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Abstract

In this paper, we made an attempt to study the properties of T —anti fuzzy ideal
of / —ring and we introduce some definitions and theorems in join, union, join of a
family and the union of a family of T —anti fuzzy ideal of ¢ —ring.
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INTRODUCTION

The concept of fuzzy sets was initiated by L.A.Zadeh [9] in 1965. After the
introduction of fuzzy sets several researchers explored on the generalization of the
concept of fuzzy sets. In this paper we define, characterize and study the T —anti
fuzzy right and left ideals. Z. D. Wang introduced the basic concepts of TL-ideals. We
introduced T — anti fuzzy right ideals of / — ring. We compare fuzzy ideal introduced
by Liu to T —anti fuzzy ideals. We have shown that ring is regular if and only if union
of any T —anti fuzzy right ideal with T —anti fuzzy left ideal is equal to its product.
We discuss some of its properties. We have shown that the join of T —anti fuzzy ideal
of /—ring, union of T —anti fuzzy ideal of /—ring, join of a family T —anti fuzzy
ideal of / —ring and the union of a family of T — anti fuzzy ideal of / —ring.
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Definition: 1

A nonempty set R together with two binary operation “+” and “.” is called a ring
if
(1).
(ii).
(il). x(y+z)=xy+xz (x+y)z=xz+yz, forall X,y, zin R

(R, +) is an abelian group,
(R

, ) is a semigroup

Definition: 2
A non-empty set R is called lattice ordered ring or /—ring if it has four binary
operations “+”, “-” v, A defined on it and satisfy the following

(i) (R, +, ) isaring
(i1) (R, v, A) is a lattice
(i)  x+(yvz) =(x+y) Vv (x+2); x+(yAz) =(x+y) A (x+2)
(yvz)+x=(y+x) v (z+Xx); (YAZ)+x=(y+X) A (Z+X)
(iv)  x-(yvz) =(xy)v(xz); x-(yArz) =(xy)(x2)
X)

(yv2) x=(yx)v (2x): (y a2)- x= () A (2).
forall X,y,zin R and x>0

(
(

Example: 1
(Z,+,-,v,A)isa (—ring, where Z is the set of all integers.

Example: 2
(nZ,+,-, Vv, A) isa {—ring, where Z is the set of all integers and ne Z

Definition: 3

A mapping T : [0, 1] x [0, 1] — [0, 1] is called a triangular norm [t—norm] if
and only if it satisfies the following conditions:

Q). T (x1) =T (1,x) =x, forallx € [0, 1]

(Gi). ifx>x, y>y then T (xy) =T (x*,y*)

(). T (xy) =T(y,x), forallx, y € [0, 1].

(v). T (X, T (y,z)) =T (T (x, y),z).

Definition: 4
A mapping from a nonempty set X to [0, 1] x:X —[0, 1] is called a fuzzy subset
of X.
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Proposition: 1
Every t—norm T, has a useful property

(1) T(e, ) < min{e, B} ,and
(ii) T(e,0) = 0, forall &, Be[0,]]

Definition: 5
Let un and A, be an anti fuzzy subsets of a set X . An anti fuzzy subset u,UA, is

defined as (uaUA,)(X) = max{u,(X), Aa(X)}

Example 3

Let  ua={(a 0.4),(b,0.7),(c, 0.3)} and

Ap :{<a, 0.5>, <b, 0.3>, <C, 0.43>} be an anti fuzzy subsets of X :{a, b, C}
The union of two anti fuzzy subsets of u, and A, is

U2, ={(a 0.5), (b, 0.7), (c, 0.43)}

Definition: 6
Let i, and A, be the fuzzy subsets of a set X . An anti-fuzzy subset Vv A, is

defined as (pzpv An)(X) = T (ta(X), Aa(X))

Definition: 7

An anti fuzzy subset 1, ofaring R is called T —anti fuzzy left (resp. right) ideal if
(1) Ha(Xx=y) < (/UA( ) ﬂA(Y))_maX{ﬂA (%) /UA(Y)}

(i) ma(xy) < {ua(X)} (resp. left gn(xy) < {ua(y)}), forall x,y in R

Theorem: 1

Every anti-fuzzy right ideal of a ring R is an T —anti fuzzy right ideal.

Proof:

Let u, be an anti fuzzy right ideal of R.

Then pa(X=Y) < T (#a(X), ta(y))and pn(xy) < {ua(x)}, forall x,ye R.

Hence 1, is an T —anti fuzzy ideal.

