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Abstract

In this paper, we first propose a new TVL1 variational model
for restoring images degraded by blurring and impulse noise,
and then we propose two fixed-point-like methods, using
proximal operators, for solving the new proposed TVLI
variational problem. Numerical experiments for several
test images blurred by Gaussian kernel and corrupted by
salt-and-pepper impulse noise are provided to demonstrate
the efficiency and reliability of the fixed-point-like methods.
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1 Introduction

Image restoration which is one of the fundamental problems
in image processing is to recover an original image from
a given degraded image. In this paper, we consider the
problem of recovering images degraded mainly by blurring
and impulse noise. Two common types of impulse noise are
salt-and-pepper noise and random-valued noise. Assume that
the dynamic range of an image is [dymin, dmaz]|. For images
corrupted by salt-and-pepper noise, the noisy pixels can take
only two values d,,;, and d,,4,, While for images corrupted
by random-valued noise, the noisy pixels can take any random
value between d,,,;, and d;,,qz-

Without lose of generality, we here assume that the true image
U = (u;;) has an N x N square array and u;; denotes
the (i, j)-components of the image U. For convenience of
exposition, the image U is represented by a long vector u of

. L T

size m = N? which is defined by u = (u*Tl, uly, ..., u*TN)
T .

and u.; = (U, usi,...,un;) € RY. In this paper, an
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observed (or degraded) image f € R™ can be represented by

f=Ku+n (1.1

where K € R™*™ is a blurring operator, u € RY is the
original image, and € R™ denotes the impulse noise. Our
objective is to restore u from the blurred and noisy image
f as well as possible. The classic TVL1 model generally
performs deblurring and denoising jointly or denoising purely
(where K is an identity operator I) by solving the following
variational problem with the /;-norm data fidelity term and
total variational regularization term

Irzin{HKufle + pllul|Tv :uw e R™}, (1.2)
where p > 0 is a regularization parameter and ||u||Tv denotes
the total variation (TV) of u. There are two possible definitions
for ||u|lrv; one is the anisotropic TV, and the other is the
isotropic TV. In this paper, we only consider the isotropic TV
of u € R™ which is defined by

ey = 3017wl = 31wl + (73004

(1.3)
where the discrete gradient operator V : R™ — R?™ is defined
as follows:

(V’U/),L = ((vIu)Za(vyu)z); 1= 1,2,7m
with
0 , ifimod N =1,
(Vau)i = L
Uy — u;—q, if imod N # 1,
and

. 0 Lifi<N,
YT~ w, if P> N

In recent years, much work has been done on the TVL1 model.
In the light of the interesting features of the TVL1 model, it
has successful applications in impulse noise removal [8, 10]
and computer vision [3]. A noticeable feature of the model
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is that both the /;-norm data fidelity and regularization terms
are not differentiable. This makes that finding its solutions is a
challenging task both mathematically and numerically. Some
algorithms for solving the TVL1 model have been developed
using the proximal operator [5, 8], the primal-dual formulation
[2, 4], or the augmented Lagrangian function [3].

Recently, Lu et al. [6] proposed a fixed-point algorithm for
solving the following TVLI variational problem

min {|[Ku — £}y + Alul + pllullrv : u € R™}, (14)

where A and p are positive numbers. This approach motivates
us to propose the following new TVL1 variational problem

min {[|Ku = fllv + Mullz + plluflrv : w e R™} . (1.5)

Notice that the TVL1 problem (1.4) has a unique solution
since its objective function is strictly convex, while the TVLI1
problem (1.5) may not have a unique solution since its
objective function is just convex, not strictly convex.

This paper is organized as follows. In Section 2, we
provide some definitions and useful properties which we need
to describe numerical algorithms for the TVL1 variational
problems. In Section 3, we briefly review the fixed-point
method for the TVL1 problem (1.4) proposed by Lu et
al. [6]. In Section 4, we propose two fixed-point-like
algorithms, using proximal operators, for solving the new
proposed TVLI variational problem (1.5). In Section 5, we
provide numerical experiments for several test images blurred
by Gaussian kernel and corrupted by salt-and-pepper impulse
noise in order to demonstrate the efficiency and reliability
of the fixed-point-like methods. Lastly we provide some
concluding remarks.

