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Abstract
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1. INTRODUCTION

In [7],[8], Fisher proved some related fixed point theorems in
two complete metric spaces which is as follows:

Theorem 1.1. Ler (X,d) and (Y, p) be a complete metric
spaces. If T is a mapping from X into'Y and S is a mapping
fromY into X satisfying the following conditions:

p(Tx, Tsy) < cmax{d(z, Sy), p(y, Tx), p(y, STy)}

d(Sy, STx) < cmax{p(y, Tx),d(z, Sy), d(x, STx)}

forall x,y € X where c € [0,1), then ST have a unique fixed
pointw in'Y. Further Tz = w and Sw = z.

In [30], Popa extended the results of Fisher. Besides, Cho [6],
extended and improved the results of Fisher [7],[8], and Popa
[30]. Recently, related fixed point theorems on three complete
metric spaces have been studied by Fisher and Rao [28-30],
Nung [24], Jain and Rao[10-12], Jain and Dixit[9].

In 2006 Mustafa, and Sims, introduced the notion of
generalized metric space called G-metric space [15]. In
this generalization to every triplet of elements in the space
assigned a non-negative real number. = An analysis of
the structure of these spaces was done in details in [15].
Subsequently, several authors proved many kind of fixed point
theorems for contractive type mapping and expansive mapping
in generalized metric spaces (see [1]-[3],[4-5],[13-14],[16-
23],[25],[27],[31]). On the other hand, Rao [31], obtained
the related fixed point theorems on three complete G-metric
spaces.

In the first part of this paper, we prove some results
concerning the related fixed point theorems on two complete
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G-metric spaces and deduce some corollaries. In the second
part, we prove also a related fixed point theorems on two
compact G-metric spaces. The results of this paper are new
in G-metric spaces.

2. PRELIMINARIES

We recall some basic definitions and results which are
important in the sequel. We refer to [19], for details on the
following notions. Throughout this paper, R denotes the set of
all real numbers, R™ denotes the set of nonnegative reals and
N denotes the set of natural numbers.

Definition 2.1. Let X be a non empty setand G : X x X x X —
R be a function satisfying the following axioms:

(G G(x,y,2) =0if z=y =z,

(G2) 0 < G(z,x,y), forall z,y € X, with z # y,

(G3) G(x,z,y) < G(z,y,2), forall z, y, z € X, with z # y,

(G4) G(z,y,2)
all three variables),

(GS) G(z,y,2) < G(z,a,a) + G(a,y,2), for all z, y, z,
a € X (rectangle inequality).

G(x, z,y) = Gy, z,x) = (symmetry in

Then the function G is called a generalized metric, or more
specifically a G-metric on X, and the pair (X, G) is called a
G-metric space.

Example 2.1. Define G : R x R x R — R by G(z,y,2) =
|z —y|+ |y — 2|+ |z — x|, forall z,y, 2 € X. Then it is clear
that (R, G) is a G-metric space.

Proposition 2.1. Let (X, G)be a G-metric space. Then for any
x,y,z and a € X, it follows that:

(1) if G(z,y,z) =0thenx =y = z,

2) G(z,y,2) < Gz, z,y) + G(z, 2, 2),

3) G(z,y,y) < 2G(y, =, x).

Definition 2.2. Let (X, G) be a G-metric space, and (x,) be
a sequence of points of X, we say that (x,,) is G-convergent
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tox € X if for any € > 0, there exists N € N such that
Gz, Zpn, Tm) <&, foralln,m > N.

Proposition 2.2. Let (X, G) be a G-metric space. Then the
following are equivalent:

(1) (z,) is G-convergent to z,
(2) G(xp,xn,x) — 0,28 N — 00,

3) G(zp,z,x) — 0,a8n — o0.

Definition 2.3. Ler (X, G) be a G-metric space, a sequence
() is called G-Cauchy if given ¢ > 0, there is N € N such
that G(xp, T, x1) < €, foralln,m,l > N.

Definition 2.4. A G-metric space (X, G) is said to be
G-complete if every G-Cauchy sequence in (X,QG) is G-
convergent in (X, G).

