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Abstract

This paper is a study on algebraic structure of Pre A* - algebra. We prove
basic theorems on Pre A* - algebra. We define p-ring. We define Boolean ring
and 3-ring. We prove Pre A* - algebra as a Boolean ring and Boolean ring as a
Pre A* - algebra. Next we prove Pre A* - algebra as a 3 — ring and also we
prove 3—ring as a Pre A* - algebra.
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Introduction
Boolean algebras, essentially introduced by Boole in 1850’s to codify the laws of
thought, have been a popular topic of research since then. A major breakthrough was
the duality of Boolean algebras and Boolean spaces as discovered by Stone in 1930’s.
Stone also proved that Boolean algebras and Boolean rings are essentially the same in
the sense that one can convert via terms from one to the other. Since every Boolean
algebra can be represented as a field of sets, the class of Boolean algebras is
sometimes regarded as being rather uncomplicated. However, when one starts to look
at basic questions concerning decidability, rigidity, direct products etc., they are
associated with some of the most challenging results.

The study on lattice theory had been made by Birkhoff (1948),and recently Pre A*
- algebra had been studied by Chandrasekhara Rao (2007) and Srinivasa Rao(2009).
In a draft paper, the equational theory of disjoint alternatives, Manes (1989)
introduced the concept of Ada, (A, A, v, ()", ()z, 0, 1, 2) which however differs from
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the definition of the Ada by Manes (1993), While the Ada of the earlier draft seems to
be based on extending the If —Then —Else concept more on the basis of Boolean

algebras, the later concept is based on C- algebra (A, A, v, (-)7) introduced by
Fernando and Craig (1990).

Koteswara Rao (1994) firstly introduced the concept of A* - algebra (A, A, v,* (-
), ()= 0, 1, 2) and studied the equivalnence with Ada by Manes (1989), C- algebra by
Fernando and Craig (1990) and Ada by Manes (1993)) and its connection with 3-
ring, stone type representation and introduced the concept of A* -clone and the If-
Then-eise structure over A*-algebra and ideal of A*-algebra. Venkateswara Rao

(2000) introduced the concept Pre A* -algebra (A, A, v, (-)7) analogous to C-algebra
as a reduct ofA*- algebra.

Definition
An algebra (A, A,v, (-)7) where A is non-empty set, A(meet), A(join) are binary
operations and ()" (tilda) is a unary operation satisfying.
a. X~~=X,VXEA,
. XAX=X, VXEA
XAY=YAX VX YEA

XAWYAZD)=(XAY)AZ, VX, Y, Z€EA

b

C

d (XAYy)~=x~vy~, VX YEA

e

f. XA(YVvD)=XAY)Vv(XAZ),VXY ZEA
g

. XAYEXAX~VY), VX Y, ZEA

is called a Pre A*-algebra.

Example
3={0,1,2 } with operations A,v (-)~ defined below is a Pre A* - algebra.

A 012 \ 012 x X
0 0 02 0 012 0|1
1 012 1 11 2 110
2 2 22 2 2 2 2 2|2

Note
The elements 0,1,2 in the above example satisfy the following laws:

a. 27 =2
b. 1Aax=xforallx € 3



Pre A=Algebras and Rings 163

c. Ovx=x,¥vxe3
d 2AXx=2vXx=2,VX e 3.

Example
2={0,1} with operations A,v, (-)~ defined below is a Pre A*-algebra.

ANloo o vl 0 1 x| x
0 0 0 0 0 1 0| 1
1 0 1 1 i 4 1|0

Note
I. (2, v, A, (-)7) is a Boolean algebra. So every Boolean algebra is a Pre A* -
algebra
ii. The identities 1.1 (a) and 1.1 (d) imply that the varieties of Pre A* -
algebras satisfies all the dual statements of 1.1 (a) to 1.1 (Q).
Note

If (mn) is an axiom in Pre A* - algebra, then (mn)~ is its dual.

Pre A*-Algebras and Rings
Basic Theorems in Pre A* - algebra

Theorem 1
De-Morgan laws

Let (A, A, (-)7, 1,) be a Pre A* - algebra.

Then,
i. (@anb) " =a vb”
ii. (avb) " =a Ab”
Proof
By the definition [1.1(d)] of Pre A* - algebra we have
I. @nb)~=a~vb~
ii. By note 1.6, we have
iii. (@vb)y~=a~Ab~

Lemma 1: Uniqueness of identity in a Pre A* - algebra:
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Let (A, A, ()7, 1) be a Pre A* - algebra and acB(A) be an identity for A, then a ~is an

identity for v, a is unique if it exists, denoted by 1 and a ~ by 0 where B(A)={x/xv x ~
=1}ie,

a. 1AXx=X,VXxeA.
b. 0vx=x,VXeA.

Proof: Suppose acB(A) is an identity for A.

