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Abstract

A quadratic stochastic operator (QSO) exhibits the time
development of various species in biology. Several QSOs have
been examined by Lotka and Volterra. The main problem
in a non linear operators is to explore their behavior. The
behavior of a non linear operators have not been studied
in comprehensively even QSOs which are the simplest a
nonlinear operators. To address this problem, many classes
of QSO were introduced. This paper aims to examine the
behavior of six an operators selected from different classes of
£(29)_QSO0.

1. INTRODUCTION

Many systems are presented by a nonlinear operators. One of
the most simplest nonlinear case is quadratic one. A quadratic
dynamical systems have been demonstrated to be exporter for
various fields to study dynamical properties and modeling,
such as biology [} 24} 9]}, physics [[14} 20, 28], economics and
mathematics [9} 10, 11} 21]]

The theory of Markov processes is a quickly evolving field
with various applications to numerous branches of physics and
mathematics. Nevertheless, several physical and biological
systems can’t be studyed by Markov processes. One of these
systems is given by quadratic stochastic operators (QSO).
The system of a QSO which relates to genetics population
has appeared in [1]. A QSO typically is utilized to exhibit
the time evolution of various species in biology, which
emerges as follows. Let a population consists of m species
1,2,---,m. Letz(® = (:c§0>, o ,xﬁ,?) taken as a probability
distribution of species at an initial state and let p;;j be
probability which the species i*" and j*" will be interbreed
to produce k' species. Then, a probability distribution (1) =
(x(ll), e ,x%)) of the species in the first generation can be
described as a total probability as below,

x}:) _ Z Pij,k$50)$50)a

,j=1

k=1m.

Consequently, it shows that the association z(®) — z(1)
represents a mapping V', which is known as evolution operator.
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Starting from initial state (°), the population develops to
the first generation () = V(2(?)) and then to the second
generation z? = V(zM)) = V(V(z0)) = V@ ()
and so on. Hence, the discrete dynamical system debates the
population system evolution states by follows:

20 0y (I<o>> S 2@ —y®@ (Iw)) ’

In another sense, if the present generation distribution is given
then, a QSO describes a distribution of the next generation.
The a wonderful implementations of QSO to population
genetics were provided in [11]. The new accomplishments
and open problems in theory of the QSO have been described
and explained in [26]. The difficulty of the problem relies on
the given cubic matrix coefficient ()] ,—,- Numerous
researchers dedicated their study to present a special class
of QSO and investigated its behavior, such as, F-QSO
[[17]], Volterra-QSO [6} 125]], permutated Volterra-QSO [7, 18],
¢-Volterra-QSO [15) [16], Quasi-Volterra-QSO [4], non-
Volterra-QSO [5. [19]], strictly non-Volterra-QSO [18] and non
Volterra operators which produced by measurements [2} 3.
Nevertheless, all these classes jointly will not cover a system
of QSOs. Therefore, there exist numerous classes of QSO
need to be studied.

Recently, a new class of QSO was introduced depending on a
partition of the coupled index set, P,,, = {(¢,4) : i < j} C
IxTand A, {(i,9):i €I} CIxI,wherel ={1,---,m}.
In [22], the £()-QSO related to |¢;| = 2 of Py, with a point
partition of A,, was investigated. In [12], the & (“)-QSO
related to |§1] = 2 of Py, with a trivial partition of Ay,
was studied. The £(*)-QSO related to |¢;| = 3 of Py, with a
point partition of A,,, was examined in [13]]. Furthermore, the
£(5).QS0 and £(¥)-QS related to |¢;| = 1 of Py, with a point
and a trivial partitions of A, respectively were also discussed
in[23]].

In [27], it has been classified the f(as)-QSO into 18 non-
conjugate classes which generated by the partitions of Pg
with |£1] = 2 related to the partitions of Ag with || = 2.
Therefore, we proceed with study the dynamics of some
classes which are not studied. The paper is arranged as follows.
Section 2, provides several preliminary definitions. Sections
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3 presents the behavior of Vog and V3 obtained from class
G116 and G5 respectively. Section 4 presents the study of the
dynamics of classes G5 and G1; by investigating the behavior
of V5 and Vi7. In the last section, the behavior of V5 and V39
obtained from G7 and Gy respectively are studied.

2. PRELIMINARIES

In this section, some essential definitions are reviewed.

Definition 1 QSO is a mapping of the simplex

Sgm—l = {(x1, - ,2m) €R™:

1
(x1+z0+-+xy)=12,>0, i=1,--- ,m} M
into itself of the form
vp= Y Pyxwvir;, k=Tm, 2
ij=1

/

where V(z) = &’ = (24, ,a],) and P;j i, is a coefficient of

heredity, which verifies the succeeding conditions

ZPz’j,k =1P;;x >0, Pijr= Pjir, 3)

k=1

The above definition suggests that each QSO QSO V
Sm—1 — §m=1is definedrather distinctively by a cubic matrix
P = (Pijk)zlj,kzl with conditions (3).

For V : Sm~1 — ™=l the set of fixed points, limiting
point and k-periodic are denoted by Fiz(V), wy (z(?)) and
Pery (V) respectively.

