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Abstract

In this paper, we introduce the concept of linear transformation on
intuitionistic fuzzy vector space and prove that the set of all linear
transformations between two intuitionistic fuzzy vector spaces forms a vector
space under the intuitionistic fuzzy operations. By using the standard
intuitionistic fuzzy linear combation of a vector, one to one correspondence
between the set of all linear transformations on a finitely generated subspace
of V,, and the set of all intuitionistic fuzzy matrices (IF), is obtained.
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Introduction

We deal with fuzzy matrices that is, matrices over the fuzzy algebra ¥ and " with
support [0,1] and fuzzy operations {+,.} defined as a + b = max {a, b},
a.b =min{a,b} for all a,be " and a + b = min {a, b}, a.b = max{a, b} for all a, be

FN. Let Y  be the set of all mxn Fuzzy matrices over . A matrix Ac " _is said to

be regular if there exists X€ F" such that AXA = A, X is called a generalized

nxm
inverse (g-inverse) of A. In [4], Kim and Roush have developed the theory of fuzzy
matrices, under max min composition analogous to that of Boolean matrices. Cho [3]
has discussed the consistency of fuzzy matrix equations, if A is regular with a g-
inverse X, then b.X is a solution of x A=b. Further every invertible matrix is regular.
For more details on fuzzy matrices one may refer [5].In[6], Meenakshi and inbam
have introduced the concept of linear transformation on fuzzy vector spaces. The new
concept of fuzzy linear transformation on vector spaces and fuzzy vector spaces are
discussed in [11]. Atanassov has introduced and developed the concept of
intuitionistic fuzzy sets as a generalization of fuzzy sets [1,2].If A = (aij )e (IF)

mxn 2
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then A = (<aijﬂ,aijv>), where g;, and a;, are the membership values and non

membership values of &; in A respectively with respect to the fuzzy sets p and v,

maintaining the condition 0 < &;,+ &;, < I. In [7], we have studied the structure of

row space and column space of intuitionistic fuzzy matrices. The maximum and
minimum solutions of fuzzy relational equations involving membership and non-
membership matrix of the intuitionistic fuzzy matrix are determined in [8].In[9],we
prove that any finitely generated subspace of V,, over the intuitionistic fuzzy algebra

(F) has a unique standard basis. The concept of semiring of intuitionistic fuzzy
matrices are studied in [10].

In this paper, we define a linear transformation and prove that set of all linear
transformations between two intuitionistic fuzzy vector spaces forms a vector space.

Preliminaries
Let (IF),,, be the set of all intuitionistic fuzzy matrices of order mxn Let (IF), . be

the set of all intuitionistic fuzzy matrices of order mxn. First we shall represent A
e (IF)
matrices A= (aij)

mxn

as Cartesian product of fuzzy matrices. The Cartesian product of any two
and B= (bij) , denoted as <A, B> is defined as the matrix whose
mxn mxn

ij"™ entry is the ordered pair <A, B>: (<a-- b; >) For A= (aij )mxn - (<a- aj >) We

mxn

U iju > Hijv

mxn mxn as the

define A, = (aijﬂ)e & .as the membership part of A and A, = (aijv)e Fo
non membership part of A. Thus A is the Cartesian product of A, and A, written as
A=(A,A)with A, e I, A e Fh,.

We shall follow the matrix operations on intuitionistic fuzzy matrices as defined
in our earlier work [7].

ForA,B e ) ,if A= (aij) and B = (bij) then

mxn ?

(2.1) A+B= (max{aij b, })
(2.2) AB= ( maxmin {aik,bkj} )
k

The nxn identity matrix |1 in & is the matrix defined as (I,:V' )ij =1 if i=) and
(I:" )ij =0 1f 1 # j and the nxn zero matrix O is the matrix all of whose entries are zero

satisfying the following properties:
(2.3) Al =1V A=A forallA e &
(2.4) OA=A0=0.
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ForA,Be ¥\ ,ifA= (aij ) and B= (bij) then

mxn 2

(2.5) A +B = (minfa; b, |)

1>

(2.6) AB= ( minlt(nax {aik,bkj} )

The nxn identity matrix 1 in &) 0

N is the matrix defined as (I N )ij =0 if i=j and
N

(I . )ij =1 if i # j. The nxn zero matrix J in &' is the matrix all of whose entries are 1

n

satisfying the following properties:

(2.7) Al =1" A=A forall Ac &)
(2.8) AJ=JA=1.

