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Abstract

In the existing literature, as for as authors knowledge, u dominates v always
implies that v dominates u in fuzzy graph [6]. In this paper, the concept of
domination in fuzzy graph is introduced in a different approach. That is u
dominates v need not imply v dominates u and vice versa. Using this new
concept on domination in fuzzy graph some important theorems have been
proved in this paper. The independent domination is aso defined with this
concept. The domination number (y), the independent domination number (i)
and the bounds on these parameters are discussed.

Keywords: Fuzzy graph, Effective edge, Domination, Independent
Domination.

Introduction

The concept of domination and determines the domination number for severa fuzzy
graphs are discussed in [6]. In this paper, we introduced the concept of domination in
fuzzy graph which is different from the existing literature. Also we discussed about
the domination number (¥ ), independence set, independent domination number (i)
and bounds on the domination number. For terminologies and definitions one can

refer [1-7]. Thefuzzy graph G(e, # ) used hereisa simple connected fuzzy graph.

Preliminaries

Let V be afinite non empty set and E be the collection of all two element subsets of
V. A fuzzy graph G(o, # ) isaset with apair of relations 6:V— [0, 1] and # : VXV —
[0, 1] such that & (u, v) <o(u)A o(v) for dl u, vinV. The scaar cardinality of a
fuzzy set V is the sum of the membership grades of the elements of the fuzzy set and
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is denoted byl¥l. That is IFl= &  [3]. The order and size of a fuzzy graph is
defined by the scalar cardinaity of V and the scalar cardinality of VXV and are

Z Fird Z bR, T

denoted by ‘p’ and ‘q’ respectively. That is =i =pand wzav =q. LetG
(o, #) beafuzzy graph on V and V1=V. Define @ ; on Vi by @ 1(u) = @ (u) for al
ucViand define £ ; on ViXVy by #1(u,v) = & (u,v) for al u, v €V1. Then Gy

(7 1,&¢ 1) is called a fuzzy sub graph of G induced by V; and is denoted by <V;>.
Gl is caled the complement of a fuzzy graph G(s, ), where
HaL vl = 7 e - uinvd, Anedge (u, v) =eiscalled an effective edgeif & (u,
V) = a(U)A o(v). If (u, v) is an effective edge, then u and v are adjacent effective
edges.

A fuzzy graphis said to be strong fuzzy graph if & (u, v) = a(u) A a(v) for all u, v
inV. A vertex uissaid to be isolated vertex # (u, v) < a(u)A o(v) for al veV-{u}. A
fuzzy graph G(o, # ) is said to be complete fuzzy graph, if all the edges are effective
between every pair of vertices and is denoted by £-. N(u)={veV/ & (u, V) = o(U)A
o(V) } is caled the open neighborhood of u and N[u] = N(u) U{u} is the closed
neighborhood of u. If an edge (u, v) is an effective edge, then itsincident is said to be
effective incident with both the vertices. The effective incident degree of a vertex u of
a fuzzy graph is defined to be the sum of the scalar cardinality of the effective edges
incident at u and is denoted by dg(u). The minimum effective incident degree is
& g(G) = min {dg(u) / ueV} and the maximum effective incident degree is £ g(G) =
max {de(u) / ueV}. A fuzzy graph G is said to be bipartite if the vertex set V can be
partitioned into two sets Viand V, such that # (v V2)=0if (vi,vo ) € Vi X Vyior (Vi,v2)
€ Vo XV, Further if & (u,v) =  o(u)a o(v) for al ugVy, and v € Vs, then G(o, &) is
called complete bipartite fuzzy graph and is denoted by#e.s  Hereafter we write G
for G(o, & ).

Domination in Fuzzy Graph

Definition 3.1: Let G(o,u) be afuzzy graph onV and let u, v e V. If 4 (u, v)=a(u)”

o(V)= o(v) then u dominates v (or v is dominated by u) in G. A subset D of Vis
called a dominating set in G if for every v € V' -D then there exist u € D such that u
dominates v. A dominating set S of a fuzzy graph G is said to be a minimal
dominating set (MDS) if there is no dominating set S of G such that 3' =35. A
dominating set D of afuzzy graph G is said to be a minimum dominating set, if there
is no dominating set D’ of G such that 12°1 = 121 The minimum fuzzy cardinality of
aminimum dominating set of G is called the domination number of G and is denoted
by ¥ (G) or ¥-
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Example 3.1: Consider the fuzzy graph G(o, # ), where @ ={v4/0.1, v,/0.5, v3/0.8},
and # ={( vy )/ 04, (v, v3)/ 0.5}. {vi, v3} isadominating set but {v,} is not a
dominating set, because v, dominates v; but not dominates vs.