Remember that a Volterra-QSO is defined by (2), (3) and the
extra assumption

Pijr=0 if k¢&{ij}. “4)

One can see that a Volterra-QSO adopts the following form:

T = x) <1+Za;ﬂ-xi>, kel, 5)
i=1
where
A = 2Pik,k — 1 fori 7é k and a;; = 0,7€l. (6)
Moreover,

ar; = —a;, and \aki| <1.

The notation of ¢-Volterra-QSO, was inserted in [13]] which
popularize a concept of Volterra-QSO. The definition is as
follows.
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Let ¢ € I be fixed, and we take it that the heredity coefficient
{P;j 1} verify the following conditions

Pijr=0if k¢ {i,j} for any

7
ke{l,....t}, i,j€l, @

Pioj()’k >0 for some (iO,jO)v Z‘0 74‘ kv jO # ka

ke{t+1,...,m}. ®

Remark 1 The following properties are established:

(i) Easy to note that £-Volterra-QSO is a Volterra-QSO if
and only if £ = m.

(ii) A periodic trajectory does not exist for Volterra-QSO
[l6]]. However, periodic trajectories can be found for
L-Volterra-QSO [I15]].

In accordance with [22], each element z € S™ ! is considered
as a probability distribution of the set I = {1,...,m}. Let
x (1, ,&m) and y = (Y1, ,Ym) be two vectors
selected from S™~1. We call that = and y are equivalent if
rr = 0 < yr = 0 and this relation is symbolized by x ~ y.
Let supp(z) = {i : #; # 0} be a support of z € S™~1. We
call that x and y are singular if supp(x) N supp(y) = 0, and
this relation is symbolized by = L y.

It is denoted sets of coupled indexes by
P ={(i,5) :

For a given pair (i,j5) € P, U A,,, we set a vector
P;; = (Pyj1, -+, Pijm). Clearly, because of condition (3),
]P’ij e sm—1,

1<jrCIxI, A, ={G1):i€l}CIxI.

Let & = {A;}Y and & = {B;}M, be some fixed partitions
of P,,, and A,,,, respectively, i.e. A;(A; =0, B, B; =0,

N
and |J A; =P,
i=1

7

M

U B: = A, where N, M < m.

i=1

Definition 2 /22 QSO V : S™~1 — S™~1 given by @), (3),
is said a £9°)-Q8O w.r.t. the partitions &1, €, if the following
conditions are satisfied:

(i) Foreachn € {1,...,N} and any (u1,v1), (uz,v2) €
Ay, one has Py, ~ Py

(ii) For anyn # s, n,s € {1,...,N} and any (u1,v1) €
A, and (ug,v2) € Ag one has Py, L Pyyys

(iii) For each b € {1,..., M} and any (u1,u1), (v1,v1) €
By, one has Py, ~ Py o,s

(iv) Foranyd # q, d,q € {1,..., M} and any (u1,u;1) €
Bg and (vi,v1) € By, one has Py, L Py s,.
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3. DYNAMICS OF CLASSES G5 AND G5

This section is dedicated to examine the dynamics of classes
G1s and Gig, by studying the dynamics of Vag and Vi
selected from Gy and Gig respectively. To begin, Vag is
rewritten as follows:

o' = (y V) + (z0)?
Vog := y = a(z(0)? +2x<0> (1-2) ©)
2= (1 —a)(2©)? + 2y
The operator Vg can be redrafted as a convex combination
Vgg = Ole + (1 — Ol) WQ,
where
o= (YO + ()2
Wy =1 gy =220 — (£(0)2 (10)
and
Wy = y’ = 23:(0) 1— x<0> (11)

Theorem 1 Let W, : S? —> 52 be a £%9)-0SO given by
(I0)and xgo) (20 y©) 20 ¢ Fiz(W,) U Pery(W) be
any initial point in simplex S2. Then, the following statements
are true:

(i) One has

1 1

FZ,T(Wl) = {(1 - 1\/57 5, _§

5 +1\/§)}, (12)

2

(ii) One has

Perz(W1):{el762’( f \f_i )}

(13)

(iii) One has

W, (xg )) ={e1,ea}. (14)
Proof Let W, : S — S2 be a £(%9)-QSO given by (10),
xgo) ¢ Fixz(W;) U Pera(W7) be any initial point in simplex

52, and {W™ 12, be a trajectory of W} starting from point
(0)
Ty .