2 Preliminaries

In this section, we provide some definitions and useful results
which we need to develop algorithms for solving the TVL1
variational problems (1.4) and (1.5). We first provide the
proximal operator introduced by Moreau [9].

Definition 2.1. Let ¢ : R™ — RU {400} be a proper, convex
and lower semi-continuous (l.s.c) function. The proximal
operator of ¢ at v € R™ is defined by

1
prox,, (v) = arg min {2 | u—v|3+¢(u):ue ]Rm} .
2.1
Definition 2.2. Let 1) : R™ — RU {400} be a proper, convex

and Ls.c function. The subdifferential of ¢ at v € R™ is
defined by

O(v) ={y eR™ : ¢(2) 2 Y(v)+ <y,z —v >, Vz € R"}.

(2.2)
Elements in 0y (v) are called subgradeients.

It is well-known that subdifferential of a convex function ) is a
set-valued mapping from R™ into a nonempty convex compact
set in R™ (see, e.g., [1]). We now present four examples for
which we can explicitly calculate the proximal operators. Note

that new fixed-point-like algorithms for the TVL1 variational
problem (1.5) use these proximal operators. The first example
concerns the proximal operator of the absolute valued function
onR, thatis, ¢» = }| - |, where A > 0.

Example 2.3. If A > 0 and v € R, then

proxi|(v) = max {|v - %, 0} sign(v).

We remark that prox 1y is the well-known soft thresholding

operator with % as the threshold, see, for example, [1]. The
second example is a direct extension of the first example to
R™.

Example 2.4. If A\ > 0 and v € R™, then

1 .
prox ., (v) = max{|v| - )\,O} .k sign(v)

where |v| denotes elementwise absolute value of the vector v
and .x denotes the elementwise multiplication.

The third example gives the proximal operator of the lo-norm
on R™, thatis, ¢) = 1| - [|2, where A > 0.

Example 2.5. If A\ > 0 and v € R™, then

1 v
pI'OX%”_Hz(’U) = maX{|U||2 — X, 0} ||'UH2

Notice that the isotropic TV of u € R™ defined by (1.3) can
be expressed as

ullrv = (o B)(u), (2.3)

where ¢ : R?™ — R is a convex function defined by

v;
Um—+4
and B is a d x m matrix which represents a discrete gradient
operator V with m = N? and d = 2m. The last example gives
the proximal operator of the convex function ¢ on R?™ which

is called the generalized shrinkage formula, that is, ) = %gp,
where A > 0.

m

o) =

=1

for each v = (v;) € R*™
2

Example 2.6. If A > 0 and v = (v;) € R?™, then
— M Ui
w0 o 2):
i=1
where [ ] denotes Cartesian product of vector spaces.

The following theorem outlines a relationship between the
proximal operator and the subdifferential of a convex function.

Theorem 2.7 ([6, 9]). If ¥ is a proper, convex and Ls.c.
function on R™ and v € R™, then
yewW(v) &

v = prox,, (v + y). 2.4
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3 Review of Fixed-point algorithm for (1.4)

In this section, we briefly review the fixed-point method
proposed in [6] for solving the TVL1 problem (1.4) which can
be expressed as

. A m
min {150 = fll+ Sl + oo BYw) i u e B
3.
where \ and p are positive numbers, K is an m X m matrix, ¢
and B are defined the same as in (2.3).

