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Abstract
In this paper, we made an attempt to study the properties of T —fuzzy ideal
of a {—ring and we introduce some theorems an homomorphic image, an

epimorphic pre-image of a T —anti-fuzzy ideal of a £ —ring.
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INTRODUCTION

In 1965, Zadeh introduced the concept of fuzzy sets. In 1967, Rosenfeld defined the
idea of fuzzy subgroups and gave some of its properties. Biswas introduced the notion
of anti fuzzy subgroups. In 1982, Wang-jin Liu introduced the concept of fuzzy ring
and fuzzy ideal and discussed the operations on fuzzy ideals. Fuzzy subnear-rings are
introduced by Abou-Zaid. In W. A. Dudek and Y. B. Jun introduced fuzzy subgroups
over a t—norm. Many researchers are engaged in extending the concepts.
Chandrasekhara Rao. K and V. Swaminathan [3] defined the anti-homomorphisms in
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near rings. In the year 1998, Sung M.H. et al. [12] proved the same result using the
level fuzzy subsets and obtained some properties based on near-ring homomorphism.
Homomorphic images and pre images of anti fuzzy ideals are investigated by K.H.
Kim et al. [9].

In this paper we define, homomorphism and study the ¢—ring homomorphism.

We introduced homomorphism in T —anti-fuzzy ideals of ¢ — ring. We discuss
some of its properties. We have shown that homomorphism, homomorphic

image of T —anti-fuzzy ideal, homomorphic pre-image T —anti-fuzzy ideal .

Definition: 1

A nonempty set R together with two binary operation “+”and “.” is called a ring if
(i). (R, +)isan abelian group,
(i). (R, .)isasemigroup

(iii). x(y+z)=xy+xz; (x+y)z=xz+yz, forall x,y, zin R

Definition: 2
A non-empty set R is called lattice ordered ring or ¢—ring if it has four binary

113 2

operations “+, , V, A defined on it and satisfy the following

(i) (R, +,-) isaring
(i) (R, v, A) isalattice

(iii)  x+(yvz) =(x+y) v (x+2); x+(y Az) =(x+y) A (x+2)

(x+2);
(yvz)+x=(y+x) v (z+x); (Y Az)+x=(y+X) A (z+X)

(iv)  x-(yvz) =(xy)v(xz); x-(yrz) =(xy) A(xz)
(Y vz)-x=(yx) v (zx); (¥ Az) - x=(yx) A (2X),
forall x,y,z in R and x>0

Example: 1

(Z,+,-,v,A)isa (—ring, where Z is the set of all integers.
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Example: 2

(nZ,+,-,v, A)isa (—ring, where Z is the set of all integers and neZ

Definition: 3
A mapping T : [0, 1] x [0, 1] — [0, 1] is called a triangular norm [t—norm] if
and only if it satisfies the following conditions:
(. T (x1) =T(x) =x forallx € [0, 1]
(i). ifx=x,y=y then T (xy)>T (x*, y*)
(iii). T(xy)=T(y.x), foralx, y e [0, 1].
(iv). T (x, T (y, z)) =T (T (%, y), z).
Definition: 4
An anti- fuzzy subset u, ofaring R is called T —anti-fuzzy right (resp. left) ideal if
() pa(x=y) <T (,UA(X) , ﬂA(y))= max{ﬂA(X) , ﬂA(Y)}
(i) pa(xy) < {ua(X)} (resp. left wp(xy) < {ua(y)}), for all x,y in
R
Definition: 5
An anti- fuzzy subset x, of a lattice ordered ring (or £ —ring) R is called an anti-
fuzzy sub ¢ —ring of R, if the following conditions are satisfied

() pa(xvy) < max{ﬂA(X) , ﬂA(Y)}

(i) ﬂA X/\y {ﬂA(X) ﬂA(Y}

(i) pua(x-y) < maX{ﬂA(X) 1A (Y))

