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Abstract

The present paper provides an asymptotic estimate for the expected area cut
off by the X-axis and above a level K by a curve representing an algebraic
polynomia with independent random coefficients. The idea of exceedance
measure for stochastic processes for n large, as given by Cramer & Leadbetter
is adopted here to obtain the result. The method shown here can be used to
obtain the result for similar random polynomials.
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Introduction
Let us consider the random algebraic polynomial as

n n)z .

P(x):Za,(.j X 1)
=0 J

where a,(j =012,........... n) be a sequence of independent random variables.

Considering a; to be normally distributed with mean 0 and variance 1, Edelman &

Kostland [2] were the first to obtain the average number of real zeros of the above

polynomials. Subsequently Farahmand [3] obtained the average number of K- level

crossings of the said polynomial under the ssimilar conditions.Later on Farahmand [4]
derived an asymptotic estimate for the expected area of the curve representing the
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above polynomial cut off by the x- axis, where the coefficients a, (j = 012............. n)

are assumed to be independently normally distributed random variables with mean o
and variance o*. He has used the notion of exceedence measure for stochastic
processes as developed by Cramer and Leadbetter [1]. In this paper we have shown
the expected area cut off by the x-axis and above the level K of the said polynomial,

1

where the coefficients are normally distributed random variables with mean ﬂ(njz

and variance o*. This is a more generalization of the theorem due to Farahmand.
Hence we have the theorem.

Theorem 1. If the coefficients of P( x) are independently normally distributed
1

random variables with mean ﬂ(r'jz and variance o ?, then for sufficiently large n,
J

the mathematical expectation of the area cut off by this curve, abovethelevel K =0in
the interval (0, |T|) is asymptotic to;

) o e

1\ 2 n+1_ 1
and 2T (ljl 2 -2 , For [T|>1
2\ 2) 2\ o n+1

And for K > 0 isasymptotic to

Bl | e

and ﬁl{(%)%((K ;ﬂ)ﬂ (T;;flj For [T|>1

Derivation of the Formula
First of all we need to obtain the estimates for the mean of P( x) and the variance of
P( x). From the definition of (1) we have,

E (P(X))Z,u(1+ C X+ Co X2 + i, + cnx”): u(l+x)" = ,UI (Say) (2)
2
V(P(X)) = 02(1+¢,X% +C,X* + oo ¢, X" )=c’1+x*) =0 (Say) 3)
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Consider a random variable Z) which takes account of the excursions of P( x)
abovetheleve K in various ways.For any non-negative integer k and o < x< g, let

()= {{P(x)}k if P(x)> K

0 Otherwise

and Z (a, ) =

n kK (X )jx

R

Now from Fubini ‘s theorem, E[le< (a,ﬂ)] is given by

Bz (. 8)] = [ Eln (x)lx

R

g ° Yfu) .
- dx\/;_ﬂi(l;—k,je 2[ o J du Putz=u?T,‘u

SU=u +0cz=du=0cdz

R C—y

[fu=o,z=o

mdnu=K¢=(KT”j

o

then, E|Z) (a, )] becomes,

g 1 K yo'z) iz
Ekﬂaﬁﬂ=£de§;VI CELEI b s

J o
4 1 T Dk a7
_1d 2 d
_J XE[KJ#(SI +o z)e z (4)

We are interested for the calculation of E[ZlK (@, ﬁ)] which gives a first power
rectification of P( x) followed by an integration.

Proof of the Theorem
(i) x-axiscrossing
For k =1 and K = 0 we have,

E[zf (. p)] =E[2)(2. )]
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1

ﬂdx ! T(y + a'z)kezzzdz
A

Q ey

O
i x— I pe? 2dZ+ jdx% [ { oz e_izzdz
=ln+lz (9

0

B 1 , 7722
Where I3, = Ide [ J.J ue? dz
a -

o

and |1, = Idxﬁ [£ j o'z e‘%zzdz

o2

] T 1
Now Iq3 = jdx% I u e? dZConsider%zz:t:zdz:dt:dz:%
")

o

Ifz= [_:] :%(ijzandifz:oo,t:oo

o

) 0 1
Since, I'(a, x) = je“ta‘ldt then, F(% xj = J'e“tf5 dt

st ffer ®
(referring 2)
then, 11, = fdxi T o'z e_%zzdz Consider £ 72 = p = zdz=dp
G :

If z=o0,p=
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and, i 2 :(Z‘J - %(if

oo ) —1/12[(1+X)2]n
- 207 14+x?
(referring 3)
Putting the values of (6) and (7) in (5) we have,
;

E|z%(a. )] = 2\/_ K j ( J ]I1+x

) [(1 )2}"

= 20' 142
N FJ(1+X) dx ®)

Asinthefirst part of integration, the power of binomial expressionisn, so thereis
no effect whether ‘n’ is odd or even, but for second part the power of the binomial

. . n x
expressionisafraction, let E: n

st 24 I
L

Now to estimate the value of E|[Z°(a, 8)|, Considering the interval (o, 8) from
(0T), @-¢1), L1+e) and (1+¢,T), we have,

ol A3 it
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o Ml n’ —1#22((1“)2
2j 20
+—J. Z . X €
N2z 10( J J
(for T<1-¢)
D\ 1 1\ | xit T
R O A WE
27 \2) 2\ o =i Li+1],
(Second term vanishes as exponential part vanishes for sufficiently large n)
(Y= Tgmre
L 2 ,2 J‘ j=0 J J+1

’(1)1 gf @+7)"

2) 2o n+1

7]
~r
N

7]
—T
N

Next, for (1-¢)< x<1

el (342l

]

(10)

(The second term vanishes as exponential part becomes infinite for sufficiently large

n)

=
p1

S

BEGIPYESES
ol ey

S
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e [

Hence from (10) and (11) we have,

N\ 2
1)1 @+T)™
Elzo(0)|= 1| = |2 £ ] | S 12
2202 2r Kz) 2(0” n+1 (12)
(for sufficiently largen & choosing ¢ = IO%)

Next, for 1< x<1l+¢

el 34 1L

+el * n _l:uz (1+X)2 "
o (g 5,
+ .

