?[lxn — Txull* = 20ttt (Xn, j (nt1 — P))
< lxn — pI* — 21 — a)Allxn — Txull* + (1 — ) |12y — Txal|?
— 20y (Xn, j (Xnt1 — P))
< lxn = plI* = (1 = )@ — 1+ ap)||xy — Txulf?
— 20y (Xns j (Xnt1 — P))
< |lxn = pI* + (1 = @) hn — &) |20 — Txnl
— 20t (X, j (Xng1 — P))

So, (7) is proved.
Moreover, since o, € (A, 1).

2 2 .
[1Xn4+1 — pII™ =< llxn — Pl = 200ty (X0, J (Xn+1 — P))
Now we prove strong convergence of (x,) concerning two cases:

Case I
Suppose that ||x, — p|| is monotone nonincreasing. Then ||x, — p|| converges and hence

. 2 2
lim |[xp41 — pII” —llx, — plI* =0
n—oo
From this and from the assumptions

lim p, =0,andA < liminf o, <limsupea, < 1
n n n

by (7) we get
lim ||x, — Tx,|| =0
n—oo

from this and boundedness of (x,) , thanks to demiclosedness of I-T we deduce
w¢(xp) S Fix(T).
Now we put

Zn =0pXy + (1 —a,)Tx,
=1 —-0—-a))xy+ U —an)Tx,
=x,— 1 —ayx,+ (0 —a,)Txn
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from which we have
Zn—Xn = (1 —ap)(Tx, — xp) (8)

Hence we find that

Xnp1 =1 —p)xn + (1 —oay)Txy
= —an)(Txy — xn) + Xn — Ay Xn
= Zn — Xp + Xn — ApllyXn Jfrom(6)
Xn+1 = Zn — OpyXp
= Zn — QpyXp — ZnOnfy + ZnQnlhy,
= (1 —anpy)zn + anpty(zn — Xu) from(6)
= —anpy)zn + anp, (1 — an)(Txy — xp) ©)

Let x = Prix(r)(0) € Fix(T) the unique solution of the variational inequality
(—x, j(y —x)) <0,Vy € Fix(T) (10)
From definition of z,

zn — xall* = llxn — % — (1 — o) (xp — Tx)I?
= |lxp — X11* = 2(1 — ap) (xp — Txps j (xp — 0)) + (1 — @)l lxn — Txpl)?
< [y — %[1* = 20(1 — ap)|1xn — Txpl1* 4+ (1 — )| |xn — Toxu||?
<y — %[ = (1 —a)[(1 = A) — (1 — o)y — Toxul|?
< [Jxy — X2 (11)

So,

X1 — X|1* = from (7)
=[|(1— anﬂn)zn +anﬂn(1 — o) (Txy — xp) — )EHZ
= [|(1 — @ptt) (zn — %) + oty [(1 — o) (Txy — x,) — %]

from Lemma 2.5

< (1= apt)lzn = %1 + 20012, (1 = 00) (T — Xn), j (Gnp1 — 5))
+ 200ty (=, j (Kny1 — X))
from (11)
< (I = anp)xn — F1* + 20018, (1 = 0t (Txn — X, j (g1 — 5))
+ (=x, j (a1 — 1)) (12)
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Now , since x, is bounded and w¢(x,) < Fix(T) , there exists an appropriate
subsequence x,, — po € Fix(T) such that

lim sup(—x, j (Xp41 — X)) = h]{ﬂ(—f, J (X — X))
n

=(=x,j(po—x)) =0 (13)

From this, it follows that all the hypothesis of lemma 2.1 are satisfied and finally by
(12). We conclude
lim ||x, —x||=0
n—oo

Let now x € Fix(T) be defined by the variational inequality (10).

