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Abstract

For a connected graph G, let h(G) be the length of a Hamiltonian walk in G
and call it the Hamiltonian number of G. Let i be a non-negative integer. A
connected graph G of order n is called i-Hamiltonian if h(G)=n+i. In this
paper, we define i-Hamiltonian-t-laceable graphs and i-Hamiltonian-t*-
laceable graphs. We explore i-Hamiltonian-t*-laceability properties in the
cartesian product of graphs involving paths and cycles.
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Introduction

Let G be a finite, simple, connected and undirected graph. Let u and v be two vertices
in G. The distance between U and v denoted by d(u,v) is the length of a shortest u-v
path in G. In [1] Goodman and Hedetniemi introduced the concept of a Hamiltonian
walk in a connected graph G, defined as a closed spanning walk of minimum length in
G. They denoted the length of a Hamiltonian walk in G by h(G) and called h(G) as the
Hamiltonian number of G. Therefore, for a connected graph of order >3, it follows
that h(G)=n if and only if G is Hamiltonian. Figure 1 below shows a connected graph
G with h(G)=6.

Let i be a non-negative integer. A connected graph G of order n is called i-
Hamiltonian [2] if h(G)=n+i. Thus a 0-Hamiltonian graph is Hamiltonian. An almost
Hamiltonian graph is a graph G of order n and h(G)=n+1.

A graph G is Hamiltonian-t-laceable [3] if there exists in G a Hamiltonian path
between every pair of vertices U and v with d(u,v)=t, 1< t < diamG, where t is a
positive integer.
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A graph G is Hamiltonian-t -laceable [4] if there exist in G a Hamiltonian path
between at least one pair of distinct vertices U and v such that d(u,v)=t, 1<t < diamG.

With the concepts of i-Hamiltonicity and Hamiltonian Laceability, we define the
following

Definition 1: Let G be a connected graph of order n, let hy(G) be the length of a
Hamiltonian path between any two distinct vertices in G. A Hamiltonian path in G is
called a 0-Hamiltonian path if hy(G)=n-1 and a path in G is called 1-Hamiltonian
path if hy(G)=n.

Definition 2: Let i be a non-negative integer. A connected graph G of order n is
called i-Hamiltonian-t-laceable if there exists in G, a i-Hamiltonian path between
every pair of distinct vertices U and v with the property d(u,v)=t , 1<t < diamG.

Definition 3: A connected graph G of order n is called i-Hamiltonian-t*-laceable if
there exists in G, a i-Hamiltonian path between at least one pair of distinct vertices U
and v with the property d(u,v)=t, 1<t < diamG.

Figure 1 below illustrates a 1-Hamiltonian graph G with h(G)=6. With respect to
the vertices v1 and v, this graph is 1-Hamiltonian-2* -laceable.
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Y

Figure1: A graph with h(G)=6

Results
Theorem 1. Let G=P, and H=P,.. If mand n are odd integers such that m ,n > 3, the
Cartesian-product GxH is 1-Hamiltonian-t*-laceable, for t=1, 3 and 5.

Proof: Let G;=GXH. In G; there are mn vertices and diameter of G x H is (m+n)-1.
Let the vertices of G; be denoted by &, 1<i<m, 1<j<n.

Let B;j denote the m paths in G; given by; B a-aiz-aiz-........... -ain and let P
denote the n paths in G; given by; Pj: ag-ag-ag-...........-am.

Then, in Gy, d(a11,a12) = 1 and the path P: {P; U By U(@m,am1n)V (@mi2, @mzz) U
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(Bm1— (@m11, am12)) Y (Bm2 — (@m21, @m22)) U.....U (B4 — (a1, as2)) U (a2, az2) U (B3
— (as1, a2)) Y (@3, @n) U (B2 — (azn, an-1) U...... U (a3, ax) U (a2, a1)) U (B1 -
(Qn-1,81n-2)- o v e (aus, a13) U(a1z,a12))I(azn,a1n) U(a@in-1,82n1) U (82n-2, @1n2) U ..... U
(a14,824) U (823,213) U(a13,822) U(822,812) } is a 1-Hamiltonian path. Hence G; is 1-
Hamiltonian-1*-laceable.

