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1. Introduction
Anna Leg[1] has initiated the study of secondary symmetric matrices. Also she has
shown that for a complex matrix A, the usual transpose AT and secondary transpose

A arerdated as A° = VATV where ‘V' is the permutation matrix with units in its
secondary diagonal.

Also A’ denotes the conjugate secondary transpose of A i.e A = (cj) where ¢; =
@, j.1 nia [2]. Inthis paper we introduce the concept of secondary unitary matrices
(s-unitary).

1.1 Preliminaries and Notations
Let Cn be the space of nxn complex matrices of order n. For Ae Cpn. Let AT, A,

A*, AS, A" denote transpose, conjugate, conjugate transpose, secondary transpose,
conjugate secondary transpose of amatrix A respectively.
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For a complex matrix A, the Moore — penrose A* of A is the unique matrix X
satisfying the following four penrose equations. [ 3]

() AXA =A

(i) XAX=X

@)  (AX)* =AX

(iv) (XA =XA

Let ‘k’ be the fixed product of digoint transpositions in S,, the set of all
permutations on {1,2...... n} and ‘K’ be the associated permutation matrix which
satisfies the following properties.

K=K'=K =K,K*=I,K'K=KK"=1.
Let 'V’ be the associated permutation matrix whose elements on the secondary

diagonal are 1, other elements are zero. Also *V’ satisfies the following properties.
Vi=V=V =VandV?=|

A matrix Ae Cnxn iscaled unitary if AA* = A*A =1. [4]

2. sUnitary Matrix

Definition 2.1

A matrix Ae Conissaidto besUnitary if AA = A A =1 [5]
i.e. AVA*V =VA*VA = |

ie. VA*V =A™,
Example: 2.2
L
(i) A= V2 ‘/E
1 |
V2 2
-i 0 0
(i) A={0 1 O
0 0 —i

are s-unitary matrices.

Theorem: 2.3
Let Ae Coyn. If A iss-unitary matrix then A isalso s-unitary matrix.

Proof:
A iss-unitary = VA*V=A"
V(A)*V=V@A) = V(AT V
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. A iss-unitary.

Theorem: 2.4
Let Ae Con. If A iss-unitary then AT is s-unitary.

Proof:

A iss-unitary => A= VAV
(AHT = (VA'V)T

- VIAH)T VT = VIA) V
(AHT = vV (ATY'V

(AN = V(AT)'V

. ATiss-Unitary.

Theorem: 2.5
Let Ae Coxn. If A iss-unitary then A” is s-unitary.

Proof:
A issunitary = At = VAV
(A (VA'V)
VY V'
(A"? V(A V
. A" issunitary.

Theorem 2.6
Let A€ Con. If A is s-unitary then A™ is s-unitary.

Pr oof:
Aissunitary = AT= A =VA'V
AT = A
AY= (A
- (7]
AHt= At
. Atissunitary.

Theorem: 2.7
Let Ae Con. If A iss-unitary then iA is s-unitary.
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Proof:
Alissunitary = A= VA’V
At = i(VA'V)
(A)YY = V({A)V=V(iA )V
(iA)! = v (ﬁ j
(At = V(iA) V
s 1A Iss-unitary.
Theorem: 2.8
Let A,Be Cxn. If A and B are s-unitary matrices then AB is s-unitary matrix.
Proof:
A is s-unitary - VAvV=A'
Biss-unitary = VBV=B"'
V(AB) V = VBA)V
= (VB V) (VAV)
- B'l A'l
= (AB)?
~V(AB)V = (AB)?
~. AB iss-unitary matrix.
Theorem: 2.9

Let A, Be Coxn and A, B are s-unitary matricesand AB = B A, BA =A B
If AB + BA = -l then A+B iss-unitary

If AB +BA =Ithen A-B iss-unitary

Proof:

A and B are s-unitary matrices

~Al=A  B'=B

(i) Wehaveto show (A+B) (A+B) =1

(A+B) (A+B) = (A+B) (KS +B j

AA"+(AB +BA )+ BB

| =1+l =1

I1I'y we can prove (A + B)s (A+B) =1

~(A+B) (A+B) = (A+B) (A+B)=|
~.(A+B) iss-unitary
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ii. We have to show (A-B) (A—B)szl
(A-B) (A-B) = (A-B) (A -B ).
AA —AB —BA +BB

AA —(AB +BA )+ BB
—()+1=I

'y (A—B) (A-B)=I

~(A-B) (A_B) = (A—B) (A-B)=|
~.(A-B) iss-unitary.

Theorem 2.10
If A iss-unitary and VA=AV then VA isunitary.

Proof:
A iss-unitary
- VA* V=A1
VA'V)=A"
V(VA) =A?
AV(VA) = AA™
(VA) (VA) =1 (1) ("AV=VA)
VA"V =A"
(VA)V=A?
(AV) VA =A"A
(VA)Y VA=1 (2) ("AV=VA)
From (1) & (2) (VA) (VA) = (VA) (VA) =1
- VA isunitary.

Theorem 2.11
If A iss-unitary and VA=AV then AV isunitary.

Proof:

A iss-unitary = VA*V = A™
(VA)V=A?
(AV) V =A?
(AV) VA =A"A
(AV) (AV)=1(1)  ("VA=AV)
VAV = A?
VA'V)=A"
V(VA) =A?
V (AV) =A?
(AV) (AV) =AAT=1 (2)
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From (1) and (2) (AV) (AV)* = (AV)* (AV) =1
~ AV iss-unitary.

Thorem 2.12
Let Ae Cnn and A* be the Moore — Penrose of A. Then A is s-unitary iff A* is s
unitary.

Proof:
If A iss-unitary then AA = A A =1

Bt
(KSQ A= |
(F )A* = |

Similarly we may prove A" (F J =1

A [A—j = (A—) A=

A" iss-unitary.
Conversely
Assumethat A+ is s-unitary.

( + + . .
A ) IS s-unitary.
- Aliss-unitary. (by using result in page 49 of [3])

Definition 2.13

A matrix Ae Coyn is said to be skew secondary unitary matrix if A= - A

Example 2.14
1 [
V2 2
i1
J2 2

Theorem 2.15
If A isskew s-unitary matrix theniA is skew secondary unitary matrix.

A= is a skew-s-unitary matrix.

Pr oof:
A isskew s-unitary = Al = - A
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S

AT = -iA
A = iA
(AY* = (A )

- 1A isskew s-unitary.
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