International Journal of Computational Science and Mathematics.
ISSN 0974-3189 Volume 3, Number 3 (2011), pp. 331-342

© International Research Publication House
http://www.irphouse.com

Higher Order Methods on Layer Adapted Grids for
Boundary Value Problems with Turning Points

Weiqun Zhang

Department of Mathematics, Wright State University, Celina, OH 45822
E-mail: weiqun.zhang@wright.edu

Abstract

A singularly perturbed boundary value problem with an exponential boundary
layer is considered. The problem is discretized on the boundary layer domain
with layer adapted grids using up to sixth order finite difference schemes.
Numerical error is maintained at the same level for a family of extremely
small values of the singular perturbation parameter. Numerical experiments
support the analytical claims.
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In the early twentieth century, Prandtl gave the light of theoretical understanding of
the singular perturbation phenomena of hydrodynamics to the Third International
Congress of Mathematics. Since then, a great deal of effort has been made to conquer
this anomaly. Analytically, the asymptotic expansion of O’Malley [9] and the a’priori
bound theorem of Chang and Howes [1] were among the prominent approaches. With
the advance of unprecedented computing power, there has been a flow of literatures
on numerical solutions from the nineteen eighties. Miller, O'Riordan and Shishkin
[10] constructed the Shishkin-type mesh to gain the independence of error estimation
with respect to the singular perturbation parameter. Schultz and his students [2] and
[6], successfully developed the stabilized high order finite difference methods.
We consider the two point boundary value problem,

au"= f(x,u)u'+g(x,u) for x €(a,b) and f(x,u)#0,

u(a)=v, and u(b)=v,,

(1)
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where f and g are continuous. By the improved a’priori bounds of Zhang [11], if
f(x,u)<—k <0 for a positive constant k& and x e (a,b), it can be analytically
approximated by the two differential equations on the boundary layer and non

boundary layer domain respectively,
f(x,u)u'+g(x,u)=0 for x €(¢,b),
_ 2)
u(b) - vb s

and

eu"= f(x,u)u'+g(x,u) for x € (a,t),

€)

u(a)=v, and u(t)=v,,

where the turning point is # = a + we and w is a constant for a family of values of ¢.
If f(x,u)>k >0 for a positive constant k and x € (a,b), the equation (1) can be

analytically approximated by the following two differential equations on the boundary
layer and non boundary layer domain respectively,

f(x,u)u'+g(x,u)=0 for x €(a,t),
_ (4)

u(a) - Va )
and

au"= f(x,u)u'+g(x,u) for x e (¢,b), 5)

u(t)=v, and u(b)=v,,
where the turning point is # =b —weg and w is a constant for a family of values of ¢.
Note that the boundary value v, at the transition point ¢ of the equations (3) and (5) is
not known. To find it, we substitute R,(¢) for v, into equation (3) and substitute
R, (¢) for v, into equation (5) respectively.

The reduced problems can be solved with Runge Kutta methods. On the boundary
layer domain, we improve the 4™ order method of Ilicasu [6], and develope the 5™ and
61 methods. Through the paper, let N, N, and N, be the numbers of mesh points on
the entire domain, on the non boundary layer domain and on the boundary layer
domain repectively. Let 4, and A, be the grid spacing on the non boundary layer
domain and on the boundary layer domain respectively.

Here is the boundary value problem with an exponential boundary layer,

eu"-uu'=0 x e (-1L1),

(6)
u(-1)=0 and u(l) =-1.
—(x+1)
. o —e ¢ .
The exact solution in [-1, 1] is given as u(x,¢&) v An 1mportant
l+e ¢

feature of the solution u is that, as a function of (x, ¢), it does not behave uniformly as
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(x, €) approaches (-1, 0), that is, limu =—1 for x>-1; but,limu =0 for 0. For
e—>0"

x—>-1

decreasing values of ¢, the graphs of u are shown from right to left in the figure.

04

Figure 1: Graphs of the solutions of the boundary value problem (6) with €=0.3, 0.2,
0.1, 0.01 and 0.001 from right to left

We apply the approximation schemes to get two differential equations
uu'=0 for x e (¢,1),
u(l)=-1,

and
eu"=uu' for x € (-1,1),

u(=1)=0 and u(t) = R, (t) where t=-1+we.

Choose the boundary layer parameter w =30 for &>10"". The layer occurs at
the left boundary. The turning point is ¢ = -1+ we.

