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Abstract

This paper defines the concept of Fuzzy 2-bounded linear operator. Two types
(strong and weak) fuzzy 2-boundedness are defined. Relation between
strongly fuzzy 2-boundedness and weakly fuzzy 2-boundedness is studied.
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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [11] in 1965. Katsaras [6] in 1984,
first introduced the notion of fuzzy norm on a linear space. In 1992, Felbin [3]
introduced an idea of fuzzy norm on a linear space by assigning a fuzzy real number
to each element of the linear space so that the corresponding metric associated this
fuzzy norm is of Kaleva type [5] fuzzy metric. She also introduced an idea of fuzzy
bounded linear operator, the norm of which is a fuzzy number. Recently Xiao and Zhu
[10] redefined in a more general setting the Idea of Felbin's [3] definitions of fuzzy
norm of a linear operator from a normed linear space to another fuzzy normed linear
space.

A satisfactory theory of 2-norm on a linear space has been introduced and
developed by Gahler [4]. In 2009, Sundaram and Beaula[9] defined the concept of
fuzzy 2-normed linear space and introduced fuzzy 2-linear operator.

In the present paper, we introduce the concept of fuzzy 2-bounded linear
operator on a fuzzy2-normed linear space to another fuzzy 2-normed linear space and
also two types (strong and weak) fuzzy 2-bounded linear operators are defined.

T. Bag, S.K. Samanta [2] have proved some results on fuzzy boundedness of
fuzzy linear operator on a fuzzy normed linear space using fuzzy norm, we have
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generalized this concept to a fuzzy 2-normed linear space and discuss the relation
between strong fuzzy 2-bounded linear operator and weak fuzzy 2-bounded linear
operator.

2. PRELIMINARIES
Definition 2.1[4]: Let X be a real vector space of dimension greater than 1 and let

|| be areal valued function on X x X satisfying the following conditions
(1) |[x y|=0 ifand onlyif x and y are linearly dependent.

@ [xyl=]y.¥
(3) [xay|=|o||x y| where ais real.
@ [xz+yf<[xy]+|x7]

|| is called 2-norm on X and the pair (X||||) is called a 2-normed linear
space.

Definition 2.2 [1]: Let X be a linear space over the field K (where K is the field of
real or complex numbers). A fuzzy subsetN of X xR (R is the set of real numbers)
is called a fuzzy norm on X iff for all x,u e X and c e K.

(N;) forall t eR, with t<0, N(x,t)=0.

(N,) forall teR, with t>0, N(x,t)=1 ifand only if x = 0.

(Ng) forall t e R,with t>0, N(cx,t)= (x Hj if c=0.

(Ng) forall s,teR, x,ueX, N(x+u,s+t)>min{N(x,s), N(u,t)}
(Ns) N(x,e) is non-decreasing function of Rand lim N(x,t)=1.

t—owo

The pair (X, N) will be referred to as a fuzzy normed linear space.

Definition 2.3 [8]: LetX be a linear space over a field F. A fuzzy subsetN of

X x X xR (Ris the set of real numbers) is called a fuzzy 2-norms on X if and only

if

1. forall teR, with t<0, N(x,X,,t)=0.

2. forall teR, with t>0, N(x,x,,t)=1 if and only if x, and x,are linearly
dependent.

3. N(x,x,t) is invarient under any permutation of x,, x,.

4. forall teR, with t >0, N(x,cx,,t)=N (xl,xz, }ifc;to, ceF.

5. forall s,teR. N(x, X, +x},5+t)>min{N(x,,x,,s),N(x,, x},t)}
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6.  N(x,x,,e) is non-decreasing function of R and
lim N (%, X,,t)=1

then N(X,N) is called a fuzzy 2-normed linear space.

Example 2.1: Let(X,[., ) be 2-normed linear space define

N(xi,xz,t)zm, when t>0, teR, x,X, € AxB
Y

=0, whent<0,teR, x,X,€AxB
Then(X, N )fuzzy 2-normed linear space.

