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Abstract

Motivated by the study of products in crisp graph theory and the notion of S-
valued graphs, in this paper, we study the concept of cartesian product of two
S-valued graphs.
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1. INTRODUCTION

Studies of how particular graphical parameters interact with graph products have lead
several areas of research in graph theory. For example Shannon's capacity of a graph
and Hedetniemi's coloring conjecture for the categorical product [6]. One of the oldest
unsolved problems -Vizing's conjecture, also comes from the area of graph products.
Algebraic graph theory can be viewed as an extension of graph theory in which
algebraic methods are applied to problems about graphs [1]. Recently in [5] the
authors have defined the concept of semiring valued graphs called S-valued graphs. In
[3] they have studied the notion of regularity on S-valued graphs. In [2] the authors
have studied the concept of vertex dominating set on S-valued graphs. Motivated by
this, in this paper, we introduce the concept of cartesian product of two S-valued
graphs and study some of its properties.



348 M.Sundarand M.Chandramouleeswaran

2. PRELIMINARIES
In this section, we recall the basic definitions that are needed for our work.

Definition 2.1. [6] The Cartesian product of G and H is a graph, denoted by GoH
whose vertex set is V(G) x V(H). Two vertices (g, h) and (g’, h") are adjacent if g =
g'and hh' € E(H) or gg' € E(G) and h = h'. Thus

V(GoH) ={(g,h)|g € V(G) and h € V(H)},

E(GoH) = {(g,h)(g,h)| g = g, hh' € E(H)orgg' € E(G),h = h'}
Definition 2.2. [4] A semiring (s, +, -) is an algebraic system with a non-empty set S
together with two binary operations + and - such that
1) (S, 4+, ») isamonoid.
2 (S, +) is a semigroup.
3) Foralla,b,ceS,a-(b+c)=a-b+a-cand(a+b).c=a-c+b-c
4) O-x=x-0=0 forall x € S.
The element 0 in S is called the additive identity as well as the zero of the semiring S.

Definition 2.3.[4] Let (s, +, -)be a semiring. < is said to be a canonical pre-order if

fora,b € S, a < bifand only if there exists an elementc € Ssuchthata+c=Dh.

Definition 2.4. [5] Let G = (V,EcV x V) be a given graph with V,E # @. For any
semiring(S, + -), a semiring valued graph (or a S-valued graph) G* is defined to be
the graph G5 = (V,E, 0, w) where 6:V > Sand w: E - S is defined by

o y) = {min{a(x), o)} if o(x)2o(y) or 6(y) < o(x)
0 otherwise

For every unordered pair (x,y) of ECV x V.we call g, a S-vertex set and y a S-edge
set of the S-valued graph GS.
Definition 2.5. [5] Let G5 = (V,E, o, v) be a S-valued graph. Then the graph H® =
(P,L,t,y) is called a S-subgraph of G if PcV,LcE,7co and ycy .That is
tco=1(x)<0(x),x €P and ycy=y(x,y)<w(x,y),(x,y) ELcP X P.HS is
called a S-sub graph of G5 is induced by P if 7(x) = o(x) for every x € P and
y(x,y) = w(x,y) forevery (x,y) € L.
Definition 2.6.[5] The open neighbourhood of v; in G%is defined as Ng(v;) =
{(vj,a(v))), where (v;,v;) € E, y(v;,v;) €S } and the closed neighbourhood of v;
in GSis defined as the set Ns[v;] = Ng(v;) U {(v;, 0(v;))}-
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Definition 2.7. [5] The degree of a vertex v; of the S-valued graph G*is defined as
deg,(v;) = (Zv,.ezvsm) w(viv,), d(vi)) where d(v;) is the number of edges incident
Wlth V;.

Definition 2.8. [5] A S-valued graph G* is said to be vertex degree regular S-valued
graph (ds - vertex regular graph) if degs(v) = (a,n), for all v €V and some
a€Sandn € 7.

Definition 2.9. [5] G5 = (V,E, o, v) be a S-valued graph. If 6(x) = a, Vx € V and
for some a € S then the corresponding S-valued graph G* is called a vertex regular
S-valued graph (or simply vertex regular). G° is said to be edge regular S-valued
graph (simply edge regular) if w(x,y) = a ¥(x,y) € E and for some a € S. GSis said
to be a regular S-valued graph (S-regular) if it is both vertex regular and edge regular
S-valued graph.

Definition 2.10. [5] A graph G° is said to be (a, k) regular if the underlying crisp
graph G is k-regularand o(v) = a, Vv € V.

