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Abstract

In this paper, we study and develop the generalized fractiona differential
operators involving Appell’s function F3(.) [1, p. 224, Eqg. 5.7.1 (8)]

introduced by Saigo and Maeda [2, p. 393] to the multivariable H-function.
First, we establish two theorems that give the images of the multivariable H-
function in Saigo-Maeda operators. On account of general nature of these
operators, a large number of new and known theorems involving Saigo,
Riemann-Liouville, Erdélyi- Kober fractiona differential operators and
several special functions notably generalized wright hypergeometric function,
Mittag-Leffler function, generalized lauricella function, Bessel functions
follow as special cases of our main findings. The important results obtained by
Gupta [3], Kilbas [4], Kilbas and Saigo [5], Kilbas and Sebastian [6], Saxena,
Ram and Suthar [7] and Saxena and Saigo [8] follow as special cases of our
results.
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1. Introduction:

The fractional differential operator involving various special functions, have been
found significant importance and applications in various sub-field of application
mathematical analysis. Since last five decades, a number of workers like Kiryakova
[9], Srivastava et a. [10], Saxena et al. [11, 12], Saigo [13], Kilbas [4], Kilbas and
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Sebastian [6], Samko et a. [14], Miller and Ross [15], and Gupta et al.[3] etc. have
studied in depth, the properties, applications and different extensions of various
hypergeometric operators of fractional differentiation.

Recently, Kumar and Daiya [16] have applied this fractional differentiation of the

product of a general class of Polynomial and H -function. Saxena, Ram and Kumar
[12] have also derived the generalized fractional differentiation of the Aleph function

associated with the Appell function F3'

Let o«,a.8.8,7eC, y>0 and x>0, then the generalized fractiona
differentiation operators [2] involving Appell function F; as a kernel are defined by
the following equations:

(Dgﬂ"ﬁ'ﬁ'ﬂ fj(x)=(|5f"‘“v‘ﬁ"‘/’"7 fj(x)

_ ( d jn(l_a’,—a,—ﬁ'+ n-g,—y+n fj(x), (R(y)>0:in=[R(r)]+1)

dx 0+
T e e e S I (1)
- 0

and
(D& @B ) = (1207 AR 1

i [_ijn(l_a’,—a,—ﬁ',—ﬁ+n,—7/+n fj(x), (R(y)>0:n=[%R(r)]+1)

n =) ’
= (_dng (x“) [(t—x)"" 71 F3[—a’,—a,—ﬂ’,n—ﬂ,n—;f,l—%(,l—ijf(t)dt 2
X
where | g‘f"'ﬂ’ A7 and If"“,’ﬁ By are Saigo- Maeda fractional integral operators.
F3 the Appell-hypergeometric function of two variablesis defined as

(D (@ Bl (B 2" 0 11y 3)

0 (")rmen m! n!’

Fy(a.a.B.B572.8) = éoé
where (z),and (7, are the Pochhammer symbol defined by zeCand
mne N, =Nu{0}, N={123..}by (2), =1(2)_ =z(z+1)...(z+m-1).

The above series (3) is absolutely convergent for (|z]<1,|¢ <1)and (|2 =1|¢ =1),
where (z,£#1).

These operators reduce to Saigo fractional derivative operators[2; see also 17] as

(DO'“"ﬂ’/f’# f)(x) - (Dg’“" VB -y fj(x), (% (7) > 0); (4)

0+ +
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and
(Df*“"ﬂ'ﬂ'# f)(x) - (D_V’“" 7B -y fj(x), (% (7) > 0). (5)

Further, we al'so have [2, p. 394, Egns. (4.18) and (4.19)]
(Ia,a’,ﬂ,ﬂ’,yta—l)(x) _ F[ co+y—-a-o -pBo+pf - }Xa—a—aﬁr y-1 (6)

0+ c+y-a-do+y-o'-po+f

where %(7)> 0,% (o)> max[0,%(er + &'+ B - ), % (o' - 5') | and

(Ia,a',ﬂ,ﬂ',7t0'—l)(x)=r 1+0!+0/—7’—0,',1+,0!+/3'—7—0',1—ﬁ—0' XO'—a—a'+;/—1 @)
- l-cl+o+d + ' -y-ol+a- -0

where %()> 0,% (o)< 1+ min[R(-B).R(a+a - 7). K(a+p ~7)].