Definition 2.4 [9]: A fuzzy 2-linear operator T is a function from AxB to CxD
where A,B are subspaces of fuzzy 2-normed linear space (X,Nl) andC,D are

subspaces of fuzzy 2-normed linear space (Y, N, ) such that
TG HX X +X) =T (%, %) +T (X, X)+T (X, X,) +T(x,X)
and T (ax,, X)) =B T(X,X,).

3. Fuzzy 2-bounded linear operator

In this section we define the notion of weakly fuzzy 2-boundedness and strongly
fuzzy 2-boundedness for fuzzy 2-bounded linear operators over fuzzy 2-normed linear
spaces and relation between fuzzy 2-continuity and fuzzy 2-boundedness are studied.

Let X and Y be two linear spaces over the same field of scalars. Let N, and N,

be two fuzzy 2 norms on X and Y respectively. Then (X,N,) and (Y,N,) are fuzzy
2-normed linear spaces.

Definition 3.1: Let T: AxB —» CxD be a fuzzy 2-linear operator, where A,B are
subspaces of (X,N,) and C,D are subspaces of (Y,N,) then T is said to be strongly
fuzzy 2- bounded on AxB if and only if Ja positive real number M such that
V (x,x')e AxB and

VseR, N,[T(x,x)s]> N{(x, x'),ﬁ}.

Definition 3.2: Let T: AxB — CxB be a fuzzy 2-linear operator, where A B are
subspaces of (X,N,) and C,D are subspaces of (Y,N,), then T is said to be weakly
fuzzy 2-bounded onAxB if for any «ae(01)3 M, >0Qsuch that

V (x,x)e AxB, ¥ teR,

N{(x, <), MLJ s oo N, (T(x X)) 2 a

a
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Theorem 3.1: Let T:AxB—>CxBhbe a fuzzy 2-linear operator, where A,B are

subspaces of (X,N,) and C,D are subspaces of (Y,N,),then T is strongly fuzzy-2
bounded then it is weakly fuzzy 2-bounded but not conversely.

Proof: First we suppose that T is strongly fuzzy 2-bounded. Thus 3 M >0 such that
V (x,x')e AxB and V seR,we have

N, [T (x, X') 5] N{(x, X' ﬁ}

Thus forany a €(0,1), 3 M_(=M)>0, Such that

Nl((x,xv),Mij;» N,(T(xx)s)2 @ ¥ (xX)c AxB, ¥ s<R

this implies that T is weakly fuzzy 2-bounded.
For conversely, we consider the following example.

Example (3.1): Let X = R? be a linear space over R.
Let x=(a,b), x'=(a’,b)

Define

%, x| =[ab’—a'h| and |X=|a,bj=b-a
then (X[, ) be a 2-normed linear space.

Now we define
N, and N,: X x X xR—[0]] as

2 1 2
tz _(” X1XI”)2 ’ t >|| X,X'”
Nl(X,Xl,t)z t +(|| X’X”)
t<|| x, x|
0
and
! t>0
N, (x,x',t)= tefl % X'l ”
t<0
o

We know that N, is a fuzzy 2-normed space. Now we want to show that N, is a
fuzzy 2-normed linear space on X.
(1) forallte R with t <0, we have from definition

N, (x,x,t)=0
(i) for t >0, we have
N,(x,x',t)=1
t x| _

t? + ||x x'||2
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e €~ = o xf

2
ol =
< [x x| =0

< X, X'are linearly dependent.
(iii) forte R with t>0

=[x x

e+ o

N, (x, x',t)=

B R I L

t?+x, x|| t? +||x',x||2
=N, (x'x,t)
(iv) forall te Rwitht>0,and c=0, ceF (field)

N ( ) l} £ —fe
U ) el e
_ - fxex]’
t? +||x,cx'||2
=N, (x,cx',t)
(v) we have to prove
N, (X, X'+%,,5 +1)>min{N(x,x',s),(N,x, X,,t)}
If s <|x, x| or t<|x,x|
then relation is obivious.

o
without loss of generality assume , N,(x,X,,t)> N,(x,x’,s)
then

2%, %[ =0 (i)
Now
= s+t ]%, X +[|X, X
=s+t2]x X, %|

S0

(s+t) —|x, x'+x0||2

(s+t

)

