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Abstract 
 

The present paper provides an asymptotic estimate for the expected area cut 
off by the -axis and above a level K by a curve representing an algebraic 
polynomial with independent random coefficients. The idea of exceedance 
measure for stochastic processes for n large, as given by Cramer & Leadbetter 
is adopted here to obtain the result.The method shown here can be used to 
obtain the result for similar random polynomials. 
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Introduction 
Let us consider the random algebraic polynomial as  
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where ( )nja j ...,.........2,1,0=  be a sequence of independent random variables. 
Considering ja  to be normally distributed with mean 0 and variance 1, Edelman & 
Kostland [ ]2  were the first to obtain the average number of real zeros of the above 
polynomials. Subsequently Farahmand [ ]3  obtained the average number of K- level 
crossings of the said polynomial under the similar conditions.Later on Farahmand [ ]4  
derived an asymptotic estimate for the expected area of the curve representing the 
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above polynomial cut off by the x- axis, where the coefficients ( )nja j ...,.........2,1,0=  
are assumed to be independently normally distributed random variables with mean o 
and variance 2σ . He has used the notion of exceedence measure for stochastic 
processes as developed by Cramer and Leadbetter [ ]1 . In this paper we have shown 
the expected area cut off by the x-axis and above the level K of the said polynomial, 

where the coefficients are normally distributed random variables with mean 
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and variance 2σ . This is a more generalization of the theorem due to Farahmand. 
Hence we have the theorem. 
 
Theorem 1. If the coefficients of P( ) are independently normally distributed 
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the mathematical expectation of the area cut off by this curve, above the level K = 0 in 
the interval ( )T,0  is asymptotic to ; 
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 And for K > 0 is asymptotic to  
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Derivation of the Formula 
First of all we need to obtain the estimates for the mean of P( ) and the variance of 
P( ). From the definition of (1) we have,  

 E ( )( )xP = ( )n
n xcxcxc ++++ ...............1 2

21μ = ( ) =+ nx1μ
'μ (Say)  (2) 

 V ( )( )xP  = ( )n
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2
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 Consider a random variable K
kZ  which takes account of the excursions of P( ) 

above the level K in various ways.For any non-negative integer k and βα ≤≤ x , let 

 ( ) =xK
kη
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 Now from Fubini ' s theorem, E ( )[ ]βα ,K

kZ  is given by 
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 We are interested for the calculation of E )([ ]βα ,1

KZ  which gives a first power 
rectification of P( ) followed by an integration.  
 
Proof of the Theorem  
(i) -axis crossing 
 For k = 1 and K = 0 we have,  
 E )([ ]βα ,K

kZ  = E )([ ]βα ,0
1Z  
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 Putting the values of (6) and (7) in (5) we have,  
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 As in the first part of integration, the power of binomial expression is n, so there is 
no effect whether ‘n’ is odd or even, but for second part the power of the binomial 

expression is a fraction, let 
2
n = ∗n  

 E )([ ]βα ,0
1Z  = 

⎥
⎥
⎦

⎤
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛Γ

2

'

'

2
1,

2
1

2 σ
μ

π
μ

∫ ∑ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

=

β

α

dxx
j

nn

j

j

0
  

 +

( )

dxex
j

n
n

x

xn
n

j

j ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+−

=

∗

∫ ∑
∗

∗

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ 2

2

2

2

1
1

2
1

0

2

2
σ
μβ

απ
σ

  (9) 

 
 Now to estimate the value of E )([ ]βα ,0
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(The second term vanishes as exponential part becomes infinite for sufficiently large 
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K-Level Crossing 
From (4), we have 
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 Putting the value of (16) and (17), we have,  
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 As in the first part of integration, the power of binomial expression is n, so there is 
no effect whether ‘n’ is odd or even, but for second part the power of the binomial 

expression is a fraction, let 
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∗n . Then,  
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 Now to estimate the value of E )([ ]βα ,1
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(Second term vanishes as exponential part vanishes for sufficiently large n) 
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(Second term vanishes as exponential part vanishes for sufficiently large n) 
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 From (18) and (19) we have,  
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(for sufficiently large n & choosing 
n

nlog
=ε ) 

 Now for ε+<< 11 x  

 E )([ ]ε+1,11
KZ  = ( )

⎥
⎥
⎦

⎤
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛Γ

2

'

'

2
1,

2
1

2 σ
μ

π
μ K

∫ ∑
+

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ε1

1 0
dxx

j

nn

j

j  

 + 
( )

( )
( )

( )
( ) ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡

+

+
−

+

+
+

+

−
+

=

∗

∫ ∑
∗

∗

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ n

n

n

n

n
x

xK

x

x

x

Kn
n

j

j ex
j

n 2222

22

22

2

1

12

1

1

12
1

1

1 0

2

2
σ

μ

σ

μ

σ
ε

π
σ

dx  

 = ( )
⎥
⎥
⎦

⎤
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛Γ

2

'

'

2
1,

2
1

2 σ
μ

π
μ K

∫ ∑
+

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ε1

1 0
dxx

j

nn

j

j  

 
(Second term vanishes as exponential part vanishes for sufficiently large n) 
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(referring 13) 
 
 Lastly, for Tx <<+ ε1 ,  
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(Second term vanishes as exponential part vanishes for sufficiently large n) 
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(referring 14) 
 
 From (20) and (21) we have 
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(referring 13) 
 Which proves the theorem. 
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