Example 3.2: Since {u} is a dominating set of f- for all u€ V we have
i) =TT 3i6i= b if and only if 1 (U, V) < o(UWA o(v) fordl u, vEV . In
particular ¥{f:} = p. ¥ (Boyop) = HHETO, HaEat
Remark 3.1: For any u, v £V, if udominates v need not imply v dominate u.

Forany u,v eV, if u(u,v) = g (WA o(v) = a(u) = o(v) then u dominates v and
also v dominates u.

Forany us V, N (u) isprecisely the set of al ve V which isadjacent to u.

If u(u,v) <o WA o(v)foralu veV then clearly the only dominating set in G
isV.

Theorem 3.1: For any fuzzy graph G. ¥+ ¥ = 2pifandonly if O< p(u, v) < o
(WA o (V) for all u, v e Vwhere isthe domination number of &,

Proof: From the definition of isolated vertex, ¥ =% & pu (u, V) < o (WA o (V) for
dluveVad ¥Y=p © pU,Vv)-oUA o(V)<o U o(v)foralu,veV.
Hence¥+ F =2pifandonlyif 0< p(u,v) < o (U)A o (v)foral wu,veV.

Remark 3.2: For any fuzzy graph, ¥ + ¥ < 2p.

Theorem 3.2: A dominating set D isa minimal dominating set (MDS) if and only if
for each d €L one of the following two conditions holds d is not adjacent to any
vertexin D

(i) For some u€ D: (i) e%d* = ¢t} (or)

(i) thereexistsa vertex c= V-D suchthat N(c) I D = {u}.

Proof: Assume that D is an MDS of G. Then for every vertex d & &, D—E}is
not a dominating set. This means that some vertex cin (V-D)V {d} is not dominated
by any vertex in D-{d}. Then there are two cases.

Case (i): If ¢ = d in which case d is adjacent to any vertex u in D such
thatefa? = aful,

Case (ii): If c€ V-D then c is not dominated by any vertex in D-{d}, but it is
dominated by some vertex u in D then u is adjacent to only vertex ¢ in V-D. Thus
N(c) " D = {u}.
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Conversaly, suppose that D is a dominating set and for each vertex d€ & one of
the two conditions holds. We now show that D isan MDS. Suppose that D is not an
MDS, and then there exists avertex de £ such that D-{d} is adominating set. Hence
d is adjacent to at least one vertex in D-{d}, and then condition (a) does not hold.
Also if D-{d} is a dominating set then every vertex of V-D is adjacent to at least one
vertex in D-{d} that is conditions (i) or (ii) does not hold. Thisis a contradiction to
our assumption that at least one of the condition holds.

Remark 3.3: Let G be a fuzzy graph without isolated vertices and let D be a
dominating set of G.

Then V-D need not be a dominating set of G.

If al the vertices having the same membership grade then V-D is aso a
dominating set.

Examples 3.3: Consider the fuzzy graph G(o, # ), where & ={v,/0.8, v»/0.2}, and
#={Cv;, w)/ 02}. D = {vi} is a dominating set of G but V-D = {v;} is not a
dominating set of G.

Consider the fuzzy graph G(o, # ), Where @ ={v/0.8, v,/0.8}, and &= {( v;
V»)/0.8}. Then D={v;} and V-D={v,} arethe dominating sets of G.

Theorem 3.3: For any fuzzy graph, p-q £ ¥ &#— &z Wherep, g and ¢z are the
order, size and minimum effective incident degree of G respectively.

Proof: Let D be a dominating set and ¥ be the minimum domination number in G.
Then the scalar cardinality of V-D islessthan or equal to the scalar cardinality of V x

V. Hencep-q = V-

Now, let u be the vertex with minimum effective incident degree?z. Clearly V-
{u} is a dominating set and hence ¥ S ¥—¢&z. Hence p-q & ¥ ¥ —dz istrue for
any fuzzy graph.

Remark 3.4: If al the vertices having the same membership grade, then p-q
sy Sp-4g,

Example 3.4: Consider the fuzzy graph G(o, 4 ), where @ ={v;/0.5, v,/0.8 v3/0.3,
v4/0.1} and # = {0 vy v,)/ 0.5. (v v3)/ 0.3, C vz Vg)/ 0.1,0 vy v1)/ 0.1,C vq v3)/ 0.3}. Dy
={vy, Va} ,.D2={ v1, V2 }, are al dominating set but D; isa minimum dominating set.
Here p=17,q=13,¥ =09and ¢z =0.2.