= anx=Xx VxeA-(i)
To prove thata™ € A is an identity for v:

Considera™ vx=(@AX~)~=(X~)~
[Since by (i)] = x

[Since by definition 1.1 (a)]
Therefore a~ v X =X, V XeA.

Thus a™ is an identity for v.

Uniqueness
Suppose a and b are two identities for A.

= aAXx=X,VXxeAand

bAXx=X,VxeA

Therefore a A b =b and
bra=a

Nowa=bAa
=a A b [Since by 1.1(c)]
=b

Thereforea="b
Hence a if it exists is unique.
ie, 1AX=X, VXeA

OvXx=Xx,VxeA

ie, 0 is identity for v
1 is identity for A



Pre A=Algebras and Rings 165

Lemma 2: Let A be a Pre A* - algebrawith 1and O and let x, y € A.
Ifxvy=0,thenx=y=0
Ifxvy=1thenxvx™ =1

Proof

(i) Suppose x vy =0— (A)
Considerx=0v x=(xvYy)vx[By(A)]

=xv(yvx)[Byll(e)]
=xv(xvy)[Byll(c)]
=(xvx)vy[By1l1l(e)]
=(xvy)[By1ll(b)]
=0[By (A)]

Therefore x =0
Similarly we can prove thaty =0

(if) Suppose 1 =x vy — (B)
=xv(x“Ay)[Byl11(9)]
=(xvx)alxvy)[By11(f)]
=(xvx)allBy(B)]
=x v X~ [By Lemma 1]

Xvx~ =1

Theorem 2: Let A, be a Pre A* - algebrawith 1 and x, y € A.
IfxAy=0,xvy=1theny=x"

Proof: If x vy =1,thenx vx~=1[By Lemma (2)]
= X~ A X =0 (By the duality)

Nowy=1AYy
=(XVvX)AyY
=(xAy)v(x“ay)[By11(f)]
=0v (X" AY)
=(XTAX)V(XTAY)
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=X~ A(xvy)[By1l.1(f)]
=X" Al
=x"

Thusy=x"

Theorem 3: Let(A, A, (-)7, 1) be a Pre A* - algebra.
Then we have the following

i. Involution law:
@) =a,VaceA

ii. 07=1,1"=0

Proof: By 1.1 (a) we have (i),
(if) Since we have

0OAl=0,0vl=1
1A0=0,1v0=1
and By theorem 2, we have 0 "=1,1"=0

Pre A* - algebra as a ring
Theorem 4: If (A, A, (-)7, 1) is a Pre A* - algebra, then (A, +, ., 1) is a ring where +, .
are defined as follows.

Q) atb=(@Ab’)v(baa’), where
avb=@ Ab7)”
(i) a.b=anab

Proof: (A, A, (-)7, 1) isa Pre A* - algebra
First we prove (A, +, ., 1) isaring:
ie, we prove (i) (A, +) is an abelian group
(i) (A, .) is a semi group
(iii) Distributive laws holds

Since + is a binary operation on A, + is closed.
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Associative

Consider at(b+c)=a+{(bac?)v(cab)}
=[ar{(bAarc)v(cAb)}]v
[bAacT)v(cab)anaT]
=[ar{(b"vec)a(c vDb)} v
[{bAacT)v(cab)}aa]
zan{[cvb)Ab ]v[(cTvb)Aac]}vV
{brc Ara")v(cab Aa")}
zaAn[{(b"Ac)v((b"ADb)}vV
{(cac)v(cADb)} v
{brc " Aa”)v(cab " Aa")}
zan{(b"Ac)v(cab)}v
{(brc " Aa”)v(cab Aa")}
={@@arb " Ac)v(@aancab)}v
{(brc Ara”)v(cab Aa")}

Similarly we can show that
(@tb)+tc={(arb"Ac?)v(@ancab)}v
{(barc Ara”)v(cab Aa")}

Therefore a+(b+c) = (atb)+c, Va, b,c € A
Therefore + is associative.
Let b be the additive identity in A
Then for every ae A there exists beA such that a+b=a
Therefore b is the additive identity in A
Let x be the additive inverse in A
Then for every a €A there exists xeA such that a+x=b where b is the additive
identity in A
Hence 0 is the additive inversein A.
Nowa+bh=(@aAb")v(baa’)
=(braT)v(@aab?)
=b+a

Therefore A, +) is an abelian group.
(i) Sinceab=anab
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(@ab).c=(@nab).c

=(@anb)ac

=aA (bAac)(Since AisaPre A* - algebra By 1.1 (e))
=a.(b.c)

Therefore . is associative

Hence (A, .) is a semi-group.

(iii) Since Ais a Pre A* - algebra,by 1.1(f) we have
XA(YVZ)=(XAY)V(XAZ),VXY ZEA

Thus distributive laws holds in A.

Therefore we have (A, +, ., 1) isaring.

Definition: p is an integer. A ring (R, +,., 0) is called a p-ring if
xP =X, VxeR,
px =0, ¥xeR

Example: If p=3then (R, +, ., 0) is called 3 - ring.