Definition: 8

An anti fuzzy subset i, of a lattice ordered ring (or £ —ring) R is called an anti
fuzzy sub ¢ —ring of R, if the following conditions are satisfied

(1) Ua(XVy) < maX{ﬂA(X)aﬂA(Y)}

(1) Up(XAY) < maX{ﬂA(X) ) /UA(Y)}

(i)  pa(X-y) < max {/UA (%) ﬂA(Y)}
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(iv)  ua(xy) < max{,uA(X) , ,uA(y)}, forall x,y in R

Example: 4
Consider an ant-fuzzy subset u,ofthe £ —ring (Z, +, -, v, A)

0.4 if xe(2) . : .
w1y (X) = {0'7 Z_) Then 4, is an anti-fuzzy ¢ —sub ring
Definition: 9

An anti fuzzy subset £, ofan ¢ —ring R is called an anti fuzzy ¢ —ring ideal (or)
fuzzy ¢ —ideal of R, if for all X,y in Rthe following conditions are satisfied

(1) Ha(XVy) < maX{ﬂA(X)aﬂA(Y)}

(ii) Up(XAY) < mm{ﬂA(X) ) /UA(Y)}

(iii) ﬂA(X y) < maX{ﬂA(X) ) ﬂA(Y)}

(iv)  ua(xy) < mm{ﬂA(X) ) /UA(Y)}

Definition: 10
An anti fuzzy subset @, of aring R is called an T —anti fuzzy ideal, if the following
conditions are satisfied,

M a(x=y) < T(a(X), ua(y))
(i) ua(Xy) < mu(X); ma(xy) < u,(y), forall x, ye R

Definition: 11
An anti fuzzy subset u, of a /—ring R is called an T —anti fuzzy ideal, if the
following conditions are satisfied,

D ua(x=y) < T(ua(X), ua(y))

(i) ua(xy) < ua(X); a(xy) < w,(Y)

(iii) ﬂA( y) < T(4a(X), a(Y))

(V) ua(XAY) < T(ua(X), a(y)), forall X, ye R
Example 5

Now (R:{a, b, c},+,-, v, /\) is a ¢ —ring. The operations +, -, v and A defined
by the following tables
Consider an anti-fuzzy subset g, ofthe ¢/ —ring R

0.2 if x=a
Ua(X) =205 if x=b
0.8 if x=c
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Then u, is an T —anti fuzzy ideal of / —ring R

Theorem: 2
If u, and A, are T —anti fuzzy ideals of a /—ring R, then g, v A, is an T —anti

fuzzy ideal ofa / —ring R.
Proof:
Given u, and A, are T —anti fuzzy ideals ofa / —ring R, Let X,ye R

@) (#avAa)(X=y) = T (#a(x- y) Aa (X y))
(,UA(X)MUA(Y))’T(]“A( ),
T(T(ﬂA(X)aﬂA(Y))a/1A(X))a/1A
(T(:UA(X)’AA( )) :UA(y)) Ap
T(IUA(X)’/,LA(X))’ (,UA(Y)J“A

T ((4av 4a)(%), (Hav 2a)(Y))
Therefore (v Ap)(X=Y) < T ((tavAa)(X), (#aV Aa)(Y)), forall x,ye R
(i)  Since up(Xy) < sa(X)and Ap(Xy) < Ax(X)

Now (UpvAp)(xy) < T (#a(Xy). Aa(Xy)), (by definition)

< T(4a(x). 2a(X))

< (HavAa)(X)
Therefore (uav Ap)(Xy) < (#aVAa)(X
(i) (#avAa)(xvY) = T (4a(xvY), Za(xvY))
<T(T( A(X), #a(Y)), T(Aa(x), A(y)),(bydeﬁnition)
T(T(4a(X): 4a(Y)): Aa(X)). Aa(y
(ﬂA(X)aflA(X))’ (y) Ay
(%)5 Aa (X)), T (£a(Y)> Aa(y)
=T ((1av ) (%), (1av 2a)(Y))
Therefore (v Ap)(XVY) < T ((#aV Aa)(X), (uavAa)(Y)), forall x,ye R
(iv) (ﬂAvﬁA)(XAy) = T (a(x1Y), 2a(x1Y))
(y)) T(2a(X), 24

), forall x,ye R

T(T( )
T(T(T )
T(T(

T(ua

A
). (by definition)

T (T (u  Aa(Y))
- (T(T (¥)): 2a(x)). Aa(¥))
= (T(T ):UA(y))’/lA(y))
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- T (T(ﬂA(X), Aa (X)), T(ualy), AA(y)))
=T ((uav Aa)(X), (#av A2)(Y))

Therefore (tav Ap)(XAY) < T ((#aV Aa)(X), (uavAa)(Y)), forall x,ye R
Thus a Vv Ay, is an T —anti fuzzy right ideal ofa / —ring R.

Theorem: 3
If up and A, are T —anti fuzzy ideals of a £ —ring R, then u,UA,, is an T —anti

fuzzy ideal ofa /—ring R.
Proof:
Let 1, and A,are T —anti fuzzy ideals ofa / —ring R,

Let Xx,ye R

) (#aUZ)(x=y) = max {u,(x=y), Aa(x-y)}
< max {max {tz (X), #a(y)}, max{2a(x), 4a (¥)}}
max {max {max {5 (x), 2 (¥)} 24 ()}, 4a(¥)}