Using Fermat rule in convex analysis for model (3.1) and
relation d(¢ o B) = BT o (9y) o B, we have

0e KTl - [h)(Eu — f) + pBT (9p)(Bu) + Mu, (3.2)

or equivalently

0c KT <ai|| - |1) (Ku— f)+ pB" (3;\4,0) (Bu) + u.
(3.3)
From relation (3.3), for any o and 5 > 0 we can choose a
vectora € (55 |- 1) (Ku—f) and a vector b € 9( 55 »)(Bu)
satisfying
aKTa+ pBBTb+u=0. (3.4)

Using Theorem 2.7 and Equation (3.4), one obtains the
following equations

a= (I—proxﬁ”-lll)(KU—f—&-a), (3.5)
b— (I _ proxﬁ%cp) (Bu+b), (3.6)
u=—(aK"a+ pBB"Y). 3.7)

From Equations (3.5)-(3.7), one can obtain Algorithm 1
which is similar to the fixed-point algorithm proposed in [6].
Actually, Lu et al. [6] derived the fixed-point method from
relation (3.2). Numerical experiments show that Algorithm 1
using relation (3.3) performs better than the fixed-point method
[6] using relation (3.2).

Algorithm 1  Fixed-point algorithm for TVL1 problem (1.4)
1: Given degraded image f, choose positive parameters
o, B, A p

uw=0,a=0and b’ =0
3: for k = 0 to maxit do

2: Initialization :

= (1 oy, ) (Keb = f )
5: pEtl = (If proxﬁ%@> (BuF + b¥)
6 uFt = — (aKTa+1 + pBBTH+)
70 it 1wl o) then
’ luF+1]2
8: Stop
9: end if
10: end for

For all algorithms considered in this paper, maxit denotes the
maximum number of iterations and tol denotes the tolerance
value of the stopping criterion.
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4 Fixed-point-like for TVL1

problem (1.5)

algorithms

In this section, we propose two fixed-point-like algorithms,
based on the proximal operators, for solving the new proposed
TVL1 variational problem (1.5). Equation (1.5) can be
expressed as

min {[|Ku — fllv + Mullz + p( 0 B)(u) : w € R™},
4.1)
where A\ and p are positive numbers, ¢ and B are defined
the same as in (2.3). Using Theorem 2.7, we can obtain

the following property for the solution of TVLI1 variational
problem (4.1)

Theorem 4.1. Assume that problem (4.1) has a nonzero
solution u. If ¢ is a real-valued convex function on R?, B
is an d X m matrix, K is an m X m matrix, and v is a nonzero
solution of problem (4.1), then for any o, 5 > 0 there exist
vectors a € R™ and b € R? such that

a = (I—proxé”m) (Ku—f+a), (42)
b— (I _ prox%g,) (Bu+b), (4.3)
_ el (aKTa + BBTY). (4.4)

A
Conversely, if there exist o, 3 > 0,a € R™ b € R, and
u € R™ satisfying Equations (4.2)-(4.4), then u is a nonzero
solution of TVLI problem (4.1).

Proof. We assume that v € R™ is a nonzero solution of
problem (4.1). By the Fermat rule in convex analysis for model

(4.1) and using the relations (¢ o B) = BT o (9y¢) o B and
A(|ull2) = HuH u, we have
0€ KT@|- n)(Ku = 1)+ pB" (02)(Bu) + o
or equivalently
0€ K70 [h)(Ku—f)+B" (9pp)(Bu) + ——u. (4.5)

[[u ||2

From relation (4.5), for any «, 5 > 0 we can choose a vector
a € A5l - [h)(Ku — f) and a vector b € 9(45y)(Bu)
satisfying

aKTa+ BT+ ——u=0. (4.6)

[[ull2 ||2
From (4.6), we obtain Equation (4.4). By Theorem 2.7, the
inclusions a € O(1| - [|1)(Ku — f) and b € 8(%90)(Bu) lead
to Equations (4.2) and (4.3), respectively.

Conversely, suppose that there exist o, 8 > 0, a,u € R™, and
b € R? satisfying Equations (4.2)-(4.4). Again, by Theorem
2.7, Equations (4.2) and (4.3) ensure that a € (1 |- ||1)(Ku—
f)andb € 8(%@) (Bu), respectively. Therefore, we obtain

0=aK"a+pBTb+ — Tl
2
A
€ KT(O|| - [[1)(Ku — f) + BT (9pp)(Bu) + mu
Hence u € R™ is a
O

Consequently, Equation (4.5) holds.
nonzero solution of TVL1 problem (4.1).
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From Equations (4.2)-(4.4) of Theorem 4.1, we can obtain
fixed-point-like algorithm, called Algorithm 2, using two
proximal operators for TVL1 problem (1.5).