3. CARTESIAN PRODUCT OF TWO S-VALUED GRAPHS

In this section, we introduce the notion of Cartesian product of two S-valued graphs,
illustrate with some examples, and prove simple properties.

Definition 3.1. LetG,° = (Vy, Ey,04, v, ) where V; = {v;]1 < i < py}, E;cV; x Vyand

G,° = (VZ,EZIUZII//Z) where V, = {v,|1 < j < p,}E,V, X V;, be two given
S-valued graphs.

Vi XV, = {Wij = (Vi:uj)ll Sisp,l1<j< Pz}i Ei X E,cVy X V.
The Cartesian product of two S-valued graphs G,° and G,° is a graph defined as
GDS = GlsuGZS = (V = V1 X Vz,E = E1 X Ez,o— = 01 X 05, W= l’”l X WZ),

where V = {w;; = (v, u)|v; €Vy and u; €V, and two vertices w;; and wy, are
adjacent if i = k and uju; € E, or j =l and v;vy € E;,

Define a:V - S by o(w;;) = min{o; (v;),0,(w;)} andw: E > S by
w(eM) = (//((vi,uj), (vk,ul))

{min{al(vi), wz(uj,ul)} if i =kanduu, €E,
min{ y, (v;, vx), o,(w)}if j = land vy, €E,
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Example 3.2. Consider the semiring S = ({0, a, b, c}, +, - )with the binary operations
‘+’ and ‘-’ defined by the following Cayley tables.

+|0ja|bjc e |Oja|blc
0 a c 0|0|0]|0]O
ala|b|c|c a|0la|b|c
blbjc|c|c b |0|bfc|c
c|c|cjc|c c |0flclc|ec

In S we define a canonical pre-order <as follows:
0<0,0=<a,0<b,0<c,a<ab=<b,c<c,a<b,a<cb=<c.

Consider the two S-valued graphs G,° and G,*
Then the Cartesian product G5° = G,°0G,’is given by G,°0G,° = (V,E, o, ) where

V = {wy1, Wiz, Wiz, Wa1, Waz, Wp3, },

11 11 12 12 13 21 21 22}

_ 11
E={ey; " e1p' e13'h €227, 6137, €237, €227, €237 €33

v,(@) u,(a)

vz(a) u,(b) b U3(C)

wu(a) wn(a)
Theorem 3.3.The Cartesian product of two S-regular graphs is S-regular.

Proof:Let G,° = (Vy, Ey,01,y,) and G,° = (Vo, E5,05,1,) be two given S-regular
graphs.

Claim:G,° = GlsuGZSiS S-regular.

o,(vy) if o,(vy) <0, (u;

Now by definition o(w;;) = min{oy (v), ()} ={ *, 'f 1) =0z(1)
Uz(uj) if Uz(uj)ﬁﬂ(vi)
Then in both the cases o(w;;) isequal forallw;; € V,1 <i<p;,1<j <p,.

This implies that G,° = G,°0G, is vertex S-regular.
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min{o; (), v, (wjw)}if i = k and wyu; € E,
min{ v, (v;, v), 02 (w;)} if j = land v;vy, € E;

Further, l//(eijkl) = {
= min{al (v1), 0, (uj)}
o,(vy) if o7(v;) <0, (u;
= { 1 _f 1(v) 202() 1<ik<p,1<jl<p,
a2 () if o2(w;) <01 ()
This implies that G,° = G,°0G,°is edge S-regular.
Thus the Cartesian product G,°oG,° is S-regular.

Remark 3.4.The converse of the above theorem need not be true in general as seen in
example 3.2. Moreover consider the following example.

w, (a) a

v,© uy(a)

W, (b)

(@ u () b u Q)
b

w (c) wu(c)

From the above example we observe that even if one of the S-valued graph is S-
regular the product need not be S-regular. This leads to the following theorem.

Theorem 3.5. The product of two S-valued graphs is S-regular if the S-value
corresponding to the S-regular graph is minimum among the S-values.