Figure 2: Cartesian product of G=Py, and H= P, d(a;1,a12) = 1

Also, in Gy, d(az1,814) = 3 and the path P: {PLUBrU (am.]_Z’ am22) U (B — (am
11, 8m12)) Y (Bmz — (@m21, @n22)) V... (Bs — (a1, au2)) U (a2, as2) U (Bs — (aa,
ag)) U (asn, &n) U(a2n,aun) U (&and2n1) U (B2-(azn, a2n-1) A@2n-1,82n-2)--.--(824, 823))
AB1-(ain,aan1)-—- Aa11,&12))} is a 1-Hamiltonian path. Hence G, is 1-Hamiltonian-
3*-laceable.

(=1 (=4 =4 L= = (=4 (=4
[=4 &f =4 = =4 =4 =4
1 1 1 1 1
1 1 1 1 1
1 1 1 1 |
e ; = | [~y e, ! = 1 = B L=
=y & [=9 [= 4 X X e
= o o i o o o

Figure 3: Cartesian product of G=Py, and H= Py, d(a;1,814) = 3
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Further, in G, d(all,a]_n.]_) = 5 and the path P: {P]_ U Bnu (am.12, am22) ) (Bm-l —
(Am11, @m12)) Y (Bm2 — (@m21, 8m22)) U.....C (Bs — (841, au2)) U (au2, az2) U (B3 — (81,

Uag1a)) ABi-(a11,812) U ....f&in,a1n-1)} is a 1-Hamiltonian path. Hence G is 1-
Hamiltonian-5* -laceable.

Figure 4: Cartesian product of G=Py, and H= Py, d(a11, ,&1n1) = 5

Hence the proof.

Theorem 2: Let G=P, and H=P,.. If mand n are odd integers such that m ,n > 3, the
Cartesian-product GxH is 1-Hamiltonian-t* -laceable, for t=2, 4 and 6.

Proof: Let G;=GxH. In G; there are mn vertices and diameter of G x H is (m+n)-1.
Let the vertices of G; be denoted by a;j, 1<i<m, 1I<j<n.

Let B; denote the m paths in G; given by; Bi: &1-82-a3-........... -gin and let P
denote the n paths in G; given by; Pj: ag-ag-ag-...........-8n.

Then, in G;, d(a]_]_,a;|_3) = 2 and the path P: {P]_ U Bm Y(@mn,@m1n)Y (amlz, am22) )
(Bm1— (Am11, @m12)) Y (Bm2 — (@m21, 8m22)) U.....u (Ba — (a1, as2)) U (auz, az) U (B3
— (@1, a32)) Y (@gn, @) U (B2 —(azn, @2n1) L...... U (ag, a21)) U(az, ain)w (Br — (aun-
1,81n-2)- ... (a1, a13) U(a1,a12)) V(@n1,8n1) U (Qn2, &an2) U ... U (Q14,804) U
(a22,a12)} is a 0-Hamiltonian path. Hence G; is O-Hamiltonian-2* -laceable.
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Figure5: Cartesian product of G=Pp, and H= P, d(aj1,a13) = 2

Also, in Gy, d(a11,a1n2) = 4 and the path P: {PLUBrU (amn, amin) Y (Bm1— (am
11, 8m12)) Y (8m12, @m22) U (Bm2 — (@m21, @m22)) U..... (Ba — (a1, au2)) U (aup, @) U
(Bs — (831, a32)) U (8an, axn) U (Bo-(a21, @) Ci...... @z2n,82n1) AB1-(au1,812) U (&un-
2,81n-1) A@11,12))} is a 0-Hamiltonian path. Hence G, is O-Hamiltonian-4*-laceable.
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Figure 6: Cartesian product of G=Py, and H= Py, d(a;1,a1n-2) = 4

Further, in Gy, d(a]_]_,a]_n) = 6 and the path P: {Pl U B U (amlz, am_zz) ) (Bml -
(Bm11, 8m12)) Y (Bm2 — (Bma1, @m22)) U..... (Ba — (a1, a42)) U (a2, @32) U (B3 — (@ay,
azy)) U (asn, azn) U (Ba-(a21, a22)) A Bi-(a11,212))} is a 0-Hamiltonian path. Hence G,
is O-Hamiltonian-6* -laceable.
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Figure 7: Cartesian product of G=Pp, and H= Py, d(a;1,81n) = 6

Hence the proof
Theorem 3: Let G=P,, and H=P,. If m and n are even integers such that m ,n > 3,
the Cartesian-product GxH is 1-Hamiltonian-t*-laceable, for t=2, 4 and 6.