An improvement on the 4" order method
First, the BVP (6) was solved with the 4™ order method for the singular perturbation

parameter £ =107 and ¢ =107 . The maximum error was 1.0*10~ and 1.30*107*

respectively. For simplicity, let @ = — where ¢ is the singular perturbation parameter.
£

Then, we have,
u"= ouu' ,

u"'= (')’ + ouu", and



334 Weiqun Zhang

r n 1 n

u'® =20u'u"+ou'u"+ouu™

=3ou'u"+o’u(u')’ + o*u’u"
=o’u")’ + Cou'+o’u’ u".

Lettting 4, = wu,, B, = wu,,and 4, = w’uu,, B, =30u, + o’u}, we get

3 _ ' "
u;” = Au, + Byu,,

u® = Au, +B,u, .

Define the following,

A" _h'4,
24 °
3
B** :h_jr_h A3,
6
2 4
C** :h_—‘rh B4,
2 24
D**:h3B3'
6

We use the 4™ order finite differences to approximate the BVP (6).

" ' ok ok ok h
&u, —uu; ®cy U, +c,u; +c, u,_, where

c** ~ —uiD** —(C,‘B** n gA** +ulc**

b

c** ~ —uiD** —gB** _(&4** +uic**)
1 2(A**D** _B**C**)

b

uD” +¢&B”
A**D** _B**C** .

sk sk k3k
¢, =—(¢c; +¢ )=

The derivative u, of 4,, 4, and B, is replaced with u, = —"—"=1 We now use

4™ order finite difference to replace the derivative ul For i=12,..., N —1, let the first
order derivative be given by u, =c,u,, +c,u, +cu,, where c,,c, and ¢, are

constants.
Using Taylor series expansion, we get
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' ' hZ . 3 . h4
u; =cs(u, + hu, +7ui +Zui +£u.(4) +...)

7

+c,u;

l

2 3 4
+c,(u, — hu, +h—ul —h—ul +h—uf4) +...)
2 6 24

~
~

" hz " 3 2 " h4 2 2 ' 2 2 "
cyu; + hu, +7ui +?(a)ul. +a)uiui)+a[a) uu, +Qou, +ou; )u,l}

+c,u;

i
2 3 4

. ] 2 oo ht o, 2 : N
+c,{u, —hu, +7ui —?(a)ul. +a)uiui)+a[a) uu, +Qou, +ou; )u,l}

(c5+c¢,+e)u;
n’ h
. s i
+[(c; —¢,)(h Jr?a)ul.)Jr(c3 +cl)£a) uu, Ju,
2 4 ' h4 , h3 .
+[(c; +¢,))(—+—3Bou, + —ou," )+(c, —c,)—aou,u,.
[(3 1)(2 24 i 24 1) (3 1)6 l]l
Equating the corresponding coefficients, we have

¢, +c,+c, =0,
oo h' \
(c; _01)(h+?a)“i)+(c3 +cl)£a)2uiui =1,

2 4 4 3

which is equivalent to
¢, +c, +c, =0,
(c; +c,)A+(c; —c))B =1,
(c; +¢,)C+(c; —c,)D =0,

of which, ¢; + ¢, and ¢, — ¢, are solved with Cramer’s rule,

Cy+e =——,
AD - BC

-C

C;—C =——.
AD - BC

where
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A=—ao‘uu,,
24
3 '
B=h+—aou,
6
oot
2 24
3
Dzh—a)ul
6

Therefore, we obtain

.__Db-cC
> 2(4D-BC)’
o - D+C

' 2(4D-BC)’

¢, =—(c;+¢)=

The error term 1is

120

AD - BC '

hS
_(03”(5)(771) +c1u(5)(772 )) where n,,n, €[x, —h,x; +h].

Weiqun Zhang

In comparison to the approach of Ilicasu and Schultz [6], ¢, and ¢, are updated to
the 4™ order accuracy. The improvement of the method is verified by numerical

experiments and shown in Table 1 and Table 2.

The 5" and 6" Order Methods

The second improvement is to add more terms from the Taylor series to approximate
the BVP (6). We expand the u,,, and u, ; up to the sixth order derivatives.

The following is a development of the 6™ order method. The 5™ order method is
developed by dropping 6™ order derivative terms. First, we consider the 5™ order and

6™ order derivatives:

u(S)

=3ou" +3ou'u
=3u"

"

20 uu'u" 20 uu

F3oou' (ou” +ouu") + 0’ u® +40 un'u"+ o’ u’ (ou"” +ouu")
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= 3" +30’u"” 30 uu'u"+o’u" +do un'u"+o uu" + o’ u’u"

n2 3.3 1n

=3ou" +40’*u” +1 0 un'u"+o v u" + 0’ u’u

= (40’ u"” +o’u’u"u'+Gou"+7 o uu'+o’u’ Ju"

and

u®

= 6ou"u""+120°u"” u"+7 0> [(u'* +u" Ju"+uu'u"']
+20°uu” 2o v u'u" 30w u' u"+ o uu™

