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Abstract 
 

The purpose of this paper is to obtain sufficient conditions for the existence of 
a unique fixed point of generalized contractive type mappings on complete 
cone metric spaces depending on another function. 
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Introduction 
Guang and Xian [3] generalized the notion of metric spaces, replacing the set of real 
numbers by an ordered Banach space, defining in this way, a cone metric space. 
These authors also described the convergence of sequences in cone metric spaces and 
introduced the corresponding notion of completeness. Afterwards, they proved some 
fixed point theorems of contractive mappings on complete cone metric spaces. 
Posteriorly, some of the mentioned results were obtained by Rezapour and Hambarani 
[5] omitting the assumption of normality on the cone. 
 On the other hand, A. Beiranvand, S. Moradi, M. Omid and H. Pazandeh [1] 



134  K.P.R. Sastry et al 
 

 

introduced the classes of T-Contraction and T−Contractive functions, extending the 
Banach contraction principle and Edelstein’s fixed point theorem. S. Moradi [4] 
introduced the notion a T-Kannan contractive mapping which extends the well known 
Kannan’s fixed point theorem [2]. 
 In this paper, we introduced the notion of generalized T- contractive mappin 
defined on a complete cone metric space (M, d), and exdend the results of [3] and [4]. 
 
 
Definitions and preliminary results 
In this section we recall the definition of cone metric spaces and some of their 
properties (see [3]). The following notions will be used in order to prove the main 
results. 
 
Definition 2.1 ([3]): 
Let E be a real Banach space and P a subset of E. P is called a cone if  

i. P is closed, non empty and ܲ ്  ሼ0ሽ; 
ii. ܽݔ ൅ א ݕܾ  ,ݔ ׊ ܲ  א ݕ  ܲ and non negative real numbers a, b; 
iii. ܲ ת ሺെܲሻ  ൌ  ሼ0ሽ. 

 
 Note also that the relations ݅݊ݐ ܲ ൅ ك ܲ ݐ݊݅  ك ܲ ݐ݊݅ ߣ ݀݊ܽ ܲ ݐ݊݅  ൐ ߣሺ ܲ ݐ݊݅ 
 0ሻ hold. For a given cone ܲ ك  we can define on E a partial ordering ൑ with ,ܧ
respect to P by putting ݔ ൑ ݕ if and only if ݕ  െ א ݔ  ܲ. Further, ݔ ൏  stands for ݕ 
൑ ݔ ് ݔ and ݕ  ݔ while ,ݕ  ا ݕ stands for ݕ െ  denotes the ܲ ݐ݊݅ where ,ܲ ݐ݊݅ א ݔ
interior of P. 
 
Definition 2.2 ([3]):  
Let E be a real Banach space and P ⊂ E be a cone. The cone P is called normal if 
there is a number K > 0 such that for all x, y∈  E, 0 ≤ x ≤ y implies ║ x ║ < K║ y║ 
 The least positive number K satisfying the above inequality is called the normal 
constant of P. 
 In the following, we always suppose that E is a real Banach space, P is a cone in E 
with Int P ് 0 and ൑ is the partial ordering with respect to P. 
 
Definition 2.3 ([3]):  
Let M be a non-empty set. Suppose that the mapping d: M x M → P satisfies: 

a. 0 < d (x, y) for all x, y∈  M and d(x,y) = 0 if and only if x = y. 
b. d(x, y) = d(y,x) for all x, y ∈  M  
c. d(x, y) < d(x, z) + d(y, z) for all x, y, z ∈  M.  

 
 Then d is called a cone metric on M and (M, d) is called a cone metric space. 
Notice that the notion of a cone metric space is more general than the corresponding 
of a metric space.. Examples of cone metric spaces can be found in [3] and [5]. 
 
Definition 2.4 ([3]): 
Let (M, d) be a cone metric space, {xn} be a sequence in X and  
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   x ∈X. 
 

i. {xn} converges to x if for every c∈  E with 0 << c, there is an no such that 

for all n > n o, d(xn, x) << c. We denote this by 
∞→n

lim
x n = x or xn → x as n 

→ ∞ 
ii. If for any c∈E with 0 << c, there is an n o such that for all n, m > n o, d(xn, 

xm) << c, then {xn} is called a Cauchy sequence in M. 
iii.  (M, d) is called a complete cone metric space, if every Cauchy sequence 

in M is convergent in M. 
 
 The following result will be useful for us to prove our main results. 
 