(1) The set of fixed points of W; are obtained by finding the
solution for the following system of equations:

r =y + 22
y =2z — z° (15)
z=2yz

By adding the first equation to the third equation in system
(13), we derive z = 22 —3z+1. Subsequently, the last equation
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and second equation are substituted to the first equation in
system (I3, we obtain (1 — % 2, %, f% + %\@) is solution
for system @I) Hence, the set of fixed point only consists of

(i1) To find 2—periodic points of W7, we should prove that
W1 has no any order periodic points in set W; \ L3, where
Ly = {ac 0 8220 = 0} The third coordinate of W;
increases if y™ > 1 and decreases if y™ < 1. In both cases,
W1 has no any order 2—periodic points in set W1 \ L3 because
the third coordinate of W increases or decreases along the
iteration of W; \ Ls. Therefore, finding 2—periodic points of
W1 over Lg is sufficient. To find 2—periodic points of Wi, the
following system of equations should be solved:

r = (2v — 2?)?

y=2y*—y*
z2=0

(16)

The solution for the first equation in system (I6) is easily to
find. Therefore, the 2—periodic points of W are ey, es and

(%_% 55% 5_%70)'

(i) Let 2\” ¢ Fiz(Wy) U Pero(Wy) and ¥ € Ls.
Obviously, the line Lg is invariant under Wj. Therefore,
the first coordinate of 1, can be redrafted as 7" (2(?)) =
(1 — )2 and @ () = (220 — (£(9)2)2. One shows
that n( and n(® are decreasing and increasing on [0,1]
respectively. As discussed in proof part (ii) of this theorem, we

3 5
derive Fiz(nM)N[0,1] = {5 - g}, Fiz(n®)n[0,1] =
{0 = — ﬁ , 1}, which indicate that intervals [0, ; - ?] and
3 5)
[5 - g, 1] are invariant under the function 5(?). Evidently,
WD) < 2, forall o € 0.5~ V2] and 5@ (a©) >
20, for all (¥ € [§ - ﬁ, 1]. if 2(© € [0,§ - ﬁ], then

2 2 Y 2 2

3 )
wy (@) = {0};if 20 € [5 — ==, 1], then w, ) (2(?) =
{1}.

In another way,

<77(2n) (I(O))v 1- 77(2n) (x(O) )’ O)
— n(Q”)(n(x(O))), O) ,if nois odd

(17)
) consists of ey, eo

Wi @) =
(n® (=), 1

Therefore, the set of limiting point wyy, (:cgo)
whenever xgo) € L3. To explore the behavior of W; when
x§°> ¢ Ls, the following result is required.

Claim 1 For any xl
such that {z(” }nz

§é Fix(W1)U Pery(Wh) there exist n,,
ClLs.

Suppose that {1 = {x§°) € 8% : 2 > 0} is invariant region,
1
which means a new region {5 = {xgo) € 8%y > Vs

invariant region. Evidently, the second coordinate of Wy is a
bounded increasing sequence that converges to a fixed point,

,if nois even
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1
where this a fixed point is greater than or equal to > Thereby

making 2"t > 2" i e itis a bounded increasing sequence
that converges to the fixed point one. But one is not fixed point,
which contradicts our assumption, which results in 2™ is a
bounded decreasing sequence that converges to zero and y™

is impossible always to be greater than 5 Hence, there exist

N, Such that {z(")}zo_ C Ls.

=N,

Hence, exploring the behavior of W1 over line Lg is sufficient,
the proof is completed.

0

Theorem 2 Let W : S? — S? be a £(%9)-QSO0 given by (T1) and mgo) = (20, 4O 2O ¢ Fiz(Wy) U Pery(Ws) be any

initial point in simplex S®. Then, the following statements are true:

(i) One has

Fiz(Wy) = {(z",y",2)}, (18)

where

X -1
L3
24(tft%)

(VBT YEVE+ /B VE+99vE — 35V — (VB — 1598 VA) ),

v =t (VEVE(TYTVE+ /BVE+99VE = 35VD)2 VT = 3V6(TYTVE+ /BVE

+99v/T7 — 35v/1)2 /T V/t + 360 /12 — 36+/T1V/E — 108v/3v/397 + 630 ¢/F; — 18),
% = sty (VEVB(T YRV + YBVE+ 99V — 35D VT = 3VB(TY/TVE+ /B VE

+99v/T7 — 35v/1)2 /T VT + 18 4 108v/3v/397 + 234 /12 + 18V/1\/T; — 63017,

t = (—6{/(146v3v/397)2+ 21Y/1 + 63397 + 210) and t; = 1+ 6/3/397.

(ii) One has

wiv, (7)) = { (=%, %, %)} . (19)

Proof. Let Wy : S? — S2? be a £(2)-QSO given by (T1)),
xgo) ¢ Fix(Ws) U Pery(W2) be any initial point in simplex
52, such that y(© # 1 and {W.™}2°, be a trajectory of Wy
starting from point Igo).

(1) The set of fixed points of W5 are obtained by finding the
solution for the following system of equations:

xr = y2—|—22
y=2x(1—x) (20)
z =22+ 2yz

By adding the first equation to the third equation in system
[20), we derive z = 22% — 3z + 1. The last equation and
second equation in the first equation are substituted in system
(20, we obtain only fixed point (™, y*, 2™).