Proof: Let G.° = G,°0G,"> be S-regular.
Then O’(Wl-j) = min{al(vl-),az(uj)} =a, Vi,j. (3.2)
Sinceo; (v;), 05(u;) € S, Vi, either oy (v;) < 02 (w;) or a,(wj) < 1 (v;). By 3.1 if
al(vi)jaz(uj), Vi,j =0,(v;)) =a, Vi (3.2)
and if o (w;) <0y (V) Vi, j =0, (w) = a, V) (3.3)

Now consider any edge e;;*'. By definition y(e;;*') =
{min{al(vi), v, (uj,ul)} ifi=kanduu, €E,
min{ v, (v;, v), az(uj)} if j=land v;v, €E;
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_ {min{al(vi),min{az(uj),cfz(ul)}} if i =kand uju €E,
min{ min{a; (v;), 0;(v)}, o, (uj)} if j =1land v;v, € E;
{01(171'),02(1‘1')} ifaz(uj)joz(ul)

. {o1(v), o (W)} if oz (wy) < 05 (wy)
{Ul(vi);az(uj)} ifo,(v;) <0,(vy)
{01(171{), 03 (uj)} ifo1(vg) < 01(v;)

Among all the cases we obtain either a; (v;) or az(uj) and both are equal to a, which
is minimum among the S-values.

(3.4)

This proves that G,”is S-regular whenever the S-value corresponding to the S-regular
graph is minimum.

Remark 3.6.Product of two vertex S-regular graph is edge S-regular. But the
converse is not true.

i wlz(a) 2 .sz(a)
: u,(a)

a a

a a a Wn(a). i @ v_(3)
21
3 a
\lz(b) u (a) U3(b) a

2 wl3(a). ¢ W, 4(b)

Clearly G,°is edge S-regular but not vertex S-regular.

Example 3.7.The Cartesian product of two edge S-regular graphs is not edge S-
regular. Consider the following two edge regular S-graphs.
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w (a) = L) w_(a)
vl(a) w (a)

) : UE(C) w (b) w;z(b) w__(b) v./24(b)

(
b 2
v,(0) B

It is clear thatG, oG, is not edge S-regular.
Theorem 3.8. The Cartesian product of two edge S-regular graphs is edge S-regular
only if y, (e,*) = v, (¢j) for 1 < i,k < p;,1 <j,1 < p,.

Proof:Let G,° be S-edge regular then v, (e;*) = min{o; (v), o3 (V4)}

_ {01(770 if o1(v;)=0y(vy) (35)
o) if o(v) <oy (w)

Let G,° be S-edge regular theny, (¢;') = min{o (w;), o5 (u;)}

_ {02 (u}) if o, (u}) <0, (u;) (3.6)
o, (w,) if Uz(ul)jUZ(uj)
min{al (vy), wz(uj,ul)} if i =kanduwu, €E,
min{ v, (v;, vk),az(uj)} if j=land v;v, € E;

Now y(e;;*) = {

3 min{al(vl-),min{az(uj),az(ul)}} ifi =kanduu, €E,
B {min{ min{o; (v;), 0, (vi)}, 0, (uj)} if j=land v;v, € E;
{01(17i),02(uj)} ifaz(uj)jaz(ul)
{o1(v), 02 (W)} if o, (w) <0, (w))
= min
{Jl(vi):GZ(uj)} ifo1(v;) <01(vy)
{01, 05 ()} if o1 (v ) <01 (v)

From 3.5 and 3.6 we observe that G,° isedge S-regular only whena; (v)) = 0, (w;)
and O-l(vk) = Uz(ul) \7/1.,]., k,l



354 M.Sundarand M.Chandramouleeswaran

Thus for G,° to be edge S-regular, we must have y, (e*) = y,(e!) for 1 < i,k <
p1,1<j,l<p,.
Example 3.9.The Cartesian product of two dg-regular graph is not dg-regular.

Consider the following two dg-regular graphs G,> and G.,°.

v,(b) Wi1(2a) ° 512
a
. U () @@ Uy a a
w, 5(b) b sz(b)
v, (©)

We observe that Gg°is not dg-regular.

Theorem 3.10.1f G,° is (a,m) — regular and G,° is (b, n) —regular graph then their
Cartesian product G is either (a,m 4+ n) — regular or (b, m + n) — regular.
Proof:Let G,° be (a,m) — regular and G,> be (b, n) — regular for some a,b € S
and m,n € Z*

To prove:G.® is (a,m + n) — regular or (b, m 4+ n) — regular.

That is to prove G, is vertex S-regular and d(w;;) = m + n for all i. .

By theorem 3.3, G.° is vertex S-regular.

Further, the number of edges incident with w;; in Go° is equal to the number of edges
incident with v; in G,°+ number of edges incident with w; in G,°.
That is, d(WU) = d(vi) + d(u]) =m+n=k (Say) \7/1,_]

Thus G.° is (a, k) — regular.

4. CONCLUSION

Motivated by the study of S-valued graphs in [3] and [5], we studied the regularity
and degree regularity conditions on the cartesian product of two S-valued graphs. In
future, we have proposed to study the notions of minimal and maximal degree and

their properties on G°.
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