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Abstract 
 

The main objective of this paper is to investigate the robust control aspect of 
chaotic and uncertain system. The robust stability analysis of closed loop 
attitude control system of an aircraft is presented using the Kharitonov 
theorem. The proposed technique for examining the robust stability of chaotic 
polynomial is efficient and expeditious one as the onerous application of 
Routh stability criterion for infinite no of interval polynomials of the 
perturbed system can be completely dispensed with. 
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Introduction 
Study and design of robust system has been a matter of concern and drawn the 
attention of many authors in recent years [1-3]. The designed system is said to be 
robust if it remains insensitive to the presence of parametric uncertainties. 
Incorporation of robust features in the modern control design is indispensably 
necessary. Here, in this paper we take into consideration the example of the precise 
attitude control of an aircraft which is variedly used in aerospace application. For the 
precise attitude control of an aircraft we need to control the positions of the fins of a 
modern aircraft. Fins are mostly the flattened part that projects from an aircraft for 
providing stability. Owing to the requirement of improved response and reliability, 
modern aircraft are controlled by electric actuators and electronic control [1]. Initially 
in order to check the stability of characteristic polynomial by Routh criterion it was 
assumed that the coefficient of characteristic polynomial are constant but practically it 



90  Shyama Kant Jha 
 

 

does not happen. The coefficients are bound to change under extraneous circumstances 
in certain range and thus lead to the formation of interval polynomial. 
 
 The stability of such kind of polynomials where coefficients are varying in nature 
has attracted the attention of many researchers. These systems are not immune and 
insensitive to parameter variation. When we envisage the design of attitude control 
aircraft under parametric variation, the robust stability analysis seems to be extremely 
important [7, 8]. This analysis is done using Kharitonov theorem which entails 
formations of four polynomials (from the parameter variation within some extremes) 
and application of Routh criterion to these four polynomials only to determine the 
system stability under perturbation [2]. Earlier, in [3-6], [9, 10], the robust stability 
analysis was carried out by determining all the uncertain values within some defined 
extremes as dictated by Kharitonov’s theorem. Here we have proposed the method 
shown by [2] for the robust stability analysis of attitude control system of an aircraft. 
The main objective of this paper is to present an analysis of the robust stability of 
attitude control of an aircraft under variations in circuit parameters. The proposed 
method is found to be efficient and computationally simpler for an infinite no of 
interval polynomials of the perturbed system. 
 
 
Mathematical Preliminaries 
In classical control the coefficient of the characteristic equation was assumed to be 
constant. Practically the coefficients are the functions of energy storing or dissipating 
elements which may change its value due to external conditions. So the same 
characteristic equation will now represent an infinite family of characteristic 
polynomial when the components are subjected to uncertainties. Robust control design 
necessitates the study and formulation of interval polynomial. The concept of interval 
analysis is useful in the study of robust control of systems with parametric uncertainty 
within known bounds. The uncertain parameter is incorporated in terms of interval 
entity and the robust stability is analysed here by Kharitonov’s theorem. 
 
Kharitonov’s Theorem [2] 
When we deal with the robust stability of interval polynomial i.e., when the 
coefficients of characteristics equation are no longer constant, Kharitonov theorem 
come to a great rescue. Suppose that a family of polynomials is given by 
 

ݏ + ܽଵݏିଵ+ܽଶݏିଶ + ⋯+ ܽିଵݏ + ܽ (1) 

where ߙ ≤ ܽ ≤ ߚ   , 1 ≤ ݅ ≤ ݊.  

 

According to Kharitonov’s theorem, the family of polynomials (1) are said to be stable 

if and only if the following four polynomials are stable: 

ݏ + ିଵݏଵߙ + ିଶݏଶߙ + ିଷݏଷߚ + ିସݏସߚ + ⋯ (2) 
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ݏ + ିଵݏଵߙ + ିଶݏଶߚ + ିଷݏଷߚ + ିସݏସߙ + ⋯ (3) 

ݏ + ିଵݏଵߚ + ିଶݏଶߚ + ିଷݏଷߙ + ିସݏସߙ + ⋯(4) 

ݏ + ିଵݏଵߚ + ିଶݏଶߙ + ିଷݏଷߙ + ିସݏସߚ + ⋯ (5) 

 
Attitude Control System Of An Aircraft 
In order to have the precise attitude control of an aircraft one need to control the 
positions of the fins of a modern aircraft. Fins are mostly the flattened part that projects 
from an aircraft for providing stability. Owing to the requirement of improved 
response and reliability, modern aircraft are controlled by electric actuators and 
electronic control.  
Figure 1 and figure 2 shows the controlled surfaces and simplified block diagram of 
one axis of such a position control or attitude control system. Figure 3 shows the 
analytical block diagram of the same system using expanded model of dc motor. The 
system considered here is simplified to the extent that saturation of the amplifier gain 
and gear backlash etc has been neglected. Ѳr is the desired output (desired position of 
control surface) and  Ѳy is the actual output (actual position of control surface) to the 
system.  