(i1) To investigate the behavior of W5, the following regions
are introduced:

Bi: = {a\¥e82:0<2@ 4O 20 < %}7

1
By: = {29 eg?: 3 <z® <1},

By: = {20 eg?: % <y <1},

By: = {2V es?: % <2 <1},

Bs: = {2\Ve€8?:0<a® <0<y < %},

Bs: = {2V €82:0<y® <20 <0 < %})

B;: = {ng)ESzzégz(o)Sy(o)S%, O<x(0)§é

Subsequently, the behavior of W5 across all aforementioned
regions is explored. Then, the behavior of Wy will be
described. To achieve this objective, the following results
should be shown:

(1) Let x&o) € Bj. Then, 0 < x(o),y(o),z(o) < % It can
be easily to see that —1 < 3z(®) — 1 < %, by squaring and
adding —3(y(® — 2(9)2, we obtain 9(2(?)? — 62(®) + 1 —
3(y® — 2(0)2 < 1. Dividing the previous inequality by three

after adding two to both part for inequality, will derive

3z )2 — 220 11— (5@ — 202 <1,
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Therefore,
2(2(9)2 4+ (5@ 4 2(0)2 — (5O — (02 <1

Then, 2(z(9)2 + 4y(© 2 < 1, which implies that 2/ <

Subsequently, one shows that y < 1 vz l0.

0 < (y(o))g,(z(o))2 < i, thereby indicating that z/ <
Hence, B is an invariant region.

1
§ .
Evidently,
1

§ .

(2) The second coordinate of Wj is less than or equal % at any
n € N. We can easily see that 2/ < 3(®) 4 2(9) which indicates
(M < % Therefore, if wgo) € By U Bs, then ng, ,ng, € N,
such that sequences y(™*1) and z("#2) return to the invariant
region B;.

(3) Thereafter, we intend to show that if x§°> € By, then
ng, € N, such that sequences 2(nks) returns to the invariant
region B;. To achieve this objective, suppose that By is
invariant region. However,

2 < (29) 24 (5 0) 24 (2(0)2 < 20 (20 440 4 2(0)) — ,(O),

Then, Zf—;) < 1, this means z(™ is a bounded decreasing
sequence that converges to the fixed point zero, which
contradicts our assumption. Hence, the region B4 is not
invariant region.

(4) Suppose that 2z’ > ¢’ and 2’ > 2’. By depending on the
first coordinate, we derive 2’ = (y(©)24(2(0)2 < 2(2(0)2 <
22(0) 20 This thereby indicating 2’ is greater than or equal 5
which is a contradiction. Then, we consider a new sequence
2’ + 2 = 2(2(0)% — 229 + 1. The new sequence has a

minimum value —, which indicates that all coordinates are

greater than zero and less than % Hence, if zz:go) € Bg U By,
then ny, , ng,, Nk, € N, such that the sequences 2(ky) y("’*‘s)
and z("*s) return to the invariant region Bs.

(5) Let 2(® > 1. Whether the minimum value of 2’ =
(1 =20 — y(©)2 4 24(02) occurs when (3, £, 1). Thus,

2 > %and y™ > %

we obtain (") < % This indicates to that if =

, since all coordinates are equal one,
EO) € Bs, then

ng, € N, such that sequences WQ(MG) returns to the invariant
region B7.

We have proven that if m§0> € B;,i € {1,...,6}, then the

trajectory of W5 goes to invariant region B7. Thus, exploring
the dynamics of Wy over this region is sufficient. Evidently,
y™ is a bounded increasing sequence. Since y(™ + z(") is
bounded increasing sequence and z(™) = (") 4 () — (")
we conclude sequence (™) converges to . Thus, we have
y™ converging to y*. Hence, wyy, (xgo)) = {(z*,y*, ")},
which is the desired conclusion.

Remark: If © = 1, then VM ((0,1,0)) (1,0,0)
and V® ((0,1,0)) (0,0,1). When the same preceding
process is performed for next iteration, we will obtain
V() ((0,1,0)) (0,0,1) and V©"+1 ((0,1,0))
(1,0,0). One can find e; and ez are 2—periodic points for

Wa. O
Now, we are going to explore the behavior of V3.
o = (y©)2 1 ()2
Vo :=q ' = (1 - ) (2(9)? + 2402 @1
2= a(z@)? + 220 (1 - 2()
We redraft V33 as a convex combination Vg = aW; +
(1 — a) Wo, where
= (y(o))Q + (Z(O) 2
Wy =<y = (2(9)2 4 2y (22)
2 =220 (1- x(o))
and
o = () + (:0)2
Wy =< o =242 (23)
Z'::QJAO)__($(®)2

Corollary 1 Let Wy : S? — S? be a £(%)-QS0 given by @2)and xﬁo) = (29,4 20 ¢ Fiz(W,)U Pery(W1) be any initial

point in simplex S2. Then, the following statements are true:

(1) One has

Fix(Wy) = (2%, y", 2%),

Where
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o = =l (VBTYRVE+ YRV 99T - 35D} - (VB — 159 VD) ) :

2a(t5 )
2 = gy (VBVB(TYEVE + YBVE+99vE = 35v8)2 Vi = 3VB(TYEVE+ (/B VE
+99V/TT — 35v/1) 2 /E VT + 360/13 — 36+/T1v/E — 108v/3v/397 + 630 /1 — 18);
P = o (VBT YEVE + YRV + 99V — 85 U — VBT YEVE+ YAVE