N t
L6 XXy, s +1) = = ||x,x'+x0||2
Z(s+t)z QX X+ %, %, ||2
(5 )" + (x|,

)
)2
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Again
(58 ~(x.x] +[x %] %= Jpexdf _20s +t)x, x]" =25 (x x| + . x| f
s+ + (ol s2+lxxl s +07 + (o] + o {7 + x|

2
= 2l pext” ~ 25%x xf+ o x F

Where A = |(s-+ t) + (|, x] + x, xof | 52 + . x{’]

2l e -+ 25l -she 0 [bY )]
Thus
N, (X, X"+ X,, 5 +1)> N, (x, X', 8) if N,(x,x,,t)> N,(x,x',s)

similarly
N, (X, X"+ Xg, 8 +1)> Ny (X, %5, t) if Ny(X,X,8)> N,(x,%,,1)

Thus N, (X, X"+ Xy, s +t)>min {N,(x, x',s), N, (X, X,,t)}
(VD) forall t,,t, eR, if t, <t, <|x, x| then by definition
N, (x, x',t,)=N,(x,x,t,)=0
suppose t, > t; > ||x,X'|| then
R
N e
6 e o )b~ )
1 + x| e+ i)

>0
for all (x, x') e Ax B implies

-t -]
t+xox]” e+ xx]
= N, (x,x",t,)=N,(x,x',t, )

Thus N,(x,x',t) is non-decreasing function.
Also

12
of,oxd
o g
N, G )= fim = 5 =i =1
&~ t{an,xn J
t2

Thus (X, N, ) is an fuzzy 2-normed linear space.

Now we define a fuzzy 2-linear operator
T:AxB—>CxD be a fuzzy 2-linear operator, where A, Bare subspaces of

(X,N,) and C, D are subspaces of (Y,N,)as
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T(x,x)=(x,x) V (x,x)eAxB

We choose M, =1L Vv a €(04), Then for t > |x, X/
-

Nl(x,x', t ]Za
Ma

t? ,
7 =[x x|

>—F—2a
+poxf?

2
a

C-a) o] |

C-ay +oxf
=St L-a)’ -|x, X'||2 > at?(1-a) + ax, X'||2
= tt(l-af —at?’l-af = a|x x| +|x x|
= t21-a)@-a)> alx x| +[x x|

=t 1-afl-a)|x x| @+a)

S poxff < Chall-a)
l+a
J_tl-aWl-a ;

:>HX,XHSﬁ (Since a #1)

g o tl—-aWNl-«a
:>t+x,x£(\/117a+t
_t(l—a)m+t\/m
- Vita
tfi—aWVica +1ra|
- Vita

t > \/m ......

t+[x x]| ((1—a)\/1—a +\/1+a)
Now

V+a

=z

((1—05)\/1—05 +\/1+a)
< AVl+a Za(l—a)\/m+am
@(l—a)\/mZa(l—a l-a

o Al+a > ol-a (Since a #1)
sltaz>a’(l-a)

Slva+a’>a’
This is true for all  (0,1). Thus form (ii)

(i)
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t >a, Vae(0)
t+[x, x|

= N,(T(x,x)t)=a if t>|x x|

Again since for t <|x, x]|

t
=z
)

= N,(T(x,X)t)>a ¥ ae(0))
Thus is any case, we get

x|

t? + |, x'||2

If follows that, Nl(x,x',

Nl(x, X NT JZa: N, (T(6 X)) > @ Va e (0,)

Hence T is weakly fuzzy 2-bounded.
Now for t > [x, X/

N, (T (x,x'),t)> Nl((x’xl)’ﬁj

t2

= =[x x{
ot sM2
t+||x,x‘|| t 02
W+||X1X||

e
>
tx x| e2em % x, x]
= 2 = x| M o x
= M2[x, x| (2t +[}x, x]) > t?]x, x’
t2
(@t +[x x{ . x1)

M > : x| > 0]

[zt bl )
SM=wastowo
Hence T is not strongly fuzzy 2-bounded.

S ME>
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