2r 3 i\ |

EaEaibH

1

(The second term vanishes as exponential part becomes infinite for sufficiently large
n)

r N\ 2 . .
(33 g
it | = e B Y R EA S

2r [\2) 2o =\ j+1  j+1
() e 2
2/r 1\2) 2 & n+1 n+1

e

Lastly, for 1+ &£ < x<T,

Elz0(+e,T)| = ﬁr{(%)%{i—y] :j [m@xi jdx
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T [ n —1#2[(1+X)2]n
o) J’ n 2j 262 | 1+x?
— x| e dx
' 27[ l+g£jzo( J J ]
AR ENC
4200
2rr |\2) 2o A
(The second term vanishes as exponentia part becomes infinite for sufficiently large
n)
- N\ 2 X i
r (lj’l L) g(n e et
\2) 2\ o )i+l j+1
1)1 AV [T -1 (2+e)? -1
2) 2o n+1 n+1
"\ 2 n+1 n+1
-_H r (1)1 H T —(2+¢) (14)
2z [\2) 2o n+1

Hence, from (13) and (14)
0 u 1) 1 ,U 2 Tn+1_2n+1
ez = m{(z}z{:} M—m J 5

K-Level Crossing
From (4), we have

M
yNe o
Y7,
—T
N

1
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Where,

(referring 6)
0 . 7122
IG ze 2 dz

£.1
andlzzzldXﬂ[Kﬂ]

o

-1

(1+ xz)ge2

2
Ky(1+x)"]
O'(1+X2F dX

R

9
:\/27r

(referring 7)
5 —1[ K 2 +/¢2(1+x)2”_2K,u(1+x)”
o) I(1+ X2)2e2 62(1+X2)n 62(1+X2)n 0'2(1+X2)n
~ 21

Putting the value of (16) and (17), we have,

E|z}(a. )| = ﬁrﬁ@%((KTﬂ)ﬂ i(1+ x)" dx

131

(16)

dx (17)



132 S Bagh and M.K. Pal

ﬁ —1{ K 2 . w2 (@+x)"" 2Ku(+x)"
—J. 14+ X n c72(1+x2)n c72(1+x2)n c72(1+x2)n
o

T

Asinthefirst part of integration, the power of binomial expressionisn, so thereis
no effect whether ‘n’ is odd or even, but for second part the power of the binomial

dx

expression is afraction, let g= N" . Then,

Py n* —1[ K? +y2(1+x)2”_2Ky(1+x)”]
LJ‘ nz n X o-2(1+x2)n o-2(1+x2)n o-2(1+x2)n
N2\ 4 ] o

Now to estimate the value of E|Z (a, 8)|, Considering the interval (a, 8) from
(0T), A-¢,1), L1+s) and (1+¢,T), we have,

arond- (e )

* —1[ K2 +y2(1+x)2”_2Ky(1+x)”
(

T n* * n
o I N\ 2j 2| 02(1+x2)" o?(x?) o?ax?)
— X e
"2 0[]20 JJ =

B B
, 2 0‘ o\ j=0 J
(Second term vanishes as exponential part vanishes for sufficiently large n)

-2l s

(referring 10)

Next for, 1-¢ < x<1

are-sal B (8L b
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. n* —1[ K2 . p? (1+x)*" 2Ku(1+x)"

1
o J‘ n 2] 2| 52 1+x2)n 02(1+x2)n 02(1+x2)n
o ——— E X e
T 2r 2 s o

e BREAY FE(e Jo

(Second term vanishes as exponentia part vanishes for sufficiently large n)

R ]

(referring 11)

From (18) and (19) we have,
il 4 () (K= )Y | @eT)™
e 0]= J;FKZJ’Z[ . ” 1) 20)

(for sufficiently largen & choosing ¢ = IO%)

Now for 1< x<1+¢

Elzf(1+¢)| = ﬁrﬁ%)%((%”)ﬂ IM;mxl jdx

. . n* —1[ K2 +,uz(1+x)2”_2Ku(1+x)n}
" (n ij-) 3 vy ey g e

|2
1

_ K g (1 1K
20r ‘2
(Second term vanishes as exponentia part vanishes for sufficiently large n)

25_ FK 1) 1£(K0‘,u )ﬂ [(2+ gr):ll— 2“*1} 21)

(referring 13)

dx

Lastly, for 1+ e < x<T,
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K2 +;,2(1+x)2“_2Ky(1+x)“}
02(1+x2)n 02(1+x2)n 02(1+x2)n

| X e i
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l+e
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ket
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(Second term vanishes as exponential part vanishes for sufficiently large n)

e
(referring 14)

From (20) and (21) we have

« _ P 0 1( (K - lu 2 Tn+1 _ 2n+l
Elz<@T)) mr{(i}i(ﬂ—)a, J } [—m n 23)
(referring 13)

Which proves the theorem.
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