+99v/T1 — 35v/1)2 /T VT + 18 4+ 108v/3v/397 + 234 /12 + 18V/t\/T; — 630/17;

t = (—6{/(146v3v/397)2+ 2191+ 6/3V397 +210) and t; =1+ 6v/3v/397
(ii) One has

wir (20) = { (2%, %, %)} (25)

For Wy, let Wy : S2 — 52 be a £(49)-QS0 given by 23)and xgo) = (20, 4O 20y ¢ Fix(Wy) U Pery(Ws) be any initial point
in simplex S2. Then, the following statements are true:

(i) One has that

. 1 1 1 1
Fiz(W,) = {(12\@,2+2x/§,2>}, (26)
(ii) One has
P€T2(W2) = {61, 63} 5 (27)
(iii) One has
wi, () = {e1, es}. (28)
4. DYNAMICS OF CLASSES G5 AND G1; (i) The set of fixed points of V; are obtained by finding the

solution for the following system of equations:

This section explores the dynamics of V517 : S% — S? v = az? + 292
selected from G5 and G1; respectively. To begin, V5 can y=(1—a)a? (32)

be rewritten as follows: z=y?+22+22(1—2)

o' = a(z)? 4 24020 The second and equation z = 1 — y — x are substituted to the

Vsi=q ¢ =(1-a)@®)? (29) first equation in system (32). Then, the first equation in system
2= (y )2 + (29)? + 2200 (1 - 2) (32) becomes as follows: (2 — a)z? — 2(1 — a)22* + 2(1 —

a)x® = x. We easily check that the only solution for the last

equation, such that x € [0, 1] is zero. Hence, the only fixed
point is es.

Theorem 3 Let Vs : 5% — 52 be a £(%)-QSO given by 9)

and 2" = (2,4, 2©) ¢ Pix(Vs) be any initial point in (ii) It can be easily to see that 4 < z’. Thus, 3™ < (™) for

simplex S2. Then, the following statements are true: any n € N. Consider a new sequence =’ + ¢/ = (z(©)? +
2y(0)z(0). Then,

(i) One has
Fix(Vs) = {es}, (30)
2 +y < (@O 4 y0)2 4 (2O 4 5050 = 50 4 O
(ii) One has o
Wy (xgo)) = {es}. 31 Now, we are going to prove that #ﬁjm) < 1. To achieve this
objective, suppose that =’ > % However,
Proof. Let Vi : S? — S? be a £(¢9)-QSO given by (29), 2’ = a(z®)? + 2@ 20 < (£(0)2 1 90O
xgo) ¢ Fix(Wy) be any initial point in S? and {azgn)}ff:l be a

(0)(2(0) 4 ,(0) 4 ,(0)
trajectory of V5 starting from point a:§°>. <z (™ +y 4+ 2

< 20

)
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then ;’f—;) < 1. Therefore, ™ is a decreasing bounded
sequence that converges to a fixed point, but the set of fixed
point has no this point, which is a contradiction. Hence, (M is
less than %, which results in ﬁzzo) < 1. Therefore, the new
sequence is a bounded decreasing that converges to zero. It is
known that sequences (™, y(™ and z(") are always greater
than or equal to zero. Hence, ("™ converges to zero and 3™

converges to zero. Since the set of limiting points wy; (g;§0>)

is not empty set, we derive wy; (x§0>) = {es}, the proof is

completed. 0
Now, we explore the behavior of V7.
2’ = (1 —a)(z®)2 + 2y 0
Vir =< oy = a(z(®)? (33)

24 ()2 4220 (1 - 2)

Corollary 2 Let Vi : S? — S? be a £(%9)-QSO given by (33)
and x(o) (2(©) ) 20y ¢ Fix(Vs) be any initial point in
simplex S2. Then, the following statements are true:

(1) One has

Fi.%‘(V17) =

{63} ; (34)

(2) One has

{es}. (35)

Wvy7 (‘rl )

5. DYNAMICS OF CLASSES G, AND Gg

In this section, we explore the dynamics of classes G7 and Gg
by studying the dynamics of Vi3 and Vjg9. This section needs
useful facts about properties of the function g,, : [0, 1] — [0, 1]

given by
g () = (1 =

Thereafter, the dynamics of the behavior Vi3 and V19 will be
ready to explore.

a)x? 4+ 2z (1 —z) (36)

Proposition 1 Let g, : [0,1] — [0, 1] be a function given by
(B6). Then, the following statements are true:

(i) One has Fix (go) = {0, H—%}’

(ii) One has wg, (zo) = {H%a} where xg ¢ Fiz (go(2)).