Y op-g= ¥ oEmp—-dc

17-13=09=<17-02

04= 09= 15.

Definition 3.2: The domination number ¥} of a fuzzy graph equals the minimum
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scalar cardinality of a set in MDS (G). The upper domination number I (G) of a
fuzzy garaph G equals the maximum scalar cardinality of MDS (G).

Example 3.5: From the example 3.4, ¥¥¢* =0.9and I' (G)=1.3.

I ndependent Domination in Fuzzy Graph
Definition 4.1: A set SEV in afuzzy graph G is said to be independent if p(u,v) <

&@Er}

o(u) fordlu veSs

Definition 4.2: A Dominating set is called an independent dominating set if D is
independent. An independent dominating set S of a fuzzy graph G is said to be a
maximal independent dominating set (MIDS) if there is no independent dominating
set S of G suchthat 3° €3. An independent dominating set S of a fuzzy graph G is
said to be a maximum independent dominating set if there is no independent
dominating set S of G such that 15l = IS The minimum scalar cardinality of an
maximum independent dominating set G is called the independent domination number

of G and isdenoted by  (G).

Example 4.1: Consider the fuzzy graph G(o, ), where @ ={v,/0.2, v»/0.3 v3/0.6,
v4/0.8 v5/0.4, v/0.1} and &= {( v v3)/ 0.2, (v, v3)/ 0.3, ( vz vy)/ 0.6, ( vy V5)/
04, ( vy, V6)/ 0.1}. S1={v3,vs,Ve}, K = {v1,vo,v4a} and S3={v1,v,,vs,Vg} are the
independent dominating sets. The independent domination number i(G) = 1.1

Remark 4.1: For any fuzzy graph G, ¥ (G) = ¢ (G).

Definition 4.3: The independent domination number ! (G) of afuzzy graph G equals
the minimum scalar cardinality of the set in MIDS. The upper domination number
I(G) of afuzzy graph G equals the maximum scalar cardinality of aset in MIDS.

Example 4.2: From the fuzzy graph given in the example 4.1, i(G)=1.1 and I(G)=1.3.

Theorem 4.1: An independent set is a maximal independent set in a fuzzy graph and
the membership grades of al vertices are equal if and only if it is an independent
dominating set.

Proof: Every maximal independent set is an independent dominating set because al
the vertices having the membership grades are equal. Conversely, Let S be an
independent dominating set. Now we have to show that it is maximal independent
set. Suppose Sis not a maximal independent set then there exists a vertex u € V-S

such that Su{u} is an independent set. But if SY {u} is an independent set, then no
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vertex isadjacent to u. Thus Sisnot adominating set. Thisisacontradiction. Hence
Sisamaximal independent set.

Theorem 4.2: Every maxima independent set in a fuzzy graph G need not be a
dominating set.

Proof: Let S be a maximum independent set. We show that S need not be a
dominating set. Suppose the membership grades of the vertices are different, then
some of the vertex u € V-Sare adjacent to some of the verticesv £ Sand @ik > i,

Thus, S is not a dominating set. Example 4.3: Consider the fuzzy graph G(a, “ ),
where @ ={v1/0.4, v,/0.8, v5/0.5}, and #={( vy v/ 04, (v, v3)/ 0.5.
I1={vo}and 1,={Vvy,va} are independent sets. 1, is a dominating set but I, is not a
dominating set. Here I, is a maximum independent set but not a dominating set.

Remark 4.2: Every maximum independent set in afuzzy graph G is adominating set,
if all the vertices having the same membership values.
F-ds

Theorem 4.3: For any fuzzy graph G without isolated vertexthen 2 % ¥ =L

Proof: Let D be a dominating set of r elements and D = {v3, vy, V3, ...v;}. Since
every element in V-D is adjacent to some vertex v; in D such thatefe} < ¢fr:2 ¢ eV-D
we have

=1 '}"f‘ ﬁE
Thusp-v = ¥+ &g
OAp = 2y
p—Ag
= 2 =1
p—Og
Fromtheremark 4.4, ¥ = ¢ | Thus, 2 =y 85

Example 4.4: From the figure givenin example3.4. p=1.7,4: =09, ¥ =0.9and
=09
i . L7-0.9
Therefore, 2z = ! 2t 5 —7— 203203 o 1x509500,
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