Here, we have used the symbol r[} representing the fraction of many Gamma
functions,

In this paper, the multivariable H-function will be defined and represented in the
following manner [10, p. 251-252, Egs. (C.1- C.3)]:

ON:M ,N ;..M ,N
11 rr

P.Q: F?L,Ql;....;Pr ,Qr

H[z

=H
1’ ’Zr]

B ) (as0) a0
z (bj-ﬂj e, BY )1,Q.(dj 5 )1,Q1""(djr ’5jr )1Qr
r 32 g
ey L gf)iEl{gi ()2 I}dfl'“dfr ®)

M. ) ) N. ) )
HI r(dj(l)_(gj(l)é:i) l'i F(l'cj(l)J’yj(l)‘fi) ©
j=1 j=1 .
6.() = Qi] . .‘ 2 — Vie{L2..r}
n F(l-d.(')+5.(')§i) il F(c.(')-y/.(')fi)
=M +1 ! ! P=N +1 ! J
N r 0)
I1 F(l—aj+ > aj §i)
and W, &)= =1 =1 (10)
! P SSNOPINE: 0
I ra-xals) 0 ra-o+xp0¢)
j=n+1 Do) Ty o)
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In equation (9), i in the superscript (i) stands for the number of primes, eg.,

2 . .
b( = b’,b( ) =b” and so on; and an empty product isinterpreted as unity.

For convenience, we use the notation (aj ;aj' ..... “(jr))lp for P member array

(agieq ), (apip sy ), while (C(ji),y(ji)) stands for
Lk

(Cf),yf)),_,,(cg),yg)), (i=12...r)and so on. The nature of contours Ly,---,L; in (8),
| |

the various special cases and other details of the function are given in the book
referred above. Also, it is assumed throughout the present work that the various
multivariable H- function occurring herein aways satisfy the conditions of their
existence corresponding appropriately to those mentioned in the reference given
above.

2. Preliminary Results:
Lemma 1. Let a o B, yeC be such that R(y)>0,
R(o) >-min[0.R(a+a’+ B - 7). R(a- B)]

Then there holds the relation
Da,o/,ﬂ,ﬁ', %o-1 (¥)= I(o)M(oc-y+a+d +B)T(o-f+a) N y+o+o/ -1

0+ F(o'— y+a+ﬁ’)1‘(a—y+a+0/)r(o-_ ) (11)

Lemma2. Let o, o', 3,8,y C besuchthat %(y) >0,
R(o) <1+ min[R(B),R(-a' - B+7) R(-a-a'+y-n)] (n=[R(»)]+I)

Then there holds the relation
% o, B g, 7ta—l)(x) _ 1"(1—0/—,8+ 7—(’) F(l+ﬁ’—a) F(l—a—a’+ 7—(’) I-rrot o -1 (12)
- [(1-0)T(1~a-d - B+y-o)l(1-o + f o)

3. Main Results

We establish image formulae for the multivariable H-function involving Saigo and
Maeda fractional differential operators (1) and (2) in terms of the multivariable H-
function.

Theorem 31 Let a,a',ﬂ,ﬂ', 7la,zi c C,X> 0'p| > 0, Vie {1,2,___,r}be SUCh that

(i)
9‘(7)>0,<Jt(a)+_£ P, min m[dl ﬁ(i)]>—min[O,iK(a+a'+ﬂ’—7),9((0(—,6’)1
j < i
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where
P Q N P i Q g
a=- 3 ol Zﬂ(l)+ (') ' > &0 viel2..r)
j=N+1 ] J=1 ] j j= N+1 —1 j M+1J
then the following formula holds
o OV e D) 1)

, O,NM N M N thpl ajiajy ’aj )]_'P(CJJ/J)].,F’7 7(Cj ’75 )lP
Da'avﬂvﬂ,vy '[6_1H 11" r'r 1 r (X)
0+ P.Q:P Q_l ,q, Lt (bj;ﬂj,"“'ﬂ?)) :(dj,’é‘j,) 2"'§(d(r),é(.r))