For AB e (IF),,.if A= ((a,,.a;, ) and B= ((b;,.b;,)) then
(2.9) A+B = ((maxfa,,.b,, } minfa,, .b,, )
(2.10) AB= (<max min{aiky Dy, }, min max{aikv Dy, }>)

k k

Let us define the order relation on (IF )y, as,

(2.11) A<B <g;,<b;, and a;, >b;, , foralliandj

Definition 2.1[7]
An Ae(IF),,, is said to be regular if there exists X € (IF),,, satisfying AXA = A

and X is called a generalized inverse (g-inverse) of A which is denoted by A. Let
A {1} be the set of all g-inverses of A.

mxn nxm

Definition 2.2[10]

A square intuitionistic fuzzy matrix is called intuitionistic fuzzy permutation matrix,if
every row and column contains exactly one <1,0> and all other entries are <0,1>. Let
P, be the set of all nxn permutation matrix in (IF),.

Lemma 2.1[9]
Any two basis for a finitely generated subspace of the intuitionistic fuzzy algebra (1f)

=< $™ FV> have the same cardinality and any finitely generated subspace over (f)
has a unique standard basis.

Lemma 2.2[9]

Let S be a finitely generated subspace of V, and let ¢ = {cj,c»,....,cn} be the standard
basis for S. Then any vector x € S can be expressed uniquely as a linear combination
of the standard basis.
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Lemma 2.3[9]
Let {cy,ca,....,cn} be the standard basis of the subspace W in V,. In the standard fuzzy
linear combination of the basis vector c;, the i coefficient of c; is <1,0>.

Intuitionistic Fuzzy Linear Transformations (IFLT)

In this section, we introduce the concept of linear transformation on intuitionistic
fuzzy vector spaces and prove that the set of all linear transformations between two
intuitionistic fuzzy vector spaces forms a vector space under the intuitionistic fuzzy
operations.

Definition 3.1

Let V and V be vector spaces over the intuitionistic fuzzy algebra(4f).A mapping T
of V into V is called a intuitionistic fuzzy linear transformation if for any x, y € V

and ae(1f).
1. T(x+y) =T(x) + T(y)
ii. T(ox) = a T(x)

Theorem 3.1

Let V and V be vector spaces over the intuitionistic fuzzy algebra(tf). Then L(V,V),
the set of all intuitionistic fuzzy linear transformation from V into V is a intuitionistic

fuzzy vector space over the intuitionistic fuzzy algebra(tf) under addition and
multiplication defined by, (T;+T2)x = Tj(x) + T2(x) and (a T;)x = a Tj(x) for all Ty,

Tre L(V,V), xeV and ae(tf).

Proof
Let L(V,V ) is closed with respect to ‘+’ and *.’

For any x,y €V.
(T1+T2) (xty) = Ti(x+y) + Ta(xty)
=Ti(x)+ Ti(y) + Ta(x) + Ta(y)
= (T+To)x + (T +T,)y for every T;,T> € L(V,V)

Forx €V, (T+T,)(0x) = T1(0x) + Ta(0x)
= a Ti(x) +o Ta(x)
=a [Ti(x) + Ta(x)]

= a[(T+T2)( x)] for every T;,T, € L(V,V) and ae(1f).

Thus T,+T, € L(V,V) for all T,, T, € L(V,V).
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For a e(#f) and Te L(V,V).
(aT)(xty) =a[T(x+y)]

= o[ T(x)+ T(y)]
=oT(x)+ a T(y).

(@T)(Px) = a[T(Px)]

= o[PT(x)]
= Bl(aT)(x)]

Hence aTe L(V,V).

For Ty, T,, Tz L(V,V’) and o, Be(1f) the following hold;

1.
1i.
1ii.
1v.
V.
Vi.
Vil.

Vviil.