Proof: Let Gi= GxH. In G; there are mn vertices and diameter of G x H is (m+ n) -
1. Let the vertices of G be denoted by &;j, 1< i< m, 1< j< n. Let B; denote the m paths
in G given by Bi: aj1-ai-aiz-........... -ain and let P; denote the n paths in G; given by
Pi: agj-ay-ag-........... -any.

Then in Gy, d(a;1,813) = 2 and the path P: {P; U By U(am, 8min) Y (Bmi1 — (@mas,
am12)) Y (Bmi2, 8m22) Y (Bm2 — (8m21, @m22)) V... (Bs — (a41, a12)) U (a2, az2) U
(B3 — (831, a32)) U (@n, @zn) W (B2 — (azn, @n1) U...... U (a21, @22)) U (B1 — (awn-1,8un-
2) ........ (a]_]_, 8.12)) U(azn,a]_n) U(a]_n_]_,azn_]_) |\ (azn_z,a]_n_z) U ... U (814,8.24) |\ (azz,a]_z)}
is a 1-Hamiltonian path. Hence G, is 1-Hamiltonian-2*-laceable.

P b2 E B E E B E
a a 2 =] =] ., 2, 2,

Figure 8: Cartesian product of G=Py, and H= Py, d(a;1,a13) = 2
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Also, in Gy, d(a]_]_,aln-z) = 4 and the path P: {Pl U Bn u(amn, amln) ) (Bm.]_ — (am
11, 3m12)) Y (@m12, 8m22) U (Bm2 — (@m21, m22)) L.....U (Ba — (241, as2)) U (A, @) U
(Bs — (831, @32)) w (asn, @2n) U (B2 — (azn, an-1) L...... U (az1, a)) U (B1 — (aan-1,an-
2) ........ \ (a]_]_, alz)) \ (aZn,aln) k*J (a]_n.]_,BZn-l) U.....U(azz,alz)} is a 1-Hamiltonian
path. Hence G; is 1-Hamiltonian-4 -laceable.
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Figure 9: Cartesian product of G=Py, and H= Py, d(a;1,a1n-2) = 4

Further in Gy, d(a11,a1n) = 6 and the path P: {P; U By U(am, a8min) Y (Bm1— (@m
11, 8m12)) Y (8m12, 8m22) U (Bm2 — (@m21, 8m22)) U.....u (Ba— (a1, au2)) U (au2, ag2) U

(Bs — (asw, @s2)) U (aan, @2n) W (B2 — (821, 8z2)) VU (8zz, @12) U (Bi-(ay, a12))} is a 1-
Hamiltonian path. Hence G; is 1-Hamiltonian-6 -laceable.

P, T ) T -] P B, E
& o & o, oy &, =2 o,

Figure 10: Cartesian product of G=Pp, and H= P, d(a11,a1n) = 6.
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Hence the proof. u

Theorem 4. Let G=P, and H=P, . Then the Cartesian-product G x H is 0-
Hamiltonian-t*-laceable, for t=1, 3, 5 such that 1 <t < (m+n)-2 where m and n be
evenformn>3.

Proof: Let G;= G x H. In G; there are mn vertices and diameter of G X H is (m+ n) -
1. Let the vertices of G be denoted by &;j, 1< i< m, 1< j< n. Let B; denote the m paths
in G; given by B;: aj1-ai>-aiz-........... -ain and Pj denote the n paths in G; given by; P;:
A=A A= e e ennen -amj-

Then in Gy, d(a]_]_,alz) = 1 and the path P: {Pl U Bn u(amn,amln)u (am.]_Z’ am.zz) )
(Bm1— (@m11, am12)Y (Bm2 — (@m21, 8m22)) C....../ (Bs — (851, @s2)) U (852, @42) L (Ba—
(841, @42)) U (8an, @3n) U (Bs — (8s1, @32)) U (8s2, 822) U (B2 — (821, 822)) U (@2n, @) U
(B1 — (a11,a12))} is a O-Hamiltonian path. Hence G; is O-Hamiltonian-1 - laceable.