(v)  ua(xy) < max{u,(X), ua(y)}, forall x,y in R
Definition: 6

An anti-fuzzy subset u, of a /—ring R is called a T —anti-fuzzy ideal, if the

following conditions are satisfied,
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M) ma(x=y) < T(ua(X), ()

() ma(xy) < (x); ma(xy) < ma(y)

(i) pa(xvY) < T(ua(X), 2a(y))

(V) ua(xAy) < T(pa(X), a(y)), forall x, yeR
Example: 3

Now (R={a, b, c}, +,-, v, A) isa {—ring. The operations +, -, v and A defined

by the following tables
Consider the anti-fuzzy subset u, of the /—ring R

0.3 if x=a
tp(x)=<05 if x=b
0.7 if x=c

Then u, isa T —anti-fuzzy ideal of /—ring R

Definition: 7
Let R, and R, be two (—rings. Then the function f:R, > R, is called a £/ —ring
homomorphism if satisfies the following conditions

@) f(x+y) = F(x)+ F(y)

(ii) f(

(iii)y f(xvy)=f

(iv)  f(

Example: 4

Let R={m+n 2 forall m,n eZ}

R isa ¢ —ring under usual addition and multiplication
Define f:R— R by
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f(m+n\/§) =m-—n+«/2 is {—ring homomorphism,

where Z is set of all integer
Definition: 8
Let R, and R, be two (—rings. A mapping f:R, —> R, is called a (—ring
isomorphism if

Q) f is one-to-one

(i) f isonto, forall x,y in R

Definition: 9
An anti-fuzzy set u, of a {—ring R has the inf property if for any subset N ofR,

there exists a a, €N such that , (a,) = inf 14, (a)
ae

Definition: 10

Let M and N be any two sets and let f: M — N be any function. An anti-fuzzy
subset 1, ofa M iscalled f—f-invariantif f(x)= f(y)implies s, (x) = z,(Y).

forall x, yeM

Definition: 11
Let R be a ¢ —ring. Let u, be an anti-fuzzy set of a T —anti-fuzzy ideals of a
(—ring R and f be a function defined on R, then the anti-fuzzy set u, in f(R) is

defined by u, (y) = ifr]f( 1, (x), for all yef(R)and is called the image of u
nef ™y

)

under f

Definition: 12
Let R be a /—ring. Let u, be an anti-fuzzy set of a T —anti-fuzzy ideals of a

(—ring R and f be a function defined on R, if v is a fuzzy set in f(R), then
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py=Vef in R is defined by u,(x) = v(f(x)), for all xeRand is called the pre-

image of v under f

Theorem: 1
An onto homomorphism image of a T —anti-fuzzy ideal of a £ —ring R with inf
property isa T —anti-fuzzy ideal ofa £ —ring R.
Proof:
LetR and S bea £ —rings
Let f:R—S beanepimorphismand x, bea T — anti-fuzzy ideal of a £ — ring R
with inf property.
Let x,yeS

Let x,e f7(x), y,e f(y) and z,e f~(z) be such that

ﬂA(Xo) = nelfnf( )ILlA( )v

ta(Yo) = |nf #,(n) and

nef(y)

ts(2,) = inf e, (n) respectively, then

nef™? )

We have
) ma(x=y) = inf u(2)
zef ™ H(x-y)
< ﬂA(Xo_yo)

IA

{1 (1) 1 (1)
2 (0). ()

T (s
< [ inf ,uA inf ,uA(n)J

nef™ nef (y)

(oo )

Therefore pa (x—y) < (/JA(X), ,uA(y)),foraII X,yeS
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(i)

Therefore Ha

Let, bea T —fuzzy ideals of Rand let x,yeR

Since  up(xy) < wa(x)and A (xy) < Ap(Y)

Also we have

pa(y) = inf o pa(2)

f

(i) ua(xvy)
Therefore
(V) us(xny)

IA
=
>

—_~

x
o
<
o

~—

IA
=
>

—_~

X
o

~—

< inf o (n)
nef_l(x)

= #a(x)

(xy) < wa(x),forall x,yeS

inf s (2)
Zef_l(xvy)