P
0, N+3 M N oM N | BX T e
O rrata -1, R R T rr . |AC (13)
P+3,Q+3: Pl'Ql s Pr ,Qr » B* :D*
z x T

where

*

A :(l—o‘,pl,...,pr),(1—0'+7—a—a’—ﬁ';pl,...,pr),(1—0'—0:+ﬁ;pl,...,pr),[ j aj, EF)J
P
B =(1_6+y—a—ﬂ';p1,...,pr),(1—0‘+7—a—0/;p1,...,pr),(1—0‘+ﬁ,p1,...,pr) (b B’ ﬁfr J
;(d(.r) ,50)

i
¢’ - (Cj"yj') ""‘(C(jr)'y(jr)) D - (dj/"sj') gy )
1, P1 1, Pr 1, Q1 1, Qr

Proof: In order to prove (13), we first express the multivariable H-function occurring
in the left hand side of (13) in terms of Mellin-Barnes contour integral with the help

of equation (8) and interchanging the order of integration, we obtain (say |,)

5 / o+pé +.tpé -1
—J WG f)H{a(ﬁl) }(Dg‘f'ﬁ'ﬂ'% M J(x)dfl...dcfr

o L =1l

Now, applying the equation (11) with o replaced by ¢ + PGyt p S s WE arrive
at

(2m) L L izl

(o-+p1§l+ +pr§r) (0' ;/+a+a’+ﬂ'+p1§l+...+pr§r)
1= e@,)

(o-—;/+a+,B’+p1§l+...+pr§r)1“(0'—/3+p1§1+...+pr§r)
F(U —froa+pg ot prdy ) Xa—y+a+a’+p1§1+...+pr§r -1

X
1"(0'—7+05+05’+p1§1+...+pr§r)

dg ..dE
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Finally, interpreting the Mellin-Barnes contour integral thus obtained in terms of
the multivariable H-function as given in (8), we obtain the result as given in (13).

4. Special Casesof Theorem 3.1:
i. Ifweput a=a+p,a'=p8=0,8=-ny=c in Theorem 3.1, we get known result
obtained by Guptaet al. [3, p. 48, Eq. (18)], as

Py
zt
O,N:M_,N_;..; M N 1
p&: Ao 1y (PO (x)
0+ P’Q'Pl’Ql"""Pr’Qr
zt '
r
Py
0, N+2 :M_,N_ ..M N | 4" " |a*:c"
Coepon, O N M M N AT AT (14)
P+2,Q+2: P, ,Q ;....P, ' * *
Q 1Q1 rQr p |B D
Pl
Z X
r
where

Bl* =( _o__ﬂ;pl,m,,,)r)’(1_0-—77;p1,...,,0r),[bj;,li’j',...,ﬂj(r)jlQ

¢ and D" are same as given in (13) and the conditions of existence of the above
result can be easily derived with the help of Theorem 3.1.

ii. If wetake N =P =Q =0 inequation (13), the multivariable H-function reduces to
the product of r-different Fox H-functions[18, p. (viii), Eqg. (A.14)] following as:

aa BBy o-18  MiNi| A
{DO+ (t il;ll HPi'Qi {zit (x)

P
. L. Z X * *
0'—7+a+a—1H0'3'M1'N1' """ Mr'Nr 1: Ay, :C (15)
3.3:P Q) P 2 xPr| Bz D
r
where
*
AZ :(1_0-;p11--1pr)1(1_O-+7_a_a_ﬁ;plr--ypr)1(1_0-_a+ﬂ;p11--7pr)

*
B, :(1—0'+7/—a—,8,pl,..,pr),(l—0'+ ;/—a—a,pl,..,pr),(1—0‘+,8,p1,..,pr)

c'and D are same as mentioned in equation (13) and the conditions of validity
of the above result can be easily derived with the help of Theorem 3.1.
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iii. 1f we reduce product of r - different H-functions occurring in the left hand side of
(15), to the r - product of Bessel function of first kind [10, p.18, Eg. (2.6.5)], we

get
}(X)