Proof. (i) The set of fixed points of g, are obtained by solving
the following equation:
(1 —a)z? +2z2(1 — x)

=z (37)

By solving the equation with regard to variable x, we find

x=0o0rx = 14%1 Therefore, Fix (9o) = {0, IJ%Q}
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(ii) Firstly, the interval [0,1] is divided into tow intervals
L = o, 1+a] and Iy = [1+a, 1]. Let xg € I, it can
be easily to see that g,(xo9) > xo for any xg € I, then
g&"H)(xo) > g&n) (x0) for any n € N, which indicates that
Jo 1S a bounded increasing sequence on 1. Accordingly,
it converges to x* and x* should be a fixed point, that is
x* L. Hence the limiting point is w,, (1¢) = {H%x}

= 1+«
Similarly, one can show that if xoy € I, then the limiting point

is wy,, (x0) = {p%a}, this process completes the proof. O
The operator V3 is rewritten as follows:
' = (1—a)(z®)? + 220 (1 — )
Vig =< y = a(z)? (38)

2 = (20)2 4 (y(0)2 4 24(0);(0)

Theorem 4 Let Vi3 : S? — S? given by (38) be a £(%5)-QSO
and xgo) = (20, 4©) 20 ¢ Fix(Vi3) be any initial point
in simplex S2. Then, the following statement are true:

(i) One has
Fiz(Viz) = {es, (%,7,2)},
where & = H%X,g: ez and z = ﬁ
(ii) One has
es, if 20 € Ly;

(0))

Wvis (‘rl

(%,9,2), if 20 ¢ L.

Proof. Let Vi3 :
20
1

52 — 52 be a £(*9)-QSO given by (35),
¢ Fix(W3) be any initial point in simplex S? and

{x%") }2 | be a trajectory of Vi3 starting from point m§°>.

(i) The set of fixed points of Vi3 are obtained by finding the
solution for the following system of equations:

r=(1-a)z?+22(1 1)
y = ax?
z2=y>+ 22 + 2z

(39)

By finding the solution for the first equation in system (39),
weobtalnx*()or:c = L Ifzr=0,theny =0and z = 1;
ifx = 1+a theny = y = —*=5
Therefore, Fix(Vi3) = {es, (Z,
(i) Let ") ¢ Fixz(Vi3). The dynamics of Vi will be
discussed when :cgo) € Ly and :z:%o) ¢ L, where L1 =

{z{") € §2 : 2(® = 0}. Thus, two cases should be discussed
separately.

(a) Let x( ) € L;. We can easily show that L; is invariant

line under Vi5. Therefore, {x(")}zozl converges to zero.
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Accordingly, sequence {y("“)}zo: converges to zero. By

1
using () 4 y(”) + 20 = 1, we obtain that {z(”)}:il

converges to one. Hence, the limiting point in this case is

wV13(x1 ) = {6 }

(b) Let xgo) ¢ L;. Due to proposition(T), we have {m(") }:o=1
1ia The second coordinate depends
on the first coordinate of Vi3, then {y ”)}

Accordingly, {z(™}>

converging to & =
_, converges

to y COHVCI‘gCS to

(1+0¢)
Z= % Hence, the limiting point whenever 2O ¢ Ly is
wvlg( ) = {(z, 7, 2)}, the proof is completed. O

Subsequently, we are going to explore the behavior of £(@9)-
QSO Vig : S%2 — S2. The operator Vg is rewritten as follows:

= (1—a)(z®)? + 2201 — £©)
Yy =)+ (:0)?

(40)

Theorem 5 Let Vig : S? — S? given by @0) be a £(*)-QSO
and xgo) = (29, y(0), 2(0)) ¢ Fiz(Vig) be any initial point
in simplex S2. Then, the following statements are true:

(i) One has

Fil‘(Vlg) = {827(0a %’ %)7( +7y+ +)}7

where xT = ﬁ7 yt = SaHZ(a:SGaJF and z" =
a—1+vVa?+6a+1
T 4(atl)
(ii) One has
(07 %7 %)a Zf I,(O) S Ll
Wvig (xgm) =
(@*,yt,2%), if 2@ ¢ Ly

Proof. Let Vig : S? — S? be £(#9)-QSO given by (#0),
x§0> ¢ Fix(Vig) and {a:ln)};'f:l be a trajectory of V7g starting
from point xlo .

(1) The set of fixed points of Vg are obtained by finding the
solution for the following system of equations:

r=(1-a)z?
y=y’+2
z = ax? + 2z

+2z(1 — )
(4D)

By finding the solution for the first equation in systern 1),
we obtain that x = 0 or z = 1+a If + = 0, then
y =ladz = 0ory = z = 33 ifz = H%’it
follows by finding the solution for the second equation in
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system (@#I) that is y = y* and 2 = zT. Therefore,
Fiz(Vig) = {e2, (0,3, %), (zT,yT,2)}.
(i1) Let xl ¢ Fix(Vi3). The dynamics of Vig will be

explored when zgo) € L; and xl) ¢ Lq. Thus, two cases
should be discussed separately:

(a) Let x§0> € Ly. Since the first coordinate of Vg is equal to
the first coordinate of V73, which indicates L is invariant line
under V9. Therefore, {x(”) }:;1 converges to zero. To study
the behavior of the third coordinate, we consider the third
coordinate of Vig, namely, 2/ = h(z(?) = 22(0(1 — 2(0)),
Firstly, the interval [O 1] is divided into two intervals as the
follows: I; = [0,1] and I, = [,1]. One can see that
h(Iy) C I, thereby indicating that I; is invariant interval
under h. Thus, exploring the dynamics of h over I; is
sufficient. Let 2(*) € I;. Evidently, h("+1) (2(0)) > p(n)(2(0))
i.e., (™ is a bounded increasing sequence. Accordingly,
{h(m(z(o))}zo:1 converges to a fixed point of h that is