T+T,=T,+ T,

(T1+To)+ Ty = T1H(To+ T3)
(af) Ti=a(B T1)

(0t+B) Ty=a T1+p T
o(T+Ty)=a T+ a T

. Ti=T,
T1+0:0+T1:T1
0T1:T10:0

103

Proof of (i) to (viii) can be easily verified. Hence L(V,V’) is a intuitionistic fuzzy

vector space over (1f).

Theorem 3.2

For a intuitionistic fuzzy vector space V over (1f), L(V) is an algebra under

multiplication defined by T T, ( x) =T, (T, ( x)) for all Ty, T, € L(V).

Proof

L(V) is a intuitionistic fuzzy vector space follows from theorem(3.1).We will prove
that T] T2 S L(V), for T], T2 (S L(V)

(TTy) (xty) =T (T2 (xt+y))

=T (T2 x)+ T2(y))
=T (T2 (x) ) + Ti (T2 (y))
= (T1 T2 )x) + (T T2 )(y)

(TiT2) (ax) =T (T2 (ax))

=T (a Ta(x))
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=0 T (Ta(x))
= (T1 Tz )(X)

Thus T; T, € L(V). Hence the proof. .

Definition 3.2

Let L and L be vector spaces over the intuitionistic fuzzy algebra (F). L and L’ are
said to be intuitionistic fuzzy isomorphic if there exists a one to one and onto linear
transformation between them, that is, f is one to one,onto map satisfying

1. f(x+y) = f(x) + f(y),for x, ye L
il. flox) = a f(x), for o e(1f).

Theorem 3.3
Let L and L be finite dimensional vector spaces over the intuitionistic fuzzy

algebra(tf). L and L are said to be intuitionistic fuzzy isomorphic if and only if
dim(L) =dim(L).

Proof
Let f: L — L be a fuzzy isomorphism. If {x1,x2, ....,Xy} is a standard basis of L.

Then it can be verified that { f(x; ),f(x2), .....f(xk)} is a standard basis of L. Hence
dim(L) =dim(L).

Conversely, dim(L) =dim(L ),then L and L will have same cardinality. Let {x;,x,,
....xx} and {y1ya, ....,yx} be standard basis of L and L respectively. By lemma (2.2),
any X € L has a unique standard linear combination of basis vectors of the form x =
X+ 0pXpt....+ oxxg. Define f(x) = y, where y= oyy;+ apya+....+ oxyk.it can be
verified that f satisfies the definition of a intuitionistic fuzzy isomorphism. Hence L
and L are intuitionistic fuzzy isomorphic. .

Intuitionistic fuzzy matrices associated with IFLT

Let B={cy,cs,....,cn} be an ordered standard basis for a subspace W of intuitionistic
fuzzy vector space V,. Then by lemma(2.2), each vector in W= <W,,W, > is uniquely
expressible as a standard fuzzy linear combination of ci’s. For each 1, ¢; = < ¢jy,, ¢y >.

where ci, € ¥ and ¢iy € " and B,={c1,,,C2p....,Cap} @and By ={C1y,Cay....,Cnv} are the

standard basis for W,, and W, respectively.

If T is a linear transformation on W to itself, then for each ¢; = < ¢j,, ¢y > the
vector T(cj)= T(< ¢j,, cjy>) 1sin W.

n
Let T(c))= T(< ¢j,, ¢jy>) = z< Qiju, Qijv™> < Ciy, Civ > be the standard fuzzy linear
i=
combination in terms of the standard basis vectors.
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Construct the matrix [T]= < [T,], [T,]>,where [T,] € " and [T,] € " ,Whose

jth column is the transpose of the intuitionistic row vector (< ajjy aijy >,< asju iy >, ..,<
Anj, Any >).Since aj; = < ajj, a;5> s are uniquely determined by T(c;)= T(< c;,, cjy>) for
each },[T] is the unique intuitionistic fuzzy matrix corresponding to the linear
transformation T on L(W) with respect to the unique standard ordered basis B of the
subspace W. Let us denote it as [T]p-.

Theorem 4.1
Let B={cy,cs,....,cn} be an ordered standard basis for a subspace W of V. Then the
mapping T — T’, which assigns to each linear transformation T its matrix relative to

B is an isomorphism of the algebra L(W) onto the matrix algebra (1f),.