< ﬂA(XoVyo)
< max (4, (%o)s #a(¥o))

T(/UA(XO)' /‘A(yo))
T( inf1 Ha(n), im; yA(n)]

nef™(x) nef™(y)

IA

= T(#h (), ua(¥))

uh (xvy) < T(ﬂj\(x), yf\(y)),forall X,yeS

inf s (2)
Zef_l(X/\y)

S ,UA(XO /\yo)

IA

max (41, (%o 44(¥0))

T (4 (x0). 24 (o))

41
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IA

T( inf1 ta(n), im; ﬂA(n)J

nef™(x) nef™(y)

T(#A (%), 1A (Y))
Therefore . (XAY) < T(,u,f\(x), y,_f\(y)),forall X,ye$S

Thus an onto homomorphic image of a T —anti-fuzzy ideal of a £ — ring R with inf

property isa T —anti-fuzzy ideal ofa £ —ring R .

Theorem: 2

An epimorphic pre-image of a T —anti-fuzzy ideal of a £ —ring is a T —anti-fuzzy
ideal ofa ¢ —ring R.

Proof:

Let R and S bea £ —rings

Let f:R — Sbe anepimorphism
Let v bea T —anti-fuzzy ideal of a £ —ring S and u, be the pre-image of v under
f forany x,y, zeR.

(i) we have 5 (x—y) = (vof

Therefore pa(x=Y) < T(ua(X), ua(y)), forall x,yeR
(i) Since pa(Xxy) < ma(x)and A4(xy) < Aa(Y)

ua(xy) = (vof



Homomorphism on T — Anti-Fuzzy ldeals Of ¢ —Near-Ring

IA
_|
—_
<
—_
—h
—_~
x
~—"
S~
P

IN
—
—
—~
<
o
—y
~

= (v 1) (x
= pa(x)

x), forall x,yeR

(
(ve f)(xvy)

= V(£ xVy)
(fO)v T (y))
T(v(* (f(¥)
(
(

Therefore Ha(Xy) < pp

(iii)  wehave up(xvy) =

\"

IA

IA
—

=T

(ve f) (ve f)(y))
),

Therefore Ha(XV'Y)

(iv) wehave up(xAy) = (vef)(xnay)

Therefore pa(XAY) < T(ua(x), pa(y)) forall x,yeR

43

Thus an epimorphic pre-image of a T —anti-fuzzy ideal of a £ — ring is a T —anti-

fuzzy ideal ofa ¢ —ring R.
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Proposition: 1

Let Rand S be /—rings R and let f:R—>S be a homomorphism. Let x, be
f —invariant anti-fuzzy ideal of a £ —ring R. If x= f(a), then f(a)(x)=u,(a),
forall aeR.

Theorem: 3

Let f:R—S be an epimorphism of ¢ —rings RandS. If u, is f —invariant anti-
fuzzy ideal of a / —ring R, then f () isa T —anti-fuzzy ideal of S .

Proof:
Let a,b,ceS

then there exists x,y, ze R such that f(x)=a, f(y)=band f(z)=c
Suppose u, is f —invariant anti-fuzzy ideal of a £ —ring R,
then by Proposition 1
(i) wehave f(uy)(a=b) = f(u)(f(x)-F(y))
= T (ua)(f(x-Y))
Ha(X=Y)
T (a(X), 1a(y))

T(f(#a)(@), T (1) (b))

Therefore f(ua)(a=b) < T(f(ua)(@), f(ua)(b)),forall a,beSand

IA

X,yeR
(i) Since wa(xy) < ua(x)and 2 (xy) < Aa(y)
We have f(u,)(ab) = f(ua)(f(x)f(y))

= T (ua)(f ()

IN
=
>

—
>
~
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Therefore f(up)(ab) < f(un)(a) foralla,bes, x,yeR

(i)  wehave f(uy)(avh) = f(u)(f(x)vT(y))

F(ua)(f(xvy)

HA(XVY)

T (2a (%), 2a(Y))