3. Therefore, sequence {z(")}" converges to 3. By

using z™ 4+ y™ 4 2(") — 1 we obtain that {y(" }Oo

=1
converges to % Hence, the limiting point in this case is
Wy (1’1 )

{( 7272)}

(b) Let 2\*) ¢ L1 Due to proposition (TJ), we have {a:(" b
converging to T It can be easily to check that -— +a > %
at any o € [0,1]. Thus, exploring the behavior of second
or third coordinates on a region less than % is sufficient. To
explore the behavior of second coordinate, we consider the

second coordinate of V39, namely,

2c o
2(y)? v+ (—)2,

"' — M(y®D) = _
y ™) at1 at1

(42)

1 1
where y(® € [0, 5) and o € [0,1]. The interval [0, 5] is
divided into the following intervals:

= [0.s(@)]. I = [s(@).y~(@)]. Is = [y~ (0). g3,

I4 = [ﬁ, O(L-‘rl]’ and
2

Iy = [o%per( a)], where s(a) 2(o¢aT)2’ y () =
3a+1l—vVa2+6a+1 2+6a+ (a) _ 3at+l1+vVa?46a+1

4(a+1) - 4(a+1) ’
kla) = % and yt(a) = 3a+1+(\/a+214)r(304+ > 11t
can be easily to check

0% 5(0) < y~(0) < Ka) < 5 < oy < 27 <
y* (o).

and
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Thus, exploring the dynamics of M (y(o)) on the intervals I,
I3 and I5 is sufficient. Firstly, we are going to explore the
dynamics of M (y(®)) on I5. To achieve this objective, the
following claim is required.
Claim 2 Ler y(© ¢ I, such that
M) (y0)) € I, U I

Then, n, € N,

Proof. Suppose that I5 is an invariant interval and let
y(© e I, which results in that (™ € I5 for any n € N.
Obviously, M+ (5©) < M) (4©) which indicates
that { M (y(©)} ™ is a bounded decreasing sequence that

1
converges to a fixed point of M. However, Fiz(M)N |0, 5] =

Hence, niy € N, such that
O

@, which is a contradiction.
M) (5O € I, U I.

Accordingly, it is enough to explore the dynamics of M (y())
on I U I5. Evidently, M(y) is a decreasing on I and I3.
M(2)(y(0)) > y© if 4@ e I, and M(Q)(y(O)) < yO, if
y(© € I3 are easily shown. Thus, to explore the behavior
of Vig on the interval I and I3, we should examine two
separately cases.

(1) Let y(© € I,. Then, M (y») € I3 and M) (y(©)) € I,.
Define the function G(y(?) = M@ (y(©) — y(©) Evidently,
Gy®) > 0 on I,. This means that M3 (y(©) >
MCr=D)(y0)) which indicates that {M(Q”)(y(o))}:il
is an increasing bounded sequence. Moreover, sequence
{M(Q”)(y(o))}zoz1 converges to a fixed point of M), Tt
can be easily to see that y~(«) is fixed point of M) that
is the only possible point the convergence trajectory. Hence,
y(™) converges to y~ (a).

(2) Let y© € I3. Then, M(y) € I and M3 (y(0)
I3. 1In the same manner, define the function D(y(®)
Y@ — M@ (y(©), it is easy to see that D(y(®?)) > 0 on
I3. Thus, M @™ (y(©) < MCM=1)(4©)) which indicates
that {M (2”)(31((’))}20:1 is a bounded decreasing sequence.

€

Furthermore, sequence{M (2n) (y(o) ) }20:1 converges to a fixed

point of M (?). One can find that 3y~ («) is fixed point for M (?)
that is the only possible point of the convergence trajectory.
Thus, y®™ converges to vy~ (a). Hence, M (") converges to

y (o) =yt

In accordance with what we have proven, we have {:v(”) }20:1
converging to =z and {y(")}:il converging to y*. One
concludes that the limiting point when xgo) ¢ Ly is wy,, =
{(zT,y™,27)}, the proof is completed. O

170

REFERENCES

[1] Bernstein S., Solution of a mathematical problem
connected with the theory of heredity. Annals of Math.
Statis. 13(1942), 53-61.

[2] Ganikhodjaev N. N., Rozikov U. A., On quadratic
stochastic operators generated by Gibbs distributions.

Regul. Chaotic Dyn. 11 (2006), 467-473.

[3] Ganikhodjaev N.N., An application of the theory of
Gibbs distributions to mathematical genetics. Doklady

Math 61 (2000), 321-323.

[4] Ganikhodzhaev N. N., Mukhitdinov R. T., On a class
of measures corresponding to quadratic operators, Dokl.

Akad. Nauk Rep. Uzb. no. 3 (1995), 3—-6 (Russian).