= max{max {max {5 (%), 22 ()}, £a(¥)}, 2a ()}

= max {max{,uA(X), lA(X)}, max{,uA(y), lA(y)}}
= max {(#aU4a)(%), (£aU2)(¥)}
Therefore (uyUAx)(X—Y) < max {(#aU4n)(X), (#aU4a)(Y)}, forall x,ye R
(i)  Since wp(Xy) < pa(x)and A5 (Xy) < Aa(X)
Now  (uaUZn)(xy) < max {un(xy) . 4a(3)]

< max{ua(x), A (X)}

< (1aU4n) (%)
Therefore (uaUA4)(Xy) < (#aUA)(X), forall x,ye R
(i) (uaUZp)(xvy) = max {ga(Xxvy), Aa(xvy)}
< max {max{£ (x), #a(Y)}, max{2a(x), 2a(y)}}
max {max{max{,uA(x), Ha(Y)}, XA(X)}, ﬂA(y)}
= max{max{max{,uA(x), Aa(¥)}, ,uA(y)}, /1A(y)}

= max {max{,uA(X), lA(X)}, maX{,UA(Y), lA(y)}}

= max {(£aU4a)(%), (£aU2)(¥)}
Therefore (uyUAx)(xvY) < max {(uaUAx)(X), (aUAx)(Y)}, forall x,ye R
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(iv)  (uaUZAp)(XAY) = max {g,( X/\y) Aa(XAy)}
< max {max{,uA (Y)} maX{/’LA y)}}
= max {m max{,uA } /1A (Y)}

= {max max{,uA , Aa(X) }aﬂA Y) y)}

= max {max{,uA X), Ap X)}, maX{ﬂA Y) /,I’A(y)}}

= max {(1aUZa)(X), (£aU2)(¥)}
Therefore (yUAx)(XxAY) < max {(uaUAx)(X), (aUZx)(Y)}, forall x,ye R
Thus @, UA,, is an T —anti fuzzy ideal ofa ¢/ —ring R.

Theorem: 4

The join of a family of an T — anti fuzzy ideal of /—ring R is an T —anti fuzzy ideal
ofa /—ring R.

Proof:

Let {u, : ae |} be a family of T —anti fuzzy ideal of /—ring R

Let A=V U, and Let X and y in R. Then

) ua(x=y) =T (ua(x=y), ua(x-y))
< T (T(a(X), 4a(¥)), T(a(X), #a(Y))), (by definition)
= T (T(#a(X): #a()))
= T (v (%), 4y ()
Therefore 4 (x—y) < T(ua(X), #a(y)), forall x,ye R
(i) Since ua(xy) < A( )and ﬂA(Xy) < ua(y)
Now sa(xy) < T (ualy xy))
= T(ua(X), (X)), (by definition)
= ua(x)
Therefore f5(Xy) < fa(X), forall x,ye R
(i) pa(xvy) =T (ual(xvy), ua(xvy))
< T( R ) T(ua ))) (by definition)
)

()

:T(T(,uA (x)
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= T(#a(x), 4a(y))

Therefore 4 (XvY) < T(ua(X), #a(Y)), forall x,ye R
(V) a(XAY) = T (a(xAY), #a(xAY))

< T (T(1a(X), a(¥)), T(a(X), #a(Y))), (by definition)
= T (T(#a(X) ()

= T(#a(x), 4a(y))

Therefore £ (XAY) < T(,uA(X),,uA(y)), for all x,ye R

Thus the join of a family of an T — anti fuzzy ideal of / —ring R isan T
ideal ofa /—ring R.

Theorem: 5

The union of a family of an T —anti fuzzy ideal of /—ring R isan T
ideal ofa /—ring R.

Proof:

Let {U, : ae |} be a family of T — fuzzy ideal of R and let A = UUa

acel
Let X and y in R
Then

) ua(x=y) = max {ga(x=y) . #a(x-y)}

< max {max{,uA X), ta( )} maX{ﬂA(X)’ﬂA(y)}}
— [ 15 (). 00 ()}

= maX{ﬂA (X), u (y)}
Therefore g5 (X—Y) < max{un(X), #s(y)}, forall x,ye R
(i).  Since pp(Xy) < pua(X)and pa(Xy) < ua(y)
Now ua(xy) < max {/UA (%Y) s ta ()}

maX{,UA(X)’ :UA(X)}

Ha(X)
Therefore up(Xy) < ua(X), forall x,ye R

(i) pa(xvy) = max {#a(Xvy), ga(xvy)}

< max {max{,uA(X)a ,UA(Y)}a max{,uA(X), ﬂA(y)}}
— ma e (), a9}

max (,UA( )’ﬂA(y))

IN

IN

—anti fuzzy

—anti fuzzy
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Therefore g5 (Xv y) < max{ua(X), ua(y)}, forall x,ye R

(iv)

< max {max{,uA(X

max {max{,uA(X

min {,UA (%), ta( Y)}

Ha(XAY) = max {a(XAY), up(XAY)}
()}, max{ua(x), ua(y)}}
()1}

)a l[lA
)a Ha

Therefore s, (XAY) < max(ua(X), #a(y)), forall x,ye R

Thus union of a family of T —anti fuzzy ideal of /—ring R is an T —anti fuzzy ideal
ofa /—ring R.
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