T(f(ua)(@), f(ua)(b))

Therefore f(ua)(avb) < T(f(ua)(a), f(ua)(b)),forall a,beSand

IA

X,yeR

(iv) wehave f(up)(anb) = f(u)(f(x)rT(y))
= f(ua)(f(xAY))
= ua(X~Y)

< T(ua(%), #a(y))

= T(f(ua)(a), T(ua)(b))
Therefore f(ua)(anb) <T(f(ua)(a), f(ua)(b)),forall a,beSand
X,YeR

Hence f(u,) isa T —anti-fuzzy ideal of a £ —ring S .

Theorem: 4

Let f:R, —> R, be an onto homomorphism of a £ —rings. If u, is T —anti-fuzzy

ideal of Ry, then f () isa T —anti-fuzzy ideal of R,.

Proof:

Let 1, bea T —anti-fuzzy ideal of a { —ring R,
Let s,=f7(y,) and u,=f7(y,), where y,,y, e R,are non-empty subsets of R,

similarly s, =f7(y,—y,)
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Consider the set 1, — 11, ={a,~a, / a, €, a, € u, |

If xeu,— u,,then x=x,— X,, for some x, € u,, X, € u,and so,

= Xe f_1<y1_y2):/u3
Thus s1,— p, Sty
that is {x | xe f’l(yl—yz)} ;{xl—x2 I X, € f’l(yl), X, € f’l(yz)}

Let y;eR,, then

() wehave f(up)(y1-Ys)= inf{,uA(x) / fo—l(yl—yz)}

IA

inf {an(xa=xz) 1 x5 (va). xo € 17 (v )}

IA

inf{max{,uA(xl), ,uA( xz)} | x,ef —1(y1), X, e f —1(y2)}
inf{T(yA(xl), ,UA(Xz)) /| x,ef —1(y1), X, € f _1(YZ)}

ﬂA(Xz)} [ x;ef _1(3/2))

IA

<
N
~—
s
ﬁ
—_——

(

= T(f(/uA)(yl)’ f(ﬂA)(Y2))

Therefore f(/,lA)(yl—yz) < T(f(yA)(yl), f(,uA)(yz)),forall Y,,Y,€R,
(i)  Wehave ua(xy) < pa(x)and A, (xy) < Aa(Y)

We have f(yA)(xlxz) = inf{uA(y) / yeffl(xlxz)}

IA

inf{yA(xlxz) ly,ef ‘1(x1), y,ef —l(xz)}

inf{yA(xz) / yzef‘l(xz)}

IA
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= f (ﬂA)(Xz)

Therefore f(,uA)(xlxz) < f(,uA)(xz),foraII y,,¥,eR,and @ €T

(iii)  we have f(,uA)(ylvyz) = inf {,uA(x) | xef ‘1(y1vy2)}

IN

inf{yA(xlvxz) I x,ef _1(y1), X, e f —1(Y2)}

IA

o). 5] £ 50 x40
nf{T (00 (). s (x2)) 7 33 £ (y2). 2o 7 (o)}

= (i [ ()} 1 xw 2 (s), i a2} £ a2 ()
= T(F(ua)(v1): f(u)(¥2))

Therefore f(yA)(ylvyz) < T(f(yA)(yl), f(,uA)(yz)),forall Y., Y,€R,

IA

(iv)  we have f(yA)(ylAyz) = inf {yA(x) | xef ‘1(y1/\y2)}

IA

inf{,uA(Xl/\Xz) / x,ef —1(y1)1 X, e f ‘1(Y2)}

IA

inf{max{yA(xl), ,uA( xz)} / x,ef _1(y1), X, e f —1(y2)}

< InF{T (s (%) ia(x2)) £ %o (). e 172
- (it >}/xlef o). () 503
= T(f (ua) () Y2))

Therefore  f(un)(Y1nY2) < ( A1), f(ua)(v2)) forall y,,y,eR,

Hence f(u,) isa T —anti-fuzzy ideal ofa £ — ring R,.
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