= F E, E E E E E
& - o€ & o & o o,
B!
=4 & =1 =4 =4 = oL =3
E.
= - o o o & o =&
E
= & & o€ o = = =
B.
| 1
1 ! I | I |
1 | 1 1
& & - & - & o = E
=1 = = L = = = = E
= & = oL, & = = =
B.
= = oL oL =l . = =3 E

Figure 11: Cartesian product of G=Pp, and H= Py, d(a11,a12) = 1

AISO, in G1, d(all,al4) = 3 and the path P: {Pl |\ Bm u(amn,amln)u (am.12, am.zz) ]
(Bm1— (@m11, 8m12)V (Bm2 — (@m21, @m22)) U.....0 (Bs — (as1, @s2)) U (@52, au2) U (Ba—
(81, a12)) U (8un, @zn) U (Bs — (a1, as2)) U (azz, @22) \U(822,812) U(8u3,823) U (B2 — (821,
az) U(az,azxs)) v (agn, aln)g (B1 — (a11,a12) U(a13,214))} is a O-Hamiltonian path.
Hence G; is 0-Hamiltonian-3 - laceable.
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Figure 12: Cartesian product of G=Pp and H= P, d(a11,814) = 3

Further in G]_, d(a]_]_,aln-]_) = 5and the path P: {Pl UBm L/(arm,amln)u(amlz, am.zz)
U (Bm1 — (Bm11, @m12) U (Bmz — (@m21, @m22)) C.....U (Bs — (a1, as2)) U (852, @u2) U
(Bs — (a41, au2)) U (&un, @sn) U (Bs — (a1, a32)) U (age, @) U (B2 — (821, a22) U (822,
8.23) o (824, 8.25) ......... (&2 (azn_3, a2n_2)) (&2 (azn, a]_n) (&2 (Bl — (a]_]_, alz) (&2 (8.13, a14)
Uivere, U (aan3, @1n2)) U (Bu2, B22) U (822, B13) AB24,814) AB15,825)...... A@zn-3,8n-
3)} isa 0-Hamiltonian path. Hence G; is O-Hamiltonian-5 - laceable.
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Figure 13: Cartesian product of G=Pp, and H= P, d(ai1,a1n1) = 5

Hence the proof
Theorem 5: Let G=C,, and H=P,.. If n> 2 is an integer and m > 3 is an odd
integer, the Cartesian-product GxH is 0-Hamiltonian-t*-laceable for t=1,2 and 3.
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Proof: Let Gi= G x H. Let the vertices of G; be denoted by a;j, 1<i<m, 1< j<n. Let
Bi denote the m paths in G; given by Bi: a-a2-as-........... -ain and P; denote the n
paths in Gy given by; Pj: ag-ag-ag-........... -ay. Where nis an integer and mis odd.

Then in Gy, d(a]_]_,a]_n)=1 and the path P: P,u By v (amn,amln) o/ (Bm]_-(am_]_]_,am
12)) U (8mi12,8m22) U Bmo-(@m21,8m22)) U ... (Bs-(au1,842)) U (au,az) v (Bs-
(8s1,82)) U (Bsn,@2n) U (Ba-(822,:812)) U (8zn,@1n) U (Br-(a11,812)) is a O-Hamiltonian
path. Hence G; is a 0-Hamiltonian-1 - laceable.

Figure 14: Cartesian product of G=Cy, and H= Py, d(ay1,a10)=1

AISO, in Gy, d(all,aln.l):2 and the path P: (all,aln) (o4 (aln,aZn) (@ (aZn,azl) (%
(821,881) U (8g1,88n) U (Agn,@an) U (Aan,@a1) U oo U (Bm21,8m2n) U (@man@min) U
(@m1nam11) ¢ (@m1,8m)  (@ms,am) C (Bmr(@m.am-1) U (@m,am)) ¢ (P2-(ame,am12))
U (a12,813) U (@z2n,81n)) U (P3- (@ms,am13)) U (@m13,am14) U (Pa-(@mas,a14)) U-eoneen. v
(Prz-(8min-2,8m-2)) U (@minz8min1) U (Pra-(@min1,8me)) is @ O-Hamiltonian path.
Hence G; isa 0- Hamiltonian-2 - laceable.
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Figure 15: Cartesian product of G=C;,, and H= Py, d(a;1,81n-1)=2
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Further, in Gy, d(a31,81n-2)=3 and the path