Definition 2.5. A G-metric space (X,G) is said to be a
compact G-metric space if it is G-complete and G-totally
bounded.

Definition 2.6. Ler (X,G1) and (Y,Gz) be complete G-
metric spaces, and let f : (X,G1) — (Y, G2) be a function,
then f is said to be G-continuous at a point a € X, if
given € > 0, there exists 6 > 0, such that w1, T2 €

X, Gi(a, 1, 22) < & implies Go(f(a), f(x1), f(x2)) <e.

A function f is G-continuous on X if and only if, it is G-
continuous at all a € X.

Proposition 2.3. Let (X, G) be a G-metric space. Then the
Sunction G(x,y, z) is continuous in all variables.

3. RELATED FIXED POINT THEOREMS ON
COMPLETE G-METRIC SPACES

Our main result follows:

Let 3 be the set of all continuous real functions g : RT x
R+ x R* — R¥ such that:
(1) 9(0,0,0) =0

Gi) If w? < g(uv,0,0) or u?> < g(0,uv,0) or u?
9(0,0,uv), for all u,v € R, then there exists 0 < ¢ <
such that u < %cv.

Example 3.1. Ifwe define a function g : RT xRT xRt — Rt
by the following:

<
1

(@) g(u,v,w) = icmax{uw,vu,wv}, for all u,v,w € RT,
where 0 < c < 1,

(b) g(u,v,w) = %(auw+bvu+cwv), for all u,v,w,a,b,c €
RT.

Then g € S.

Theorem 3.1. Let (X, G1) and (Y, G2) be complete G- metric
spaces, and T be a mapping of X into Y and let S be a
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mapping of Y into X satisfying the inequalities:

G3(Tz, TSy1,TSys) < g(Ga(yr, TSy1, TSy2)Ga2(y1,y2, Tz ),
Ga(y1,y2, Tz )G1(x, Sy1, Sy2),
Gi(x, Sy1, Sy2)Ga(y1, T'Sy1, T'Sy2))

3.1)

G%(Syla SQQ> STz ) Sg(Gl(xa z, ST(E)Gl([l?7 Syh Sy?)»
G]_(.TI, Syla Sy2)G2(y17 y27Tx)a
GQ(yla y27Tx)G1('ra z, STZ‘))

32)

for all x in X and y1,y2 in Y, where g € . Then ST has a
unique fixed point z in X and T'S has a unique fixed point w in
Y. Further, Tz = w and Sw = z.

Proof. We define the sequences (z,,) in X, and (y,,) in Y by
T, = (ST)"x,y, = T(ST)"x, forn = 1,2,....We will
assume that x,, # z,41 and ¥, # yn+1 for all n. Applying
the inequality (3.1) and using property (ii), we have

Gg(ymyn+1ayn+1)
= G3(Txn_1,TSYn, TSy,) <
9(G2(Yn, TSYn, TSYn)G2(Yn, Yn, TTn—1),
G2(ym Yn, Tzn—l)Gl (xn—lv SYn, Syn)»
G1(Tn—1,SYn; SYn)G2(Yn, T'SYn, T'Syn))

S 9(07 07 Gl (xn—la Tn, xn>G2(yn7 yn+17 yn+1))7
and it follows that

1
G%(y'ru Yn+1, yn+1) S ZCGI (:Enfh Tn, xn)G2(yn7 Yn+1, ynJrl)

1
GQ(y7uyn+layn+1) § ZCGl(zn—hxn,zn) (33)

Similarly, applying the inequality (3.2),

G2 (T, Ty Trp1) = G2(SYn, Syn, STx,)
< 9(G1(n, Ty 1) G1 (T, SYns SYn),
G1(Tns SYn, SYn)G2(Yn, Yn, Trp),
Ga2(Yn, Yn, T20)G1(Tn, Ty Tny1))
< 9(G1(Tn, Ty Tny1)G1(Tn, Tn,y Tn),
G1(Tn, Ty n) G2 (Yns Yns Yn+1)s
G2(Yns Yns Yn+1)G1(Tns Ty Tny1))