= 6ou" (wu" +ouu") +120°u" u"+70* [u"” u"+uu"* +uu' (ou" +wuu"))
+ 20’ uu” +50° u u' "+’ u’ (ou"” +ouu™)

=60’ u"” u"+60 uu"* +120*u"” u"+70°u"” u"+71 0 *uu"* +7 0’ uu"” +70 u u'u"
+20’uu” +50° v u'u"vo v u” + o0t utu"

n2 4. 4. n

=250 u"” u"+130*uu"* +7 0’ uu” R0’ uu” +120° v u'u"+o v u”? + o' utu

= 9@’ uu” +o* u’u u'+(250°u"” +130 un"+120 v u'+o u* u".

For simplicity, we rewrite the derivatives

3 g ; o
u;” = A,u, + Byu, where 4, = ou,,B; = ou,,

@ _ . ; oo B . 5
u;,” =Au; +Bu, where A, = uu,, B, =3wu, +o"u;,

)
ui

and

6 ' " 2 '
u'® = Au, + B, where 4, =90 uu,” + o*uu;, and

2 " '
B, =250w’u; +130’uu; +120’u’u, + o'*u; .

We write

' * * *
U, —UU, = CyU,, +CU; +C iU,

i+l

* * * . . .
where c¢;,c, and ¢, are constants. From Taylor series expansion, we obtain

U, —UU, =C3U, +ColU; +C U,
. ' 2 . 3 . h4 hS hé
~eylu, +hu, +—u, +—u, +—u'? +—u® +—u'"]
2 6 24 120 720
+c,u,

* ' o Pk R s AN
+o[u, —hu, +—u, ——u, +—u® ——u® + u®]
2 6 24 120 720

' " 2 ' " '
= Aqu, + Bu, where A, =40’u, +@’u’u,, B, =3wu, +To’uu, + o’u’

337
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2 3 4 5

clu, +hu, +h7u +h (Au, +Bu)+h (A,u, +Bu)+h (A, +Bgu,)

6 2 3 4
+%)(A6u; +B6u;')]+c;ul. +c [u, —hu, +?u —z(A Lu, + By, )+h (Au, +Bu,)

5

—h—(ASu +Bu )+ (Aﬁu + By, ]

120
. 1 A, 4A h5 h® > B, W'B, WB. KI°B _.
=c;[u, +(h+ h A5 Aﬁ) (h— 3+h L+
6 24 120 720 6 24 120 720
+cyu,
. " A h“A h h° W B, h“B h B, hﬁB
6l +(-h— B LA ]

6 24 120 720 2 6 24 120 720
= (c; +c; + cl*)ul.

. . . h*A h A,
+[(c: +¢ —c ) h+ 3
. h2 h B, h°B, . W’ B, h B, . .
+ — +—)+ -
[(C3 (& )( 24 720 ) (03 120 )]”1

Equating the corresponding coefficients of both sides, we get the following
system:

¢, +c,+c¢ =0,
(e; +e) A" + (e —¢))B" =—u,,
(c; +¢;)C +(c; —¢,)D" =&,

where

24 720
3
gy A A
6 120
ct h N h°B ’
24 720
5
. B
D +h.
6 120

Note that the derivatives contained in 4,,A4,,4; and B,,B,,B; are replaced with

the following:

u = Ui U u = U,y —2u, +u,,
= U, =

’ 2h ’ n’
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Thus, we get
* * _ul-D*_gB*
Cy +C =~
AD -BC
oA +uC
C3 =€ = v
AD -BC

Therefore, the solution is
o= ~u,D" —eB" +eA +u,C”

’ 2(4'D"-B'C")
. —uD' =B —(ed +u,C)

3

cl_ * * * * b
24D -B'C")

e (e )= uD" +eB’

2 3 1 A*D*_B*C*'

The error term 1is
7

5040

(03”‘(7) (175)+ Clum (1,)) where n,,1, €[x; —h,x, +h].

Numerical comparison among different methods are shown in Table 1 and Table 2
for £=0.01 £=0.001 respectively. For the improved 4™ order, 5™ order and 6™ order
methods, the number N, of mesh points on the non boundary layer domain is 170 and
the number N, of mesh points on the boundary layer is 300. The total number of mesh
points for our approximation is N = N, + N, =470, compared to N=2000 for that of

other researchers using the uniform mesh on the entire domain. As a significant
advantage, higher accuracy is obtained with less computing, which is reflected with
less numbers of mesh points and iterations,

Table 1;: Maximal error of different methods with €=0.01.