’ ’ r pP.
{D(l,a,ﬁ,ﬂ,}/(td—l I1 J [a,t ]
0+ . V. j
17
p. /)i . (16)
:Xa—y+a+a’—l l[[ a x 1/ 1 0.3:1,0;...:1,0 . Az -
1 J 3,3:0,2;...;0,2 By :Dy

s

iv. Now, reducing the H-function of several variables occurring in the right hand side
of (16) to generalized Lauricellafunction [19], we get

a Ll ]v,-

2

T

’ , p. ,
a,d, BB,y ,0-1F U _o-y+oa+d -1
{DO+ [t j1;[1 -]vj ajt (x) =X

2 2
«F3:0..:0 (I 2'Dl """ 2pr),(m2pl """ 2pr),(n;2pl """ 2'Dr) B alxpl ..... _ arxpr (17)
L. 2 2

where
| r L, r
—a+j§:1pjvj,m—a—7+a+zx +p +j§:1pjvj,n—a+a—ﬂ+ j§:1pjvj

r r r
p=c-y+a+p +J_Z:lpjvj ,q=0-y+o+a +J_Z:lpjvj , s=a—ﬁ+j§lpjvj

v. Ifwetaker =142 =lp =Ly =v in above equation (17), we get

c+tv-y+a+a’ -1

e T
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(0+v,2),(0'+v—y+a+a'+ﬂ',2),(0+v+a—ﬂ,2) _ x2
X4 4{( } (18)

0'+v—;/+0(+ﬂ’,2),(0'+v—y+a+a’,2),(0'+v—ﬂ,Z),(v+L1)’_ 4

Further, taking a=a+ 8,0’ =g’ =0,5=-1,7 = ain above equation (18), we get
known result due to Kilbas and Sebastian [6, p. 330, Eg. (32)], as

. LOrv+fp-1 (0+v.2),(c+v+a+B+n2) X
et S R

vi. If we reduce the multivariable H- function into the product of two Fox H-function
and then reduce one H- function to the exponential function by taking p =1 in

equation (13), we get the following result after alittle smplification:

C.)}/.
Da,a’,ﬁ,ﬁ’,;/ to-_le—zlt HMZ'NZ Py ( J J)]_‘p2 (X)
ot R:Q |2 |(dj.5)
1) 1‘Q2
. . A ¥ =alCh LY
o -y+a+a’ -1 0’3'1'0’M2'N2 7 X 4 ( J J)1|p2 (19)

=X

. . P *
3,3:0,1P,.Q, |z,x"2 B, :(O.1);(dj,5j)lQ
2

where
A4* =(1—G;lp2),(1—0+}/—a—a'—ﬂ’;l,pz),(1—a—a+ﬂ;1p2)

B4* :(1_0+7,_0,_/;';1,,;2),(1_5+y—a—a';l,pz),(1—0+,5;1,p2)

The conditions of validity of the above result can be derived with the help of

Theorem 3.1.
Further, on letting 2 >0 in the above equation (19), it becomes

1)
’ ’ J J
2| o)
1Q,
*
:X0—7+a+a’—1HM2’N2+3 ZZXPZ‘AS (20)
*
P2+3,Q2+3 BS

where

*

A =(cj 7 )lNZ ;(1—0,p2),(1—0'+ y—a—o/—ﬂ',pz),(1—0—a+ﬂ,p2),(cj 7 )N2+1P2

5* =(dj ,51. )l,Qz :(l—0+}/—a—ﬂ',p2),(1—0+ }/—a—(x',pz),(l—a+ﬂ,p2)

B
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Now, we put a=a+ 8,0’ =5 =0,=-n7=a in above equation (20), we get
known result dueto Guptaet al. [3, p. 51, EQ. (24)], as

(171
B, _1, M,.N p "1 AP
Dg+'877 t° HPZ?QZZ z,t 2 (dj,dj) 2 (x)
1Q,
O_+ﬁ_1HM2, N2+2 Py (Cj 7 )]"NZ ’(1_6"02)’(1_6_“_[}_77"02)'(Cj 7] )N2+1,P2 (21)
=X X
202 2 (#9))q (i=o=Bp2) (1=0-10,)

Again, taking g = -«ain the above equation and make suitable adjustment in the
parameters, we get also known result recorded in the book by Kilbas and Saigo [5, p.
55, Eq. (2.7.22)], as

c }/-)
1 M, p I"1hp
05, |7 P;QZZ %' Z(d 5) 21
| 1,Q2
) (Cj’yi )1,N2 ’(l_a’pZ)’(Ci’yi )N2+1,P2 (22)

(dj 9 )1,Q2 ,(1—0‘+a,p2)

vii. If we reduce the H- function to generalized Wright hypergeometric function [10,

p. 19, EQ. (2.6.11)] in equation (20) by taking M,=M,N, =N,P,=P,Q,=Q: W€ get

’ ’ C’}/
Da,a,,b’,ﬁ,;/ o-1 /’2‘(1 J)il-.F’ (x)