Using property (ii) and the Proposition(2.2), we have

1
G (T, Ty Tp1) < 1¢G2(Un: Y Y1) G (@n, Ty )

Gl (xna Tn41, xn+1) S Gl (l‘n, T,y xn-i—l)

N | =

INA
N | =

1
ZCGQ(yn; Yn, yn-‘rl) S
cGo(Yns Ynt1 Ynt1)
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Gl(xnal'n—&-l,zn—&-l) § CGQ(ynayn+17yn+l) (34)
Now it follows from the inequalities (3.3) and (3.4) that

1
Gl (xna Tn+1, mn-&-l) S ZCQGl(xn—la Tn, xn)

Hence, by induction we get

1
G1(Tp, Tpi1, Tny1) < (5)P "Gz, 21, 11), forn=1,2,---

4
(3.5)

So (z,,) and (y,,) are G-Cauchy sequences with limits z in X
and w in Y. Using the inequality (3.1), we have

G5(T2,Yn, yn)
=G3(T2,TSYn—1,TSyn_1)
< 9(G2(Yn—1,TSYn—1, TSYn—1)G2(Yn—1,Yn-1,1'z2),
Go2(Yn—1,Yn—1,T2)G1(2, SYn—1,SYn—1), G1(2, SYn—1,
SYn-1)G2(Yn-1,TSYn—1,TSyn—1))
< 9 (G2(Yn—1,Yn,Yn)G2(Yn-1,Yn-1,T2),
Go(Un—1,Yn-1,T2)G1(2, Tn—1,Tn_1),
G1(%, Tn-1,Tn-1)G2(Yn—1,Yn,Yn))-

G3(Tz,w,w) < ¢(0,0,0) = 0,

it follows that Go(Tz,w,w) = 0, hence w = T'z. Using the
inequality (3.2), we have

G2(Sw, Sw, z,) = G?(Sw, Sw, STx,_1)
S Q(Gl (xn—la Tn—1, ST-Tn—l)Gl (mn—lv Sw7 S’U)),

Gl(‘rnfla S'LU, Sw)G2(w7 w, T‘Tn,l),
Go(w,w, Txp_1)G1(Tpn-1,Tn-1,5TTn_1)).

Letting n tends to infinity and using (i), we have
G2 (Sw, Sw,x,) < ¢(0,0,0) = 0, and it follows that z =

Sw. Thus STz = Sw = z,TSw = Tz = w, and so ST has a
fixed point z and T'S has a fixed point w. To prove uniqueness,
suppose that ST has a second fixed point z; and 7'S has a
second fixed point w;. Then applying the inequality (3.1) and
using property (ii), we have

G3(w,wy,wr)
= G3(TSw, T Swy, T'Sw)
= G2(Tz,TSwy, TSwy)
< g(Ga (w1, TSwy, TSw1)Ga(wy,wy,Tz),
Go(wy,wy,T2)G1(z, Swy, Swy),
G1(z, Swy, Swy)Ga(wy, TSwy, T Swy))
< 9(0, Go (w1, w1, w)G1(Sw, Swi, Sw),0),
it follows that
G3(w,wy,wy) <
Go(w,wy,wy) < icGl(Sw,Swl,Swl).
(3.6)

%CGl(SU/, Swla Swl)GZ(wla Wi, ’LU),

Further, applying the inequality (3.2) and using property (ii),
we have

G3(Sw, Sw, Swy) = G2 (ST Sw, STSw, ST Sw;) <
g(Gl(Swh Swl, STSwl)Gl(Swl, STS'IU, STS'IU)7
G1(Swy, STSw, ST Sw)Go(TSw, TSw, T Swy),
GQ(TSw,TSw,TSwl)Gl(Swl,Swl, STSwl))
< 9(0,G1(Swy, Sw, Sw)Gs(w, w,wy),0)

which implies that

G3(Sw, Sw, Swy) < 1c¢Ga(w,w, )Gy (Sw, Sw, Sw;)
G1(Sw, Sw, Swy) < %ch(w,mwl)
<

G1(Sw, Sw, Swy) %ch(w, w, w1 ),

3.7
again by using the Proposition (2.2), we get,

1
5G1(SU),S’LU1,SU)1)
1 1
< G1(Sw, Sw, Swy) < ZCGQ(w,w,wl) < Ech(w,wl,wl)