Method Number of Points | Number of Iterations|Max Error
Choudhury’s Method 2000 Not known 2.91*10~
2" order 2000 3201 2.61*¥10™
4™ order 2000 3152 1.00%10”
Improved 4™ order method|470 697 8.40*107
5™ order method 470 697 1.34*107
6™ order method 470 697 7.71%10°
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Table 2: Maximal error of different methods with ¢=0.001.

Method Number of Points|Number of Iterations|Max Error
4™ order 2000 5102 1.30%10~
Improved 4™ order|470 697 8.41%107
5™ order method [470 697 1.54%1077
6" order method [470 697 7.56%10°

For the methods of this paper, the tolerance of iteration is set at 10™°; the over
relaxation factor is 1.9.
The convergence of the improved 4™ order method and 6™ order method is shown

in Table 3 and Table 4 with singular perturbation parameter as small as £ =107".

Table 3: The convergence of the improved 4™ order method.

Maximal Error
&107 &=107"°

Number of Points

=107

N=350 (N,=200, N;=150)

3.53*%10

3.53%10™*

3.56%10™*

N=400 (N,=200, N;=200)
00

1.91%10™

1.94%107*

1.94%107*

N=450 (N,=200, N;=250)

1.20%10™*

1.22%107*

1.35%107

N=500 (N,=200, N,=300)

8.39%107

8.40%107

9.71*107

Table 4: The convergence of the 6™ order method.

Number of Points

Maximal Error

&=107

&=1071°

=107

N=350 (N,=200, N;=150)

1.19%10°

1.16%10°

2.79%10

N=400 (N,=200, N;=200)
00

4.51%107

4.18%107

2.64*%107

N=450 (N,=200, N;=250)

1.29%107

2.88%107

2.42%107

N=500 (N,=200, N;=300)

7.49%107

7.49%107

2.39%107

As expected, numerical error decreases when the higher order finite difference
methods are applied. We compare numerical results of different orders in Table 5.
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Table 5: Maximal error comparison among the different methods with 300 points on
the boundary layer.

Finite Differences

Maximal error

=107 =107

Central Difference

3.77%107* | 3.77*10™

4™ Order Difference | 1.02*10* | 1.02*10™
Improved 4" Order | 8.40%10” | 8.40*%10”
6™ Order Difference | 7.49%10° | 7.49%107®

The graph of the numerical solution from the 6™ order method for the BVP (6), is
shown in Figure 2, which reflects the existence of a boundary layer.

o -0.2
-0.4

0.6

O
00000000 &

0.8

0000000000

Figure 2: The graph of the numerical solution of the BVP (6).

References

[1] K.W.Chang and F.A.Howes, Nonlinear Singular Perturbation Phenomena:
Theory and Application, Spring-Verlag, 1984

J.Y.Choo and D.H.Schultz, High Order Methods for Differential Equations
with small Coefficients for the Second Order Terms, Computers Math. Applic.

2]

[3]

Vol.25, Nol, 105-123, 1993

S.R.Choudhury, Nonstandard Difference Schemes of Nonlinear Singular

Perturabtion Problems, Intl Journal
No. 3, 375-392, February 1996

of Applied Sc. And Computations, Vol 2,



342

Weiqun Zhang

C.F.Gerald and P.O.Wheatly, Applied Numerical Analysis, Addison Wesley,
1994

M.H.Holmes, Introduction to Perturbation Methods, Springer-Verlag, 1995
F.O.llicasu and D.H.Schultz, High Order Methods for Singular Perturbation
Problems, Computers Math. Applic., Vol 47, 391-417, 2002

H.B.Keller Numerical Methods for Two-Point Boundary Value Problems,
Blaisdell Publishing Company, 1968

T. Lin, D.H.Schultz and W.Zhang, Numerical Solutions of Linear and
Nonlinear Singular Perturbation Problems, Computers Math. Applic., Volume
55, Issue 11, June 2008, Pages 2574-2592

R.E.O’Malley Jr., Introduction to Singular Perturbations, Academic Press, New
York, 1974

JJH. Miller, E. O'Riordan, G.I. Shishkin, Fitted numerical methods for
singular perturbation problems : error estimates in the maximum norm for
linear problems in one and two dimensions, World Scientific, c1996
M.H.Protter and H.F.Weinberger, Maximum Principles in Differential
Equations, Spring-Verlag, 1984

W. Zhang, Numerical Solutions of Linear and Nonlinear Singular Perturbation
Problems, PhD dissertation, University of Wisconsin Milwaukee, May 2006

W. Zhang, A Robust Numerical Method for Two Dimensional Singular
Perturbation Problems, Far East Journal of Mathematical Science, Volume 35,
2009, Pages 65-70