Algorithm 2 Fixed-point-like algorithm for TVL1 problem
(1.5)

1: Given degraded image f, choose positive parameters
o, B, A p
2: Initialization : ©% = f, a®=0and b =0

3: for k = 0 to maxit do

4 dtl= (I - prO%H-ul) (Ku* = f +a¥)
k+1 k 4 1k

5: bF T —(I—prox%w> (Bu® +b*)

6: uktl = ——”“i‘h (aKTak‘|r1 + BBTka)

70 it =l o) then

’ luk+1]2

8: Stop

9: end if

10: end for

Algorithm 2 has been developed using the explicit formula
A(||ull2) = mu for a nonzero vector u. We next propose
another fixed-point-like algorithm for TVL1 problem (4.1)
which is developed without using the explicit formula for
9(||ull2). Using Theorem 2.7, we can obtain the following
property for the solution of TVL1 problem (4.1).

Theorem 4.2. If o is a real-valued convex function on R?, B
is an d X m matrix, K is an m X m matrix, and u is a solution
of problem (4.1), then for any o, B,y > 0 there exist vectors
a,c € R™ and b € R? such that

a= (prrox%”,m) (Ku—f+a), 4.7)

b— (I _ prox%p) (Bu+b), (4.8)
_ L T

©=-23 (aK'a+3B"D), (4.9)

u = proxy ., (u+c). (4.10)

Conversely, if there exist positive numbers o, 3,7 and vectors
a,c € R™b € R% and uw € R™ satisfying Equations
(4.7)-(4.10), then u is a solution of TVLI problem (4.1).

Proof. We assume that u € R™ is a solution of problem (4.1).

By the Fermat rule in convex analysis for problem (4.1) and
using the relations 9(p o B) = BT o (0y) o B, we have

0€ KT 1) (Ku— f)+ pB" (9)(Bu) + A0 - [|2) (w),
or equivalently

0 KXQ|l- ) (Ku—f)+ B (9pp) (Bu) + 0| - [l2) (w).

4.11)
From relation (4.11), for any «, 3,7 > 0 we can choose
a vector a € (L] |1)(Ku— f), b € 9(5¢)(Bu) and

¢ € A2 - [l2)(u) satisfying

aKTa+ BBTb+~yXe = 0. (4.12)
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From Equation (4.12), we obtain Equation (4.9). By Theorem
2.7, the inclusions a € O(Z|| - [|1)(Ku — f),b € 9(5)(Bu)
andc € 3(% Il |l2)(w) lead to Equations (4.7), (4.8) and (4.10),
respectively.

Conversely, suppose that there exist o, 8,y > 0, a,c,u € R™,
and b € R satisfying Equations (4.7)-(4.10). Again, by
Theorem 2.7, Equations (4.7), (4.8) and (4.10) ensure that a €
(G- ) (Ku — f). b€ 0(5¢)(Bu) and c € (5| - [|2)(w),
respectively. From Equation (4.9), Equation (4.11) holds.
Hence u € R™ is a solution of TVL1 problem (4.1). O

From Equations (4.7)-(4.10) of Theorem 4.2, we can obtain
another fixed-point-like algorithm, called Algorithm 3, using
three proximal operators for TVL1 problem (1.5).

Algorithm 3
(1.5)
1: Given degraded image f, choose positive parameters
o, 8,7, A p
2: Initialization : u® = 0, a° = 0and ¥° = 0

Fixed-point-like algorithm for TVL1 problem

3: for k = 0 to maxit do

4: aFtl = (I — prOXéMl) (Kuk -f+ ak)
5: pEtl = (I — pI‘OX%Lp) (Bu]c + bk)

6 =~ (aKTaMt 4 BBTERH)

7: ubtl = Prox 1|, (uF + P

g if [tz < ol then

9: Stop

10: end if

11: end for

The following theorem provides convergence analysis only for
Algorithm 3 since convergence for other algorithms can be
analyzed similarly.