[5] Ganikhodzhaev R. N., A family of quadratic stochastic
operators that act in S2. Dokl. Akad. Nauk UzSSR. no. 1

(1989), 3-5.(Russian)
(6]

Ganikhodzhaev R. N., Quadratic stochastic operators,
Lyapunov functions and tournaments.Acad. Sci. Sb.

Math. 76 no. 2 (1993), 489-506.

[7] Ganikhodzhaev R. N., Dzhurabaev A. M., The set
of equilibrium states of quadratic stochastic operators
of type Vi. Uzbek Math. Jour. No. 3 (1998), 23-

27.(Russian)

[8] Ganikhodzhaev R. N., Abdirakhmanova R. E.,
Description of quadratic automorphisms of a finite-
dimensional simplex. Uzbek. Math. Jour. no.1 (2002),

7-16.(Russian)

[9] Hofbauer J. and Sigmund K., The theory of evolution and
dynamical systems. Mathematical aspects of selection,

Cambridge Univ. Press, 1988.

[10] Kesten H., Quadratic transformations: a model for
population growth.I, I, Adv. Appl.Probab, 2 01 (1970),

1-82.
(11]

Lyubich Yu. 1., Mathematical structures in population
genetics, Springer-Verlag, (1992).

[12] Mukhamedov F., Qaralleh I., Rozali W.IN.F.A.W, On
&*-quadratic stochastic operators on 2-D simplex. Sains
Malaysiana. 43 8 (2014), 1275-1281.

[13] Mukhamedov F., Saburov M., Jamal A.HM., On
dynamics of ¢°-quadratic stochastic operators, Inter.
Jour. Modern Phys.: Conference Series 9 (2012), 299—

307.

[14] Alrwashdeh, Saad Sabe. ”Assessment of Photovoltaic
Energy Production at Different Locations in Jordan.”
International Journal of Renewable Energy Research-

IJRER 8.2 (2018).

[15] Rozikov U.A., Zada A. On ¢- Volterra Quadratic
stochastic operators. Inter. Journal Biomath. 3 (2010),

143-159.



International Journal of Engineering Research and Technology. ISSN 0974-3154, Volume 12, Number 2 (2019), pp.[162]-
© International Research Publication House. http://www.irphouse.com

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Rozikov U.A., Zada A. ¢-Volterra quadratic stochastic
operators: Lyapunov functions, trajectories, Appl. Math.
& Infor. Sci. 6 (2012), 329-335.

Rozikov U.A., Zhamilov U.U.,, On F'-quadratic
stochastic operators. Math. Notes. 83 (2008), 554-559.

Rozikov U.A., Zhamilov U.U. On dynamics of strictly
non-Volterra quadratic operators defined on the two
dimensional simplex. Sbornik: Math. 200 no.9 (2009),
81-94.

Stein, P.R. and Ulam, S.M., Non-linear transformation
studies on electronic computers, 1962, Los Alamos
Scientific Lab., N. Mex.

Alrwashdeh, Saad S. “Investigation of Wind Energy
Production at Different Sites in Jordan Using the
Site Effectiveness Method.” Energy Engineering 116.1
(2019): 47-59.

Ulam S.M., Problems in Modern Math., New York;
Wiley, 1964.

Mukhamedov Farrukh, Mansoor Saburov, and Izzat
Qaralleh. ”On ¢(%)-Quadratic Stochastic Operators on
Two-Dimensional Simplex and Their Behavior.” Abstract
and Applied Analysis. Vol.2013 (2013), 1-13.

171

(23]

[24]

[25]

[26]

(27]

(28]

Alsarayreh, A., Qaralleh, I, & Ahmad, M. Z. £(@9)
-Quadratic Stochastic Operators in Two-Dimensional
Simplex and Their Behavior. JP Journal of Algebra,
Number Theory and Applications. 39 5(2017), 737-770.

Hofbauer J., Hutson V. and Jansen W., Coexistence
for systems governed by difference equations of Lotka-
Volterra type. Jour. Math. Biology, 25 (1987), 553-570.

Ganikhodzhaev R. N., Eshmamatova D. B., Quadratic
automorphisms of a simplex and the asymptotic behavior

of their trajectories, Vladikavkaz. Math. Jour. 8 no. 2
(2006), 12-28.(Russian)

magnitude. Uzbek. Math. Jour. No. 4 (2000),
21.(Russian)

16—

Ganikhodzhaev R., Mukhamedov F., Rozikov U.,
Quadratic stochastic operators and processes: results and
open problems, Infin. Dimens. Anal. Quantum Probab.
Relat. Top. 14 (2011), 270-335.

El-Qader, Hamza Abd, Ahmad Termimi Ab Ghani, and
Izzat Qaralleh. ”Classification and study of a new class
of f(‘ls)-QSO.” arXiv preprint arXiv:1807.11210 (2018)

Alrwashdeh, Saad S. ”“Modelling of Operating
Conditions of Conduction Heat Transfer Mode Using
Energy 2D Simulation.” International Journal of Online
Engineering (1JOE) 14.09 (2018): 200-207.



	Introduction
	Preliminaries
	Dynamics of classes G16 and G18
	Dynamics of classes G5 and G11
	Dynamics of classes  G7 and G8