Proof
By using the unique standard basis B={c,c»,....,ch} we have assigned a matrix

[T]=[< ajj,ai;>] to each linear transformation T on W.

Claim: T — [T] is one to one
Let [Tl] =[ < Olijp, aijv>] and [Tz] =[< Yii, 'Yijv>]- Then

n
T1 (¢) = Ti (< Cjp, 6v>) = D < iy, 0™ < Ciy, Civ> and
i=l

n
Ta(cj) = Ta (< ¢y, 6v>) = D, <Y¥iju, Yii™ < Ciy, Civ >
i=

n
Let x= Z Bi< ciu, cjy > be the standard fuzzy linear combination of x in terms of
H
the standard basis vectors {c;,ca,....,Cn}.
Suppose [T1] = [T2] then o, = viju and o5y = ;v for all 1,j=1,2,...,n.

n n
Ti(x) = Ti[ D Bi< cju, cv>1= 2 By T1(< cju, ¢jv>)
H H

n
=2 B Q‘ﬁ Oljy, Oijy™> < Ciy, Ciy >]
r

i=l
n n
=> B <Yijw, Yii < Ciy, Civ>
B D <Yiin, Vi n
i i

=" B Ta(< ciy, ©1v>)
o
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=T, Z Bj (< ciy, civ>) = Ta(x)
H

Hence T — [T] is one to one.

Claim: T — [T] is onto.

Let [T] =[ < oij,, aij>] be an element in (1f),. Now define a map T on the standard
basis vectors B={c,cs,....,cn} as

n n
Tx)=T [Z Bi< Cju, cy>1= Z Bi T (< cjy, cv>)
H H
n n
= Z Bi [z< Qijy., Qijv=> < Ciy, Civ>]
H =
n
= Z B; ﬁ Olijy, (Xijv>] < ¢y, Civ> 1s well defined.
i.H

We can show that T is a linear transformation on W.

n n n
Let x= Z Bi< Cj, Cjv> and y= Z ¥i< Cju, ¢jv>. Then x+y = Z( Bit 1) < Cju, cjv>.
A A A

4.1) T(xty) = > [(Bi+ 1) < i, 0ip>] < i, >
iLH
(4.2) T (X)+ T (y) =D [< i, 0> ( B+ ¥)] < iy, 5>
i,H

From (4.1) and (4.2) it follows that, T(x+y) =T (x)+ T (y).

n n
T(0x) = T(D o Bi< cju, civ>F X, (< i, > 0 By) < i, cv>.
e iH

n
- Z (< dij, > Bj) < i, cjv>= a0 T(x)
i,H

Thus T is a linear transformation on W.

Now, ( Ti+ Tz) <c¢jy, ¢jv> = ( Ti< ¢jp, Cjy> + To< ¢j,, €y >)

n n
= D < Giju, 0> < Ciy, &>+ D < Yiju, Yipy> < Cip, Civ >
i=1 i=l

n
= D (< 0, > +<Yij, ¥i™) < Cip, Civ >
i=1

If we define addition in (F), by,[<oij, oi>]+H[< Biu Biv>]=[max{ iy,



Intuitionistic Fuzzy Linear Transformations 107

Biju}min{aij,Pijv} ] and [a<osj,, oijy>] = [min{o, oij, },max{1- o, ajjy }].
(4.3) [T+ T2] =[ Ti]+ T2] and
(4.4) [a T{]=a [Ty], for any ae(tf),

Finally, (T, T,) G = (T Ty < Ciy, Cjv = = Ti(T, < Ciw, Civ>)

n
=T Z(< Brin, Briv>< Cky, Ckv>).

k=1

< Buin, Briv> (T1< Ciy, Chv>).

n
< Buin, Prgv> (z< Oliky, Qikiv™> < Ciy, Ckv>)-
| i=l

=~

i M:: fM:

n

[<tiju, 0> [< Bij, Bi™] = D (< Gl itgv™< i, Picv™) < Ci, Chev >
ik

4.5) Therefore [ T;] [ T2] =[T; T2].

The operations defined by (4.3),(4.4) and (4.5) are the standard max-min,min-max
operations for intuitionistic fuzzy matrices. .