G1(Sw, Swy, Swy) < cGa(w,wy, wr). (3.8)

Now it follows from the inequalities (3.6) and (3.8) that

Go(w,wy,wr) < icGl(Sw, Swy, Swy)

< icQGg(mwl,wl) < Ga(w,wr,wq)

and so w = w; since ¢ < 1. The fixed point w of T'S must
be a unique. Now 1'Sz; = z; implies T'STz; = Tz, and so
Tz = w. Thus z = STz = Sw = STz, = 7, proving that
z is a unique fixed point of ST'. Thus the proof of the Theorem
is completes. O

We have the following Corollaries:

Corollary 3.2. Let (X,G1) and (Y,G3) be complete G-
metric spaces, and T be a mapping of X into Y and let S be
a mapping of Y into X satisfying the inequalities:

G%(T:v,TSyhTSyQ) < —cmax{Ga(y1, T Sy1,TSys2)

Gao(y1,y2,Tx ), Go(y1,y2, Tx)G1(x , Sy1, Sy2),
G1(z, Sy1,Sy2)Ga(y1, T Sy1,TSy2)}

>~ =

1
G2(Syy, Sya, STz ) < ZcmaX{Gl(x, x, STx)G1(x, Sy1, Sy2),
G1(x, Sy1, Sy2)Ga(y1,y2, Tz), Ga(y1, y2, Tx)G1 (v, v, STx)}
forall x in X and y1,y2inY, 0 < ¢ < 1. Then ST has a

unique fixed point z in X and T'S has a unique fixed point w
inY. Further, Tz = w and Sw = z.

Proof. It is immediate to see that, if we take a function g : RT x RT x R* — R¥, by g(u,v,w) = Fcmax{uw, vu, wv}, for
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all u,v,w € RT, where 0 < ¢ < 1, then from Example (3.1)(a) it follows that ¢ € < and by the Theorem (3.1), the Corollary
follows. O

Corollary 3.3. Let (X,G1) and (Y, G2) be complete G- metric spaces, and T be a mapping of X into Y and let S be a mapping
of Yinto X satisfying the inequalities:

1
G3(Tx, TSy1,TSy2) < = (a1Galy1, TSy1,TSy2)Ga2(y1,ya, Tz ) + b1Ga(y1,y2, T2 )Gy (x , Sy1, Sy2)+

>~

c1Gi(z, Sy1, Sy2)Ga(y1,TSy1, T Sy2))

G3(Sy1,Sy2, STz ) < - (a2G1(x , 2, STx)G1(x, Sy1, Sy2) + boG1(z, Sy1, Sy2)Ga(y1, ya, Tx)+

RNy

c2Ga(y1, Y2, Tx)G1(x ,x,STx))

forallxinXand yy,y2 inY, ai,az2,b1,bs,c1,co € RT with (a1 + by + c1)(az + be + c2) < 1. Then ST has a unique fixed point
zin X and T'S has a unique fixed point w in Y. Further, Tz = w and Sw = z.

Now, we give an example to illustrate Theorem(3.1).
Example 3.2. Let X =Y = [1, 00), we define on X and Y the G;-metric space and the Go-metric space as follows:

Gi1(x1,xa,23) = max{|z — 23|, |22 — x5, |T5 — 21|}, With 21, 29,23 € X

V2 .
Ga(y1,y2,93) = TGmaX“yl —yal, |y2 — ysl, lys — 1|}, with y1, 92,43 € Y.

Let T and S defined by Tz = 2z — 1 and Sy = y, we have
V2 1v2

1
= lcmax{ov 07 Gl(x, Syv Sy)GQ(ya Tya Ty)} = g(oa Oa Gl(xv Sya Sy)G2(y7 Tyv Ty))

then ST and T'S have the unique fixed point 1.