Theorem 4.3. Let {a™}, {b"}, {c"} and {u™} be sequences
generated by Algorithm 3. If we can find two consecutive
vectors uF and w1 such that vt = u* for some positive
values of o, 3,7, and p, then u**1 is a solution of TVLI

problem (1.5).

Proof. Substituting Equations (4.7) to (4.9) into Equation
(4.10), one obtains

u = prox%”'H2 (uf 71>\ (aKT <17prOX§\I-H1> (Ku— f+a)
+8BT (1 _ prOX%(P) (Bu+b)) ) .
4.13)

From Theorem 4.2, it can be easily seen that if u, a and b
satisfy (4.13) for some positive values of «, 5,7y, A and p, then
u is a solution of TVL1 problem (1.5). By combining lines 4
to 7 of Algorithm 3, one obtains

k+1 :prOX%H‘HZ (uk _ ’yi)\ (aKT (Iiproxé\\-h) (Kuk *erak)

+8BT (I - prOX%(P) (Buk + bk’) ) ) .

u

(4.14)
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If uk*+1 = «* in Equation (4.14), then u**1, a* and b* satisfy
(4.13) for some positive values of o, 3,7, A and p. Hence u**1

is a solution of TVLI problem (1.5). O

Theorem 4.3 gives an idea of how to stop the fixed-point-like
algorithms. In practical applications, we do not have to find
u**1 which is equal to u*. Instead, we need to find u**+!
which is reasonably close to u*. Hence, for all algorithms
considered in this paper we have used the following stopping
criterion

lut+t — ¥

[hany|P

where tol is a suitably chosen small tolerance value.

< tol,

5 Numerical Experiments

In this section, we provide numerical performance results for
Algorithms 1 to 3. Note that the isotropic TV of ©u € R™
is defined by ||u||Ty = (¢ o B)(u), where ¢ and B are
defined the same as in (2.3). Let Dy denote the N x N ‘local
difference’ matrix defined by

0 0 0
-1 1 0
Dy = : LT
0 -1 1 0
0 0o -1 1

Then B can be expressed as a d X m matrix given by

(5.

where ® denotes the Kronecker product, I denotes the
identity matrix of order N, m = N2 and d = 2m.

In order to illustrate the efficiency and reliability of two
fixed-point-like methods, called Algorithms 2 and 3, for
solving the new proposed TVLI problem (1.5), we provide
numerical results for 4 test images such as Cameraman, Lena,
House and Boat. The pixel size of 4 test images is 256 X 256.
All numerical tests have been performed using Matlab R2018a
on a personal computer with 3.6GHz CPU and 8GB RAM.
maxit is set to 6000 for all algorithms, and tol is set to
1x 1075 (for Algorithms 1 and 2) or 1.5x 10~* (for Algorithm
3).

To evaluate the quality of the restored images, we use the peak
signal-to-noise ratio (PSNR) between the restored image and
original image which is defined by

Iy ® Dy
Dy @Iy
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N2 - Inax; j |ui,j\2

PSNR = 10log;, (

)

where || - || refers to the Frobenius norm, u and @ are the
original and restored images with size /N x IV, respectively.
Also u; ; stands for the value of original image u at the pixel
point (i, j) and N? is the total number of pixels. It is generally
true that the larger PSNR value stands for the better quality of
restored image.

For all numerical experiments, we have used the test images
with an intensity range of [0,1]. For all test problems, we
choose the degraded test images which are resulting images
blurred by Gaussian kernel of size 15 x 15 with reflexive
boundary condition and standard deviation 9, and corrupted by
30% or 60% salt-and-pepper impulse noise. In Tables 1 and
2, Py represents the PSNR values for the blurred and noisy
images f, Alg denotes the algorithm to be used, Cam denotes
the Cameraman image, PSNR represents the PSNR values for
the restored images, and Iter denotes the number of iterations.
All parameters «, 3, v, A and p are chosen as the best one by
numerical tries,

Tables 1 and 2 provide numerical results for Algorithm 1 for
TVLI1 problem (1.4) and those for Algorithms 2 and 3 for
TVLI problem (1.5). Table 1 contains numerical results for
degraded test images with 30% salt-and-pepper impulse noise,
and Table 2 contains numerical results for degraded test images
with 60% salt-and-pepper impulse noise.