0 pYo| %2
’ ° (dj 9] )lQ
_O-rrard -1 v szpz‘ (Ci 7] )1p’(0’p2)’(0-_7+a+a,+ﬂ’p2)'(0+a_ﬁ'p2) (23)
P+3'Q+3 (dj,é'j)lQ,(O'—}/+a+,6’,p2),(0'—}/+a+a',p2),(O'—ﬁ,pz)

Now, we put g¢=ao+f,a'=4=0,=-n7=c IN equation (23), we get known
result dueto Guptaet a. [3, p. 52, Eg. (25)], as

D()!,ﬂ,]] to'—]_ ,02 (CJ ‘7]. )lP B O'+ﬂ—l
0+ 0 % (%=X

‘ i)lQ
Further, taking g = -« in the above result, we get also known result obtained by
Kilbas[4, p. 119, Eq. (14)], as

1) 53} 02
_ p 1P —a- g ol
{D&{ta 1PWQ{Z2I 2|(dj,é'- (x):XO' o 1P+1I//Q+1 HX 2| (dj“si)lQ'(a_a'pZ)

tho

P (CJ' 7 )1p'("‘p2) (oratBinp)
28 )

v
P+2"Q+2 j'5' )lQ,(o-+ﬂ,p2),(O'+77|Pz)
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viii. If we put z =-1p, =1in equation (20) and reducing the H-function into

2
generalized Mittag-Leffler function [20], we get

, , o-y+a+a -1
{Dg_!'_a vﬂ!ﬁ !y(to-_l El,iv(t))l(x): X

J L (p)

y Hl' —x| (1-p1),(1-01),1-0c+y-a-o'-F.1),(1-c-a+p.1) (24)
4,5 (01),1-0+y-a-p1),1-c+y-a-a'1),(1-0+41),(1-v,u)

Now, we put e=a+ S,a’'=p=0,8=-ny=«a in equation (24), we get known
result dueto Guptaet a. [3, p. 52, Eg. (27)], as

a,pn (.0 AL (1-p,1),(1~-0,2),(1~-0c -~ f-n,1)
{Dofn(t 1Ef.v(t))}(x)= (o) ejli[‘4 (0,1)[,)(1—0—/5,1),(1—0—77,1),(1—nv,u)}

Further, taking g =-o in the above result, we get also known result due to
Saxenaet d. [7, p. 170, Eq. (2.6)], as

oc-a-1
X

for (el , )}e0- S CREE {—xl (0,1)(,1(;_”;11’5,1,{)?(’11)_ )}

iX. If we take M, =N, =P, =1Q, =2,2, =-a,p, = f,0 =7,¢; =1-6,7 =1d; =0.6; =1,
d, =1-7.6, = fin equation (22), we get known result due to Saxena and Saigo
[8, p. 149, Eq. (29)], as

A R L P G

Theorem 32. Let a,a',ﬁ,ﬂ',y,o,zieC,x>0,pi>0,‘v’ie{1,2,....,r}be such  that

9?(7)>0,

q")
SK(O')—.Z P, min 9{ ] é{iJ<1+min[9((ﬂ’),9((a’/5’+7/),9§(0{a’+7/n)]
= <M, J

15(].‘)>o, Vie12,.r)
N

A

i Mo 9
7’(j)+.2§(')—:|\%i

then the following formula holds
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=X

-p
0,N:M_,N MO N | A !
p®. @’ B.By | o1, B r : (x)
- P,Q:P_,Q._;..; P ,Q )
1 r -p
zt T
r
-p
0, N3 M N iM N | BX | e s
c-y+a+a’ -1, " R R R r'er . A :C (25)
P+3,Q+3: P e P ' *x K
Q¥3:P,Q iP Q, Lle o
zx T

where

* *

B

]
= (o-;p1 ..... Py ),(0'— y+a+a'+ﬁ;pl,...,pr ),(0'+0/—/3';p1 ..... P, )'[bj ;'B',"M'Bgr)]

c* and D" aresameasgivenin (13).

Proof: The proof of Theorem 3.2 can be developed on the lines similar to those given
with proof of Theorem 3.1 with the help of equation (12).
A number of several special cases of Theorem 3.2 can aso be obtained similarly.
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