Theorem 3.4. Let (X, G1) and (Y, G3) be complete G- metric spaces, and T be a mapping of X into Y and let S be a mapping of
Y into X satisfying the inequalities:

1
G3(Tx,TSy1,TSys) < Jerwax{ G (w, Syr, Sy2)Ga(yr, TSyr, T'Sy2) Ga(yr, TSy, T'Sys), (3.9)
Ga2(y1,y2, Tx)G1(x, Syr, Sy2)Ga(y1,y2, T ), G2(y1, T'Sy1, T'SY2)Ga(y1, y2, Tx )Ga(y1,y2, T2 )}

G:f Sy1,Sys, STz ) < 102 max{Gsz(y1,y2, Tx)G1(x, 2, STx)G1(x, x, STx), (3.10)
4

Gi(z, Sy1, Sy2)Ga(y1, Y2, Tx)G1(z, Sy1, Sy2), G1(x, z, STx)G1(z, Sy1, Sy2)G1(z, Sy1, Sy2)}

Jorall x in X and yy,y2 inY, where 0 < ci1co < 1. Then ST has a unique fixed point z in X and T'S has a unique fixed point w in
Y. Further, Tz = w and Sw = z.

Proof. We define the sequences (x,,) in X, and (y,,) in Y, by z, = (ST)"z, y, = T(ST)" 'z, forn = 1,2,....We will
assume that ,, # x,41 and y,, # yn+1 for all n. Applying the inequality (3.9), we have

1
Gg(ynvyn—&-layn—i-l) = Gg(Txn—laTSyn,TSyn) < ch maX{Gl(afn—h Syna Syn)G2(yn7TSynaTSyn)G2(yn7TSynaTSyn);

G?(y'm Yn, T-Tnfl)Gl (ajnflv Syru Syn)GQ(yru Yn, T-/L’nfl)a GQ(yn7 TS:Um TSyn)GQ(yna Yns T$n71)02(ym Yn, Txnfl)}

1
< 101 max{G1(Ln—1,Tn, Tn)G2(Yns Yn+1, Yn+1)G2(Uns Yn+1,Yn+1),0,0}.
It follows that L
Gg (yna Yn+1, yn+1) < chGl (xn—la Ly xn)GQ (yna Yn+1, yn+1)G2 (yna Yn+1, yn+1)
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1
G2(yn7yn+1ayn+1) S ECGI(xnflaxn7xn> (311)

Applying the inequality (3.10), and using the Proposition (2.2), we get
1
G?(xn,xn,xnﬂ) = G?(Syn, Syn, STx,) < 102 max{G2(Yn, Yn, Tn)G1(Tn, Tn, Tnt1)G1(Tn, Tn, Tni1),
Gl (l'n» Synv Syn)GQ(ynv Yn, Tmn)Gl (l’n, Syn7 Syn); Gl (xn; Tn, anrl)Gl(xnv Syna Syn)Gl(xna Syn; Syn)}
1
S 102 maX{GQ(y'ru Yn, ynJrl)Gl ((L’n, Tn, anrl)Gl(xru Tn, xn+1)7
Gl(xnaxnaxn)GQ(ynayn»ynJrl)Gl(xnaxn,xn),Gl(xna$n7xn+1)G1(xnaxnaxn)Gl(l'n»mn;xn)}

1
G?(xnv Tn, xn+1) S ZCZGZ(ynv Yn, yn+1)G1($m Tn, anrl)Gl (l'nv Tn, wn+1)

%Gl(xnaxn+17xn+1) < Gi(@n, Tn, Tpt1) < ichz(ynaymynH) < %CQGQ(ynvyn+1ayn+1)~ (3.12)
Now it follows from the inequalities (3.11) and (3.12) that
G1(Tn, Tni1, Tny1) < 2G2(Yn, Ynt1, Ynt1) < 30162G1($n—173«”n,$n)- (3.13)
Hence, by induction we get
G1(@n, Tnt1, Tnt1) < (i)”(chl)”Gl(x,xl, x1), form=1,2,---

Since cocq < 1, it follows that x,, and y,, are G-Cauchy sequences with limits z in X and w in Y. Using the inequality (3.9), we

have
Gg(Tzvym yn) = Gg(TZvTSyn—lvTSyn—l)