In Figures 1 to 4, the first row images are true image, blurred
image with 30% salt-and-pepper noise, and blurred image
with 60% salt-and-pepper noise. The second row contains the
images restored by Algorithms 1, 2 and 3 for blurred image
with 30% salt-and-pepper noise. The third row contains the
images restored by Algorithms 1, 2 and 3 for blurred image
with 60% salt-and-pepper noise.

As can be seen in Tables 1 and 2, Algorithm 3 for TVLI1
problem (1.5) performs best. That is, Algorithm 3 yields
the highest PSNR values. Algorithm 1 for TVL1 problem
(1.4) performs better than Algorithm 2 for TVL1 problem
(1.5) for blurred images with 30% salt-and-pepper noise (see
Table 1), while Algorithm 2 performs better than Algorithm 1
for blurred images with 60% salt-and-pepper noise (see Table
2). Both Algorithms 2 and 3 are fixed-point-like methods
for solving the TVL1 problem (1.5). Numerical experiments
show that Algorithm 2 using the explicit formula O(||ul|2) =
u performs much worse than Algorithm 3 using proximal

lu — |

llull2
operator instead of using the explicit formula for 9(||u||2).
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Table 1: Numerical results for TVL1 problems with 30% salt-and-pepper impulse noise

Image Fy, Alg Q@ B8 ¥ A p tol PSNR Iter
1 2.2 0.1 0.14 0.004 1x107° 25.12 2323
Cam 9.86 2 | 0.066 0.0017 46 001 1x107° 25.56 3931

3 6.3 0.001 1.3 1.03 0003 1.5x107* 30.03 1843

1 2.2 0.07 0.13 0.01 1x107° 26.65 3122
Lena 992 2 | 0.066 0.0017 46 0019 1x107° 26.31 3917
3 6.3 0.0003 13 1.1 0003 1.5x107* 30.09 1845

1 2.2 0.2 0.15 0.02 1x107° 3120 2195
House 991 2 | 0.066 0.0017 50 0.026 1x107° 30.52 3363
3 6.6 000003 13 1.1 0.003 15x10"* 36.57 2332

1 22 0.06 0.14 0007 1x1075 26.23 2907
Boat 9.55 2 | 0.075 0.0009 48 0026 1x107° 2545 4843

3 6.6 000008 1.3 1.1 0.003 1.5x10"* 3043 1668

Table 2: Numerical results for TVL1 problems with 60% salt-and-pepper impulse noise

Image F, Alg @ B8 ¥ A P tol PSNR [Iter
1 2.6 0.2 029 0.02 1x107° 22.11 1443
Cam 7.11 2 | 0.063 0.0019 50 0.02 1x107° 23.86 3663

3 6.3 0.002 1.1 1.1 0014 1.5x10"* 2486 1096

1 2.6 0.2 029 0.03 1x107° 23.89 1716
Lena 7.12 2 | 0.065 0.0014 48 0032 1x107° 25.25 4275
3 59 00008 1.1 1.1 0015 1.5x107* 2638 1143

1 2.5 0.3 025 0.02 1x107° 27.17 1313
House 7.07 2 | 0.066 0.0015 51 0025 1x107° 29.00 3187
3 53 00008 0.7 13 0015 1.5x107* 3115 958

1 2.5 0.2 0.24 0.01 1x107° 23.13 1553
Boat 6.76 2 | 0.065 0.001 4.7  0.02 1x107° 23.96 4330
3 1.5 0.001 14 22 0015 1.5x107* 2472 1546
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Blurred and 30% noisy image Blurred and 60 % noisy image

Restoration by Algorithm 1

F

K

v

Restoration by Algorithm 1 Restoration by Algorithm 2 Restoration by Algorithm 3

Figure 1: TVL1 image restoration for Cameraman image with 30% or 60% salt-and-pepper noise