Case II
If ||x, — x|| does not be monotone nonincreasing, there exists a subsequence x,, such
that

%0, = &1 < 1%y, — %11, VK € N

So, by Lemma 2.2 , 3t (n) 1 +o00 such that
(D) [lxz@my — X1 < [[Xe@y+1 — X
2) xn — x|l < [|xc@y+1 — x|

Now, we have

0< lirr%iinf(th(n)—I—l — X[ = Xz — XID
< lim sup(||xz@m)+1 — X|| = [|Xz @) — X|])
n
< limsup(||xp4+1 — X|| = [|x, — x][|)

n

< limsup(||x, — x| + /u,M — |Ixn — x[]) =0
n

Thus, we derive that
e+ = X117 = [y — X2 = 0 (14)
from which ||x¢n) — Txzn)|| = 0. Now, from (12).
We get
e a1 = X117 < (1= oy ey | e — I
+ 20 () r () (1 — e iy)(T Xe(n) — X1 (m)s J (Xemy+1 — X))
+ 20 (n) g () (=% J (Kzy+1 — X))
= |l = TP + 200y oy (1 = o) {Txe ) (15)
— Xz(n)s J Xrm)+1 — X))
|1y — %[

- 2at(n)ﬂr(n)<_i’ j(xt(n)—f—l — X)) — 205t(n),ut(n) 5

(16)
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putting in (15)

||Xz(ny — %||?

Ay = (I=otz () (T X () =Xz (n) J X n)+1—X)) = (=X, J Xz ()+1)—X)) — >

we have

Xea+1 — X2 < 1xeny — 1P + 200y ey Az (17)

Notice that we cannot use Lemma 2.1 as in Case I (or in [12,13]). Since we cannot
(o¢]

guarantee that Z M@y = +00. So, we proceed as follows Assume by contradiction
n=1
that ||xz ) — )E||2 does not converge to 0. Then there exist (17;) and an € > 0 such that

1Xe () — %] = 2 (18)

By (11) and (12) we know that there exist ng, n; € N such that

Yn > nop (19)

. _ €
(I —ac@){Txe(n) — Xe@nys J (Xemy+1 — X)) < 5’

and .
(=X, Xe(ny41 — X) < 3 Vn > nj (20)

Hence, if we take n jo = maxno, ny one obtains by definition of A,

A €€ € <0.Vn >
<—-—4+-—€=—<0,Vn>n;
f(n) 3 3 3 JO

So, by (17) we have
Xz @)1 — X[ < [1xe@m) — X1

which contradicts
Xz () — XI| < ||Xe@y41 — %[], foralln
This implies that
[|Xzny — X|| = O

and so, using
lxn — X[ < |[Xe@y+1 — XI|

we finally obtain
|lxp —X|| = 0

In order to verify our main result we furnish the following example:
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1
Example 3.2. The mapping 7 : R — R defined by Tx = —x is E—strictly pseudo-

) ) 1 1 )
contractive. Taking o, = X wu, = —, then our algorithm becomes
n

—1

Xn+l = %xn,

which gives 0 = Fix(T).

Remark 3.3. Our Theorem (3.1) improves and extends the main result of Marino et.
al.[17] for a A- strictly pseudocontractive mapping that solves a certain variational in-
equality in a more general uniformly smooth Banach space.

Remark 3.4. Our result extends the result of Yao et al. [27] from g-uniformly smooth
Banach space to a more general uniformly smooth Banach space.

Remark 3.5. Our result improves the result of Shehu [23] in the sense that [23] proves
the common fixed point of a finite family of strictly pseudocontractive mappings but our
result includes the common fixed point of a A- strictly pseudocontractive mapping and
provides solution of a certain variational inequality in a uniformly smooth Banach space.

Open Questions

1. Is it possible to extend Theorem 3.1 for the family of A-strictly pseudocontractive
mappings?

2. Is it possible to design a more appropriate iteration scheme for proving strong
convergence of A-strictly pseudocontractive mapping in Theorem 3.1

3. Isitpossible to prove Theorem 3.1 in a reflexive Banach Space having a uniformly
Gateaux diferentiable norm?
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