1
16 max{G1(2, SYn—1, SYn—1)G2(Yn—1, T'SYn—1, TSYn—1)G2(Yn—1, TSYn—1, T SYn—1),

GQ(yn—h Yn—1, TZ)Gl(Zv Syn—ly Syn—l)G2(yn—1a Yn—1, TZ),
G2(Yn—1,TSYn—1,TSYn-1)G2(Yn—1,Yn—1,T2)G2(Yn—1,Yn—1,T2)}

< - max{Gl(z, Tn—1, xn—l)GZ(yn—h Yn, yn)GQ(yn—l, Yn, yn)a G2(yn—17 Yn—1, TZ)Gl (37 Tn—1, mn—l)GQ(yn—ly Yn—1, TZ),

RNy

G2(yn—17 Yn,s yn)G2(yn—1a Yn—1, TZ)GQ(yn—la Yn—1, TZ)}

Letting n — oo, we have G3(Tz,w,w) < 0, it follows that Go(Tz,w, w) = 0, hence w = Tz. Using the inequality (3.10), we

obtain
G3(Sw, Sw, x,) = G3(Sw, Sw, ST, 1) <

1
16 max{Gae(w, w,Txy_1)G1(n-1, Tn-1, ST Tpn_1)G1(Trn-1,Tn-1,5TTpn_1),

G1(2p—1, 5w, Sw)Ga(w, w, Txp-1)G1(n-1, Sw, Sw), G1(tn-1, Tn-1,5Txn_1)G1 (X1, Sw, Sw)G1(zp—_1, Sw, Sw)}.

Letting n tends to infinity, we have G (Sw, Sw, x,,) < 0, and it follows that z = Sw. Thus STz = Sw = 2, T'Sw = Tz = w,
and so ST has a fixed point z and T'S has a fixed point w. Now suppose that ST has a second fixed point z; and TS has a second
fixed point w1. Then using the inequality (3.9) and property (ii), we have

G3(w,wy,w1) = G3(TSw, TSwy, TSwi) = G3(Tz,TSwi, TSwy) <

1
101 max{G1(z, Swy, Swy)Ga(wy, TSwy, T'Swy)Ge(wy, T'Swy, TSwy),
Gg(wl, w1, Tz)Gg(wl, w1, TZ)Gl(Z, S’Ujl, Swl),
Gg(wl, TSU)1, TSwl)Gg(wl, w1, TZ)G2(w1, w1, TZ)}

< —c1max{0, Go(w, w1, w)G1(Sw, Swy, Swy)Ga(w, wy, w), 0},

A~ =

and so G35 (w, wy,w;) < icGl(Sw, Swy, Swy)Ga(wy, wy, w)Ga(wy, wy, w)

1
Go(w,wy,wy) < ZcGl(SmSwl,Swl). (3.14)
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Applying the inequality (3.10), Proposition (2.2) we have
G3(Sw, Sw, Swy) = G3(STSw, ST Sw, STSw,) <

1
e max{Gz(TSw, T Sw, T Swy)G1(Swy, Swy, ST Sw1)G1(Sw, Sw, ST Sw),

G1(Swy, STSw, STSw)Go(TSw, TSw, T Sw1)G1(Swy, STSw, ST Sw),
Gl(SU}l, Swl, STSwl)Gl(Swl, STS'IU, STSw)Gl(Swl, STSU}, STSU})}

< —comax{0, G1(Swy, Sw, Sw)G; (Swy, Sw, Sw)Gs(w,w,wy),0}

>~ =

1
G3(Sw, Sw, Swy) < Zczc:z(w,w,wl)Gl(Sw,sw,swl)Gl(Sw,sw,swl)

1 1 1
§G1(Sw,5w1,5w1) < Gy (Sw, Sw, Swy) < 102G2(w,w,w1) < 502Gg(w,w1,w1) (3.15)

G1(Sw, Swy, Swi) < coGa(w, wy,wr) (3.16)
Now it follows from the inequalities (3.14) and (3.16) that

1 1
GQ(U}, w1, ’LU1) < chGl(Sw, Swl, Swl) < chchg(w, w1, wl) < Gg(w, w1, w1)
and so w = ws since c¢1co < 1. The fixed point w of T'S must be a unique. Now T'Sz; = z; implies T'STz; = Tz