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Abstract

In this paper we propose an algorithm for designing a fractional delay system
that generates a quantum unitary gate which matches closely a given unitary
gate. In this work we are taking input signal fixed which is passes through a
fractional delay system which produce an output signal that modulates a given
potential which acts as a perturbation to a given Hamiltonian matrix. Unitary
evolution matrix obtained as the solution to Schrodinger’s equation with the
perturbed Hamiltonian is computed as a linear-quadratic functional of a
fractional delay filter. This computation is based on second order time
independent perturbation theory. The error energy between these unitary
evolution operator at T and a given unitary gate is then computed up to linear-
quadratic terms in the fractional delay impulse response. Impulse response is
parametarise by the set of finite filter tape weight and a set of fractional
delays.

Keywords: Fractional-delay filter, quantum mechanical perturbation theory,
quantum unitary gate, Frobenius norm.

Introduction

The basic idea in this paper is to modulate the perturbing potential of a quantum
system with a PAM signal whose amplitudes are adjustable and whose intersymbol
delays are also adjustable fractions of the sampling time interval. These amplitudes
and fractional delays are to be chosen so that the unitary gate obtained by evolving the
quantum system after time T is as close in distance to a given unitary gate subject to
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an energy constraint on the PAM signal. The idea in using adjustable fractional delays
is that varying the delays does not change the energy dissipated by the PAM signal in
a resistor and may Yyet yield a better approximation to the given unitary gate.

PROBLEM FORMULATION:
Consider the excitation of a quantum system having Hamiltonian with a PAM pulse
subject to fractional delays. The exciting potential is given as

V() = F(OV, 1)
Where,
f(6) =Z g x[nlp(t —na—1,) (2)

tn are fractional delays and are subjected to condition O < tn /A < 1.The pulse p(t)
is 0(t)—0(t—A), i.e., p(.) is a rectangular pulse of duration A. The amplitudes x[n]as
well as delays tn are within our control subject only to the energy constraints.

E = f2(dt 3)
e X, ., x[n]x[m]A(nA + T, ,mA +1,,) = E,.
Where A(t,T)= j’; p(t=1)p(t—1)dt.

The Quantum evolution equation is

iU(8) = (Hy, + e. F(OVU(D). (4)

Or it can be equivalently written as

W (8) = eV, (D F ()W ().

Where
U(t) = exp(—iHyt) W(t) and
V,(t) = exp (itH,)Viexp (—itH,).

Thus,

W(T) =1 —ie J FOV(Dde — & [ FIOFEV, (DY, (s)deds + 0(€3)

Qg palT

The gate to be designed is U, and hence {X[n],z,,} must be selected so as to
minimize the following expression
F':?L'[ﬂ]: 1'_,,!) = | UL‘.‘ - UEle 2 — A[E"m :‘"[ﬂ‘]f"[Tﬂ]-’:“:ﬂ“"illl o rnim"ﬁ' Ll 1'_,_“_) - EE} (5)

Now,
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F=|u,—u(mI? = lw(T) — exp(iTH_ )

€| FOM@d+eE | FOrERN deds

< B paosaT
L o(eh)

So, our task is to minimize the above expression.

Approach:
The above expression can be written as G = F — || W, ||~

Where W, = exp(iTH,) U, — { and

G=2e J ImT, (WV,(8)) f(t)dt
|:.

P J Re(T, (Wi Vy (61, (5))f (D F(s)deds
Q< pasal

4 J T, (MW () F(EF(s)dtds + 0()

In the above equation defining _
h(t) = 2tm(T, WiV, ()), g(t, s) = —2ReT, (Wi, (£)1, (s )6(t — 5) +
T.(V.()Vi(s))

We can write the equation as

-
1

G=J, h(D)f(D)dt + € [ 1= 9(t5)f()f(s)dtds (6)

Let
hz(w) = fﬁ h(t)exp (—jwt)dt, and
grlewg, ) = Jr[o.r] :g(t s)exp (—jow,t — jw,s)dtds

Then, [ h(8)f()dt = [k} (@)fy (w)de/2n
Similarly,

Jr[c_ﬂ; glt,s)F(e)f(s)dtds = (2m)7? Jrﬁz g7 (wy, 0, )f (w ) f (w)dw, dw,

Where #'(w)=p " (0) X, x[n]exp (—je(na+ 1,)). We replace the integral
over « by a discrete sum as given below

he(@)f (@) ¥ 6L, x[n] X, hy (w,)p" (0 )exp (—jond)exp (—jw,1,)  (7)

Where w, =kd, k=+41,%£2,1+3,+4Now defining the Matrix
H = [H(n k)] €T Then [H(n k)] =6hr(w, )p (@, )exp (—jw,nA) and also
defining steering Matrix e(z) = {exp(—jw, 7)) —gq <k <q e C¥
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And defining the PAM amplitude vector
K= [x[1]x[2].%[3] e e v x [N — :L]]‘T. Here p is the total number of frequency
discretization point (w,.k = —q.—q +1,q —1,9,.29 + 1 = p) is the set of discrete
frequency points used to approximate the frequency domain integrals by sum. Then

[hr(@)f' (w)dw ¥ E, ; x[n]h[n]" e(z,) (8)

Where h[n]" = [H[n,—q], H[n, —q + 1],H[n.g — 1],H[n.q]] is the = + 1%
row of H.

We further have

j;}f;-' (wp o f (o) f (o) dedo, =

T x[nlam] [ g7 (wgoe)p” (ay)p " (wy) exp(—jd(new, +
’f“!cu:)}. exp (—/ (e T, + w1, ) awda, ¥

Do Xl x[m]G(n ek, r)exp (—jd (e, 1, + w,T,,)) 9)

Where, G(n,m;k,r) = 8797 (wy,w,)p (w,)p" (e,)exp (—ja(nw, + mw,)

Result

Then [ g7 (@, @p)f (@) (w)dw dw, ¥ X, x[n]x[m]g[nm]" (e(z,)@e(7,))
Where g[n,m] =X, , G(n m;k,v)(u[k]@u[r]) where u[k] is a p % 1 column

vector having a one in the (g + k + 1)*" position and a zero at all the other positions

withk = —g,—g + 1,9 — 1, g.
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