True image Blurred and 30% noisy image Blurred and 60 % noisy image

Restoration by Algorithm 1 Restoration by Algorithm 2 Restoration by Algorithm 3

Restoration by Algorithm 1 Restoration by Algorithm 2 Restoration by Algorithm 3

Figure 2: TVLI image restoration for Lena image with 30% or 60% salt-and-pepper noise
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True image Blurred and 30 % noisy image Blurred and 60 % noisy image

Restoration by Algorithm 1 Restoration by Algorithm 2 Restoration by Algorithm 3

Restoration by Algorithm 1 Restoration by Algorithm 2 Restoration by Algorithm 3

Figure 3: TVL1 image restoration for House image with 30% or 60% salt-and-pepper noise

Blurred and 30% noisy image

Restoration by Algorithm 1 Restoration by Algorithm 2 Restoration by Algorithm 3

Figure 4: TVLI1 image restoration for Boat image with 30% or 60% salt-and-pepper noise
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6 Conclusion

In this paper, we proposed a new TVLI1 variational problem
(1.5) for restoring images degraded by blurring and impulse
noise, and then we proposed two fixed-point-like methods,
called Algorithms 2 and 3, for solving the new proposed TVL1
problem (1.5). Numerical experiments showed that Algorithm
3 without using the explicit formula O(||ul|2) Tal Y
performs much better than Algorithm 2 using the explicit
formula for O(||u||2) and Algorithm 1 for the TVLI problem
(1.4) proposed by Lu et al. [6]. Hence, it can be concluded
that the new proposed TVLI1 problem (1.5) provides better
quality in image restoration than the TVL1 problem (1.4), and
Algorithm 3 is preferred over Algorithm 2 for the new TVL1
problem (1.5).

References

[1] A. Beck, First-order methods in optimization. SIAM,
2017.

[2] A. Chambolle and T. Pock, A first-order primal-—dual
algorithm for convex problems with applications to
imaging, J. Math. Imaging and Vision, 40 (2011),
120—145.

[3] T. Chen, W. Yin, X.S. Zhou, D. Comaniciu and T.S.
Huang, Total variation models for variable lighting face
recognition, IEEE Trans. Pattern Anal. Mach. Intell., 28
(2006), 1519-—1524.

2439

[4] Y. Dong, M. Hintermiiller and M. Neri, An efficient
primal-dual method for L1-TV image restoration, SIAM
J. Imag. Sci., 2 (2009), 1168—1189.

[51 Q. Li, C.A. Micchelli, L. Shen and Y. Xu, A proximity
algorithm accelerated by Gauss—Seidel iterations for
LI1/TV denoising models, Inverse Problems, 28 (2012),
Article ID 095003, p, 20.

[6] J. Lu, K. Qiao, L. Shen and Y. Zou, Fixed-point
algorithms for a TVLI image restoration model, Inte. J.

Comp. Math., 95 (2017), 1829-1884.

[7] C.A. Micchelli, L. Shen and Y. Xu, Proximity algorithms
for image models: denoing, Inverse Problems, 27 (2011),

Article ID 045009, p, 30.

[8] C.A. Micchelli, L. Shen, Y. Xu and X. Zeng, Proximity
algorithms for the L1/TV image denoising model, Adv.

Comput. Math. 38 (2013), 401-426.
(9]

J.J. Moreau, Proximité et dualité dans un espace
Hilbertien, Bull. Soc. Math. Fr., Mém., 93 (1965),

273-299.

[10] M. Nikolova, A variational approach to remove outliers
and impulse noise, J. Math. Imaging and Vision, 20

(2004), 99-120.

[11] L.I. Rudin, S. Osher and E. Fatemi, Nonlinear total
variation based noise removal algorithms, Phys. D, 60

(1992), 259-268.

[12] W. Yin, D. Goldfarb and S. Osher, The total variation
regularized L1 model for multiscale decomposition,

SIAM J. Multiscale Model. Simul., 6 (2007), 190-211.