Remark 4.1
The image of the zero linear transformation under the mapping T — [T] is the zero
matrix, all of whose entries are <0,1>.

Remark 4.2

In particular for the identity transformation on W, since I(c;) = c; for each basis vector
ciin the standard basis B={cj,c»,...,c,} of W. From lemma(2.3),the diagonal entries of
Iis <1,0>.

Example 4.1
Let W be the subspace of W3.The identity mapping I: W—W.Since I(x) = x for all
x €W, the standard fuzzy linear combination of the standard basis vector

(<0.5,0 >,<0.5,0.5>,<0.5,0>) is obtained in example(3.2)[9] as,

(<0.5,0>,<0.5,0.5>,<0.5,0> ) = (<1, 0 > (<0.5,0>,<0.5,0.5>,<0.5,0>) + <0.5, 0.5 >
(<0,1>,<1,0>,<0.5,0.5>)+ <0.5, 0 >(<0,1>,<0.5,0.5>,<1,0>).

Similarly, the standard fuzzy linear combination of the other basis vectors are
obtained as,

( <0,0.5>,<1,0>,<0,0.5> ) = (<0, 0.5 > (<0.5,0>,<0.5,0.5>,<0.5,0.0>) + <1,0 >
(<0,1>,<1,0>,<0.5,0.5>)+ <0, 0.5 >(<0,1>,<0.5,0.5>,<1,0>) and

( <0,1>< 0.5,0.5><1,0> ) = (<0, | > (<0.5,0>,<0.5,0.5>,<0.5,0>) + <0.5,0.5>
(<0,1>,<1,0>,<0.5,0.5>)+ <1, 0 >(<0,1>,<0.5,0.5>,<1,0>).
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Hence the matrix [I] corresponding to the identity linear transformation with
respect to the standard basis {(<0.5,0>,<0.5,0.5>,<0.5,0>),(<0,1>,<1,0>,<0.5,0.5>),
(<0,1>,<0.5,0.5>, <1,0>) } is,

[Ilg= <1,0> <0,0.5> <0,1>

<0.5,0.5> <1,0> <0.5,0.5>
<0.5,0> <0,0.5> <1,0>

Corollary 4.1

For any Te L(W) and the identity transformation Ie L(W) the corresponding
matrices [T] and [I] satisfy [T]. [I]= [I]. [T]= [T] under the max-min, min-max
compositions of intuitionistic fuzzy matrices.

Proof

Since T I=I T=T, by using (4.5) we get the matrix identity [T]. [[]=[1]. [T]=[T]. ™

References

K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and systems 20(1), 1986, 87-
96.

K. Atanassov, New Operations defined over the intuitionistic fuzzy sets, Fuzzy
Sets and Systems. 61 (1994), 137-142.

H.H. Cho, Regular fuzzy matrices and fuzzy equations, Fuzzy Sets and
Systems, 105(1999), 445 — 451.

K.H. Kim and F.W. Roush, Generalised fuzzy matrices, Fuzzy sets and
Systems. 4 (1980), 293 — 315.

AR. Meenakshi, Fuzzy matrices: Theory and its applications, MJP Publishers,
Chennai — 2008.

AR. Meenakshi and C. Inbam, Fuzzy matrices and Linear transformations on
fuzzy vector spaces, Int. J. Fuzzy math. 11(2003), 955-966.

AR. Meenakshi and T. Gandhimathi, On Regular intuitionistic Fuzzy matrices,
Int. J. of Fuzzy Math. (Communicated).

AR. Meenakshi and T. Gandhimathi, Intuitionistic fuzzy relational equations,
Advances in Fuzzy Mathematics, 2(5), 2010, 239-244.

AR. Meenakshi and T. Gandhimathi, Standard basis of intuitionistic Fuzzy
matrices (Communicated).

S. Sriram and P. Murugadas, On semi ring of intuitionistic Fuzzy matrices,
Applied Mathematical Sciences, 23(4), 2010, 1099-1105.

W.B. Vasanta Kandasamy, Fuzzy Linear transformations on vector spaces and
fuzzy vector spaces, Ocogon Mathematical Magazine,1(10),2002.