 
 

Fig.1 Schematic diagram of control surfaces of Aircraft 
 

 
Fig.2 Block diagram of an attitude control system of an aircraft 
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Fig.3 Analytical block diagram of an attitude control system using expanded model of 
DC motor. 
 
The open-loop transfer function of an attitude control system of aircraft is given as [1] 
 
(ݏ)ܩ = ೄభே

௦[ೌ௦మା(ோೌାೌାభమ)௦ାோೌାభమା್ାభ]
 (6) 

 
where ܬ௧ = ܬ + ܰଶܬ and ܤ௧ = ܤ + ܰଶܤ. The implications of other symbols used 
in (6) are given and illustrated in appendix. In this section we presume that the 
components and parameters used in (6) are constant and in the next section, realistic 
uncertainty in parameter variation is taken into consideration for analysis of robust 
aspect of control design. 
 
If ܭ௦ = 1, ܭ =adjustible,     ܭଵ = 10, ଶܭ = ௧ܭ,0.5 = 0,ܴ = 5, ܮ = ܭ,0.003 =
ܭ,9 = 0.0636, ܬ = 0.0001, ܬ  = ܤ,0.0.01 = ܤ,0.005 = 1,ܰ = 0.1 
 
Using (6), the open loop transfer function of attitude control system becomes: 
 

(ݏ)ܩ = ଵ.ହ×ଵళ
௦(௦మାଷସ଼.ଷ௦ାଵଶସ)

  = ଵ.ହ×ଵళ
௦(௦ାସ.ଶ)(௦ାଷ଼)

                                       (7) 

 
The closed loop transfer function is 
 
Ѳ(௦)
 Ѳೝ(௦)

= ଵ.ହ×ଵళ
௦యାଷସ଼.ଷ௦మାଵଶସ௦ାଵ.ହ×ଵళ

                                                           (8) 

 
Robust Stability Of Attitude Control System  
In terms of the components and parameters of attitude control system in fig. 2, the 
characteristic polynomial of the closed loop system is given as 
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ଷݏ + ோೌାೌାభమ
ೌ

ଶݏ + ோೌାభమା್ାభ
ೌ

ݏ + ೄభே
ೌ

            (9) 

 
This is nothing but a polynomial having variable coefficients. The stability of such 
kind of polynomials where coefficients are varying in nature is ubiquitously present 
and has attracted the attention of many researchers. These systems are not immune 
and insensitive to parameter variation. Hence robust stability analyses of such systems 
seem to be indispensable one because these are variedly used in aerospace 
application. In practice the parameters of (9) are not constant, because armature 
resistance of motor ܴ and armature inductance of motor ܮ, change with time 
because of aging effects. In a similar fashion, other parameter such as load inertia ܬ , 
inertia of motor rotor ܬ, back emf constant of motor ܭ, gain of preamplifier ܭ, etc 
are also not constant and may vary. Therefore presumably it is specified that the 
different components and feedback gains are subject to the following ranges of 
uncertainty.  
 

௦ܭ = 1 ± 0.5 
ௗ

ܭ, = 100 ± ଵܭ,50 = 10 ± 4 


ଶܭ, = 0.5 ± .ଶ


௧ܭ, =

0,ܴ = 5.0 ± 2.0Ω,ܮ = 0.003 ± ܭ,ܪ001. = 9 ± ܭ,4 = 0.0636 ±

,ܿ݁ݏ/݀ܽݎ/0.0100ܸ ܬ = 0.0001 ± 0.00005, ܬ  = 0.01 ± ܤ,0.005 =

0.005 ± ܤ,0.001 = 1.0 ± 0.5,ܰ = 0.1                                            (10) 

 
After taking all these realistic uncertainties into account we examine the robust 
stability of attitude control system of an aircraft. Robust stability analysis of state 
feedback control of PWM DC-DC Push-Pull converter using Kharitonov’s theorem 
has been presented in [4]. Here we will apply Kharitonov’s theorem to our system. 
 