Boolean ring: Aring (R, +, .) is said to be a Boolean ring if it satisfies the idempotent
law ie, x*=x, ¥ x € R

Pre A* - algebra as a Boolean ring

Theorem 5: If (A, A, (-)7, 1) is a Pre A* - algebra, then (A, +, ., 1) is a Boolean ring
where +, . are defined as follows:

(Ma+b=(@Ab’)v(baa)", where
avb=(@ AbY)”
(ia.b=(anb)

Proof: If (A, A, (-)7, 1) is a Pre A* - algebra then (A, +, ., 1) isaring
(Since By theorem 4)
Now x% =X . X
=XAX
=X (Since A is a Pre A* - algebra)

Therefore (A, +, ., 1) is a Boolean ring.
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Theorem 6: If (A, +, ., 1) is a Boolean ring, then (A, A, (-)7, 1) is a Pre A* - algebra,
where

a=1-a

a A b=[1-(1-a)][1-(1-b)]

Proof
(A, +, ., 1) is a Boolean ring.

To Prove (A, A, ()7, 1) is a Pre A* - algebra :

(@ (x) =1-x
=1-(1-x%)
=X, VXeA

(b) X AX=X.X
= X2
=X (Since A is a Boolean ring)

Therefore x AX =X, VX € A
() x Ay = [1-(1-x)][1-(1-y)]
= [1-(1-y)I[1-(1-x)]

=y AX

Therefore X Ay =y A X, VX, y € A
@d) (xAy) =1-(xAY)
=(1-x)A(1-y)
=X"vy

Therefore X AY) =X vy, VX, yeA
(e) Since A is aring, we have
XAWYAZ)=(XAY)AZ VXY, ZeA

(F) Since A is a ring, we have
XAYVZD=XAY)VXAZ), VXY ZeA

@XAX VY)=XAXAY)
=xA{l-xXAy)}
=XxA{l-[xXA1-y]}
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=xA{1-x)v[1-1-y]}
=xA{(1-x) vy}
=XA(l=-X)]VvXAY)
=(XAX)Vv(XAY)

=0 v (X AY) (Since (X A X)=0, YxeB( A))
=(xAYy)

Therefore X AYy) =X A (X7VY), VX yeA
Therefore (A, A, (-)7, 1) isa Pre A* - algebra

Pre A*-algebra as 3-ring
Theorem 7: If (A, A, (-)7, 1) is a Pre A* - algebra then (A, +, ., 1) is a 3-ring where +,
. are defined as follows.

(a+b=(@Ab’)v(baa’), where

avb=@ Ab7)”
(ila.b=anab

Proof
By theorem 4, we have (A, +, ., 1) isaring.

To prove (A, +,., 1) isa 3-ring,
We prove X} =x, V x € A & 3x =0, VxeA
Now x*=x? . x

=x* A X

ZX.XAX

=(XAX)AX

=X A X [Since By 1.1 (b)]

=X [Since By 1.1 (b)]

Therefore x3=x
Now 3X =X + X + X
=2X+ X
= 0+x (Since A is a Boolean ring)
=(0AX)v(xXA0)
=0vO0
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Therefore 3x =0, V xeA
Hence A, +, ., 1) is a 3-ring.

Theorem 8: If (A, +, ., 1) isa 3 —ring, then (A, A, (-)7, 1) is a Pre A* - algebra, where
Ha=1-a
(i) a A b =-[1-(1-3)][1-(21-b)]

Proof: (A, +, ., 1) isa 3 —ring (given)
To Prove (A, A, (-)7, 1) is a Pre A* - algebra :
a) (X)) =1-x"[by (i)]
=1-(1-x%)
=X

Thus (X)) =x,VxeA
b) X A X = X.X
=Xx2
=X (Since A is aBoolean ring)

Thereforex Ax =X,V Xx e A
(©) x Ay = [1-(1-x)][1-(1-y)]
= [1-(I-y)][1-(1-¥)]
=y A x (By (i)

Therefore X Ay =y AX, VX, y € A
d) xAy) =1-(xAy)
=1-x)v(l-y)
=X"vy~

Therefore X AY) " =X"vy VX, ye A
(e) Since Aisaring, X A(YAZ)=(XAY)AZ VX Y, ZeA
(F) Since A is a ring, we have
XAYvZ)=XAY)v(XAzZ),VXY ZeA
@ XA VY)=XAKXAY)
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=XA{l-(XAY)}
=XA{l-(XA(1-Yy)}
=xA{l1-x)v1-(1-vy)}
=xA{(1-x) vy}
=XAL=-X]VvXAY)
=(XAX)Vv(XAY)

=0v (XAYy)(Sincex AX =0,V x € B(A))
=XAY

Therefore X Ay =X A (X" VvYy), VX, ye A
Therefore (A, A, (-)7, 1) is a Pre A* - algebra.
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