Lemma 2.5 ([3]):  
Let (M, d) be a cone metric space, P א E a normal cone with normal constant K. Let{ 
xn}, {yn} be sequences in M and x, y א M. 

i. {xn} converges to x if and only if lim௡՜ஶ ݀ሺሺݔ௡,  .ሻ = 0ݔ
ii. If {xn} converges to x and {xn} converges to y then x = y. That is the limit 

of (xn) is unique; 
iii. If {xn} converges to x, then {xn} is Cauchy sequence; 
iv. {xn} is a Cauchy sequence if and only if lim௡,௠՜ஶ ݀ሺሺݔ௡,  :௠ሻ = 0ݔ
v. If ݔ௡→ x, and ݔ௡→ x, (n→∞) then ݀ሺሺݔ௡, ௡ሻ ՜ݕ  ݀ሺݔ,  .ሻݕ

 
Definition 2.6 ([3]):  
Let (M, d) be a cone metric space, P a normal cone with normal constant K and T: M 
→ M. Then 
 

i. T is said to be continuous if lim௡՜ஶ ௡ݔ ൌ implies that lim௡՜ஶܶ ݔ ௡ݔ ൌ
 ;for all of {xn} in M ݔܶ

ii. T is said to be subsequentially convergent, if for every sequence {yn} that 
{Tyn} is convergent, implies {yn} has a convergent subsequence; 

iii. T is said to be sequentially convergent if for every sequence {yn}, if {Tyn} 
is convergent, then of {yn} also is convergent. 

 
 
Main result 
First, we recall some definitions on cone metric space form [6]. 
 
Definition 3.1 ([6]):  
Let (M, d) be a cone metric space and let S: M → M be a functions. 

i. S is said to be a T−Kannan contraction, (ܶܭଵ−Contraction) if there is b א 
[0, 1/2) such that d (TSx, TSy) ≤ b (d (Tx,TSx) + d (Ty,TSy)) ׊ x, y א M. 

ii. S is said to be a T- Chatterjea contraction, (ܶܭଶ−Contraction) if there is 
c 1/2 ,0] א) such that d (TSx, TSy) ≤ c (d (Tx,TSy) + d (Ty,TSx)) ׊ x, y א M. 
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Definition 3.2:  
Let (M, d) be a cone metric space and let S: M → M be a function. 
 S is said to be a generalized T− contraction, if there exist non negative constants 
a, b, c such that a + 2b + 2c ൏ 1 and 
 ݀ሺܶܵݔ, ሻݕܵܶ ൑  ܽ ݀ሺܶݔ, ሻݕܶ ൅ ܾሺ݀ሺܶݔ, ሻݔܵܶ ൅  ݀ሺܶݕ,  ሻሻݕܵܶ
 ൅ ܿ ሺ݀ሺܶݔ, ሻݕܵܶ ൅  ݀ሺܶݕ,  M. … (3.2.1) א x, y ׊ ሻሻݔܵܶ
 
Note: We observe that ܶܭଵ, ܶܭଶ contractions are generalized T- contractions. 
 The following result will be useful for us to prove our main resulti. 
 
Lemma 3.3 ([7]): 
Let (M,d) be a complete cone metric space with normal cone P with normal constant 
K. Suppose λ∈  (0,1) and }{ nx  is a sequence in X such that 
   d (xn, xn+1) ≤ λ d ( ݔ௡ିଵ,   ...,௡) for n = 1, 2, 3ݔ 
 
 Then {xn} is a Cauchy sequence in X. 
 
Theorem 3.4:  
Let (M, d) be a complete cone metric space, P be a normal cone with normal constant 
K. In addition let T: M → M be a continuous function and S: M → M a generalised 
T−Contraction. Suppose S and T commute. Then,  

1. For every ݔ଴ ,M א lim௡՜ஶ ݀ሺܶܵ௡ݔ଴, ܶܵ௡ାଵݔ଴ሻ ൌ 0.  
2. There is v א M such that lim௡՜ஶ ܶܵ௡ݔ଴ ൌ  ݒ
3. If T is subsequentially convergent, then 
i. ሼܵ௡ݔ଴ሽ has a convergent subsequence; 
ii. There is u א  ;such that Su = u ܯ

 
4. If T is sequentially convergent, then for each ݔ଴  M the iterate sequence א

ሼܵ௡ݔ଴ሽ converges to u 
5. T is contant on the fixed point set of S. If further T is one-one then S has 

unique fixed point.  
 