P: (a11,a1n) U (@1n,@2n) U (@2n,@21) U (A21,831) U (8g1,8sn) U (@gns@un) U (@un,a41) U
--------- U (@m21,8m2n) Y (Bmznamin) Y (@mindmi1) Y (@misam) ¢ (@m,am) C (Bar
(@m,am-1) U (Bmu,ame) Y (Bme,8m12) Y (Bmi-(@m11,8m12) U (@min1,8min)) U (@min
1,am2n1) C (Bmo-(@man8man1) U (Bma1,8m22)) U ...... U (Ba-(8u1,842) U (aun-1,84n)) U
(Bo-(az1,822) U (B22,823)) U ... U (agn1,@2n) U (Bonv,@an1) U (Bi-(aun@una) v
....... U (ag3,214) U (a11,812)) is a O-Hamiltonian path. Hence G; is O-Hamiltonian-3 -
laceable.
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! — |
_,_:—'_'__'_'_'—_F ‘_\_\_\_\_\_\_‘_\—\_
ot o o (=, = = H“*ﬂ& E

Figure 16: Cartesian product of G=Cy, and H= Py, , d(a11,81n2)=3

Hence the proof

Theorem 6: Let G=C, and H=P,. If n> 2 isan integer and m> 3 is an even integer,
the Cartesian-product GxH is (i) O-Hamiltonian-t*-laceable for t=1 and 3 (ii) 1-
Hamiltonian-t*-laceable for t=2 and 4.

Proof: Let Gi= G x H. Let the vertices of G; be denoted by a;, 1<i<m, 1I<j<n. Let
B; denote the m paths in G; given by Bi: aj1-ai2-ais-........... -ajn, and P; denote the n
paths in G given by; Pj: agj-ay-ag-........... -8m. Where nis any integer and mis even.
Then in Gy, d(a11,81n)=1 and the path
P: P]_L/(am]_,amz) uPu (812,8.13) U P3 u(amg,a,m) UPsU. Upn_1U(%n_1,M)
v Ppisa0-Hamiltonian path. Hence G; is O-Hamiltonian-1"- laceable.
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Figure 17: Cartesian product of G=C, and H= Py, d(a;1,a10)=1
Also, in G; d(ai1,82n)=2 and the path
P: Piv (Bm,ame) U P2 U (az,a13) U P3 U (@ms,am) U Ps U ..  (PraV (-

18m) C (Pn(@nazn)) U (asnawm) is a 1-Hamiltonian path.

Hamiltonian-2 - laceable.

Hence G; is 1-

By B _ B B_ B B
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o sr)| - — g [ ra-14) Aratn-d ey B

r1-d

Qs — — — T ] Azl S| - T | =3

Figure 18: Cartesian product of G=Cy, and H= Py, d(az1,a82n)=2

Further in Gy, d(a]_]_,agn)ZB and the path P: P; v (am]_,amz) b (a]_z,a]_g) v PauU

(amz,am) U PaU

U (Pn1 -(a1n-1,82n1)) U (8an-1,81n) U (aZn-l,azg) ¢ (am-1,8m) U

(Pn-(asn,a2n)) is a 0-Hamiltonian path. Hence G; is O-Hamiltonian-3 - laceable.
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Figure 19: Cartesian product of G=C, and H= Py, d(a;1,83,)=3

Next in G, d(az1,84n)=4 and the path
P: P]_ (% (am]_,amz) o/ P2 o/ (8.12,813) o/ P3 (% (amg,a,m) (% P4 (. U(Pn_l -(a]_n_]_,azﬂ_

l)) o (aZn—la%n—l) v (amn-l,arm) (o4 (Pn'(aln,aZD) (2 (agn,a4n)) o/ (a]_n,aZn_]_) |S a 1'
Hamiltonian path. Hence G; is 1-Hamiltonian-4 - laceable.
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Figure 20: Cartesian product of G=C, and H= Py, d(a;1,a4n)=4

Hence the proof
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