A. Robust Stability Using Kharitonov’s Theorem 
Here the stability of (9) is investigated by testing the stability of a large set of 
polynomials using Kharitonov’s theorem [2]. Characteristics polynomial (9) may be 
written in the form given below 
 
(ݏ)ܲ = ଷݏ + ܽଵݏଶ + ܽଶݏ + ܽଷ                                                    (11) 
 
In which the ranges of coefficients between two extremes are ܽଵ ∈ ଶܽ  ,[ଵߚ,ଵߙ] ∈
and  ܽଷ [ଶߚ,ଶߙ] ∈  Here we intend to do the robust analysis of characteristic .[ଷߚ,ଷߙ]
interval polynomial (11) in the following three steps.  
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Step 1:  Evaluation of the extremal range of coefficients, i.e. 
 

ଵߙ = min

൜
ܴܬ௧ + ௧ܤܮ + ௧ܬଶܭଵܭ

௧ܬܮ
ൠ = 2.4 × 10ଷ 

ଵߚ = max


൜
ܴܬ௧ + ௧ܤܮ + ௧ܬଶܭଵܭ

௧ܬܮ
ൠ = 4.3 × 10ଷ 

ଶߙ = max ቄ
ோೌାభమା್ାభ

ೌ
ቅ = 10.9 × 10ହ              (12) 

ଶߚ = min

൜
ܴܤ௧ + ௧ܤଶܭଵܭ + ܭܭ + ܭ௧ܭଵܭܭ

௧ܬܮ
ൠ = 15.1 × 10ହ 

ଷߙ = min

൜
ܰܭܭଵܭௌܭ

௧ܬܮ
ൠ = 3.7 × 10 

ଷߚ = max


൜
ܰܭܭଵܭௌܭ

௧ܬܮ
ൠ = 3.4 × 10ଽ 

 

The vector ݍ represents the vector of the uncertain circuit components 

௧ܭ,ଶܭ,ଵܭ,ܭ,௦ܭ ,ܴ ܮ, ܭ, ,ܭ, ܬ , ܤ,ܬ   ,ܰ.In (12) the min (minimum) and maxܤ,

(maximum) of the coefficient of the characteristic polynomial (9) are computed when 

the components are subjected to the uncertainties as represented in (10). Now we 

apply the Kharitonov’s theorem [2] to (11) for testing the robust stability as the family 

of polynomials represented by (11) has infinite coefficients. The four Kharitonov 

polynomials corresponding to (9) are given in step 2 ahead. 

Step 2: Formulation of all the four Kharitonov polynomials 

ଷݏ + 2.4 × 10ଷݏଶ + 10.9 × 10ହ3.4+ ݏ × 10ଽ (13) 

ଷݏ + 2.4 × 10ଷݏଶ + 15.1 × 10ହݏ + 3.4 × 10ଽ (14) 

ଷݏ + 4.3 × 10ଷݏଶ + 15.1 × 10ହ3.7 + ݏ × 10 (15) 

ଷݏ + 4.3 × 10ଷݏଶ + 10.9 × 10ହݏ + 3.7 × 10 (16) 

 

Step 3: Checking for robust stability  
Now applying the Routh criterion to (13) through (16) it is found that all the four 
Kharitonov polynomials satisfy the Hurwitz stability conditions. Hence the chaotic 
attitude control system represented by (9) is stable. 
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Conclusions 
In this paper we have proposed Kharitonov’s theorem in conjunction with Routh 
stability criterion for the robust stability analysis of attitude control of an aircraft. 
Based on this theorem, arrangement of four Kharitonov’s polynomial is presented 
using upper and lower bounds. Here it is observed that the perturbed system is robust 
stable in the specified range of all the component values. Thus the computational cost 
can be reduced to a great extent for numerous interval polynomials. Moreover in 
future similar application of Kharitonov theorem can be developed for the robust 
stability of digital control system.  
 
APPENDIX 
 Nomenclatures and Abbreviations’: 

ௌܭ = Gain of encoder 
ܭ = Gain of the preamplifier 
ଵܭ = Gain of power amplifier 
ଶܭ = Gain of current feedback 
௧ܭ = Gain of tachometer feedback 
ܴ = Armature resistance of motor 
ܮ = Armature inductance of motor 
ܭ = Torque constant of motor 
ܭ = Back-emf constant of motor 
ܬ = Inertia of motor rotor 
ܬ = Inertia of load 
ܤ = Viscous-friction coefficient of motor 
ܤ = Viscous-friction coefficient of load 
ܰ = Gear-train ratio between motor and load 
Ѳ௬ = Position of control surface 
Ѳ = Reference or desired Position of control surface 
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