Proof: Let ݔ଴  M. We define the iterate sequence {xn} א
by  ݔ௡ାଵ= ܵݔ௡= ܵ௡ାଵݔ଴. Then 
d(Tݔ௡, Tݔ௡ାଵ) = d(TSݔ௡ିଵ, TSݔ௡) 
 ൑  ܽ ݀ሺܶݔ௡ିଵ, ௡ሻݔܶ ൅ ܾሺ݀ሺܶݔ௡ିଵ, ௡ିଵሻݔܵܶ ൅  ݀ሺܶݔ௡,  ௡ሻሻݔܵܶ
 ൅ ܿ ሺ݀ሺܶݔ௡ିଵ, ௡ିଵሻݔܵܶ ൅  ݀ሺܶݔ௡,   ௡ିଵሻሻݔܵܶ
 ൑  ܽ ݀ሺܶݔ௡ିଵ, ௡ሻݔܶ ൅ ܾሺ݀ሺܶݔ௡ିଵ, ௡ሻݔܶ ൅  ݀ሺܶݔ௡,  ௡ାଵሻሻݔܶ
 ൅ ܿ ሺ݀ሺܶݔ௡ିଵ, ௡ାଵሻݔܶ ൅  ݀ሺܶݔ௡,   ௡ሻሻݔܶ

 ൑ ሺ ܽ ൅ ܾሻ൫ ݀ሺܶݔ௡ିଵ, ௡ሻ൯ݔܶ ൅  ܾሺ݀ሺܶݔ௡,  ௡ାଵሻሻݔܶ

 ൅ ܿ ሺ݀ሺܶݔ௡ିଵ, ௡ାଵሻݔܶ ൅ 0ሻ 
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 ൑ ሺܽ ൅ ܾሻ݀ሺܶݔ௡ିଵ, ௡ሻݔܶ ൅ ܾሺ݀ሺܶݔ௡,  ௡ାଵሻሻݔܶ
 ൅ ܿ ሺ݀ሺܶݔ௡ିଵ, ௡ሻݔܶ ൅  ݀ሺܶݔ௡,   ௡ାଵሻሻݔܶ

൑ ሺ ܽ ൅ ܾ ൅ ܿ ሻ൫݀ሺܶ݀ݔ௡ିଵ, ௡ሻ൯ݔܶ ൅ ሺܾ ൅ ܿሻሺ݀ሺܶݔ௡,  ௡ାଵሻሻݔܶ
 

Hence (1- b+c)) ൫݀ሺܶݔ௡, ௡ାଵሻ൯ݔܶ ൑ ሺ ܽ ൅ ܾ ൅ ܿ ሻ ሺ݀ሺܶݔ௡ିଵ,  ௡ሻሻݔܶ

,௡ݔሺܶ݀ ݐ݄ܽݐ ݋ݏ  ௡ାଵሻݔܶ ൑ ሺ ௔ା௕ା௖ ሻ
ሺଵିሺୠାୡሻሻ

ሺ ݀ሺܶݔ௡ିଵ,  ௡ሻ ሻ … (3.4.1)ݔܶ

Now λ =  ሺ ௔ା௕ା௖ ሻ
ሺଵିሺୠାୡሻሻ

൏ 1 

 ⇒ ݀ሺܶݔ௡, ௡ାଵሻݔܶ ൑ λሺ݀ሺܶݔ௡ିଵ,   ௡ሻሻݔܶ
 
 Hence by lemma 3.3 {Txn} is a Cauchy sequence. 
 Since ݔ௡ ൌ ܵ௡ݔ଴, consequently  
  lim௡՜ஶ ݀ሺܶܵ௡ݔ଴, ܶܵ௡ାଵݔ଴ሻ = lim௡՜ஶ ݀ሺܶݔ௡, ௡ାଵሻݔܶ ൌ 0 
 
 Thus (1) holds, 
 Since M is a complete there exists v א M such that 
   lim௡՜ஶ ܶܵ௡ݔ଴ ൌ  lim௡՜ஶ ௡ݔܶ ൌ  (3.4.2) …  ݒ
 
 Thus (2) holds, 
 Now, suppose T is subsequentially convergent Then from (3.4.2)  
 ሼܵ௡ݔ଴ሽ has a convergent subsequence. Thus (3(i)) holds  
 
 So, there are u א M and (ݔ௡௜) such that 
   lim௡՜ஶ ܵ௡௜ݔ଴ ൌ  (3.4.3) …  ݑ
 
 Since T is continuous, from (3.5.2) we obtain 
   lim௡՜ஶ ܶܵ௡ݔ଴ ൌ  (3.4.4) …  ݑܶ
 
 From (3.4.2) and (3.4.4) we conclude that 
  Tu = v. … (3.4.5) 
 
 On the other hand, 

݀൫ܶܵݑ, ܶܵ௡௜ݔ଴ ൯ ൌ  ݀൫ܶܵݑ, ܶܵሺܵ௡௜ିଵݔ଴ሻ ൯ 
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 ൌ ݀ሺܶܵݑ,  ௡௜ ሻݔܵܶ
൑  ܽ ݀ሺܶݑ, ,௡௜ିଵݔܶ ሻ ൅ ܾሺ݀ሺܶݑ, ሻݑܵܶ ൅  ݀ሺܶݔ௡௜ିଵ,  ௡௜ିଵሻሻݔܵܶ
 ൅ ܿ ሺ݀ሺܶݑ, ௡௜ିଵሻݔܵܶ ൅  ݀ሺܶݔ௡௜ିଵ,   ሻሻݑܵܶ
 
On letting n ՜ ∞, we get 
݀ሺܶܵݑ, ሻ ݑܶ ൑  ܽ݀ሺܶݑ, ሻݑܶ ൅ ܾሺ݀ሺܶݑ, ሻݑܵܶ ൅  ݀ሺܶݑ,  ሻሻݑܶ
 ൅ ܿ ሺ݀ሺܶݑ, ሻݑܶ ൅  ݀ሺܶݑ,  ሻሻݑܵܶ
 = (b+c) ݀ሺܶܵݑ,  ሻ ݑܶ
 TSu = Tu … (3.4.6) ׵ 
 
 Since T and S commute 
 Tu = TSu = STu  
  .Tu is a fixed point of S. Thus (3(ii)) holds ׵ 
 Now, clearly (4) holds. 
 Suppose x and y are fixed points of S. 
 Then we show that Tx =Ty 
 ݀ሺܶܵݔ, ሻ ݕܵܶ ൑  ܽ ݀ሺܶݔ, ሻݕܶ ൅ ܾሺ݀ሺܶݔ, ሻݔܵܶ ൅  ݀ሺܶݕ,  ሻሻݕܵܶ
 ൅ ܿ ሺ݀ሺܶݔ, ሻݕܵܶ ൅  ݀ሺܶݕ,   ሻሻݔܵܶ
 ݀ሺܶݔ, ሻ ݕܶ ൑  ܽ ݀ሺܶݔ, ሻݕܶ ൅ ܾሺ݀ሺܶݔ, ሻݔܶ ൅  ݀ሺܶݕ,  ሻሻݕܶ
 ൅ ܿ ሺ݀ሺܶݔ, ሻݕܶ ൅  ݀ሺܶݕ,   ሻሻݔܶ
׵ ݀ሺܶݔ, ,ݔሻ = (a + 2c) ݀ሺܶ ݕܶ  ሻ ݕܶ
׵ ݀ሺܶݔ, ሻ ݕܶ ൌ 0 ሺ݁ܿ݊݅ݏ ܽ ൅ 2ܿ ൏ 1ሻ  
 Tx = Ty …  (3.4.7) ׵ 
 .T is a constant on the fixed point set of S ׵ 
 Thus (5) holds. 
 
 If T is one-one,from (3.4.7) follpws that S has unique fixed point if we assume 
that T is one-one instead of assuming that S and T commute, then from (3.4.6) we get 
the following, 
 
Corollary 3.5 ([6], Theorem 3.1) 
Let (M, d) be a complete cone metric space, P be a normal cone with normal constant 
K.In addition let T: M → M be a continuous function and S: M → M a generalised 
T−Contraction. Then,  

1. For every ݔ଴ M lim௡՜ஶ א ݀ሺܶܵ௡ݔ଴, ܶܵ௡ାଵݔ଴ሻ ൌ 0 ;  
2. There is v א M such that lim௡՜ஶ ܶܵ௡ݔ଴ ൌ  ;ݒ
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3. If T is subsequentially convergent, then ሼܵ௡ݔ଴ሽ has a convergent subsequence; 
4. There is u א  ;such that Su = u ܯ
5. If T is sequentially convergent, then for each ݔ଴  M the iterate sequence א

 ሼܵ௡ݔ଴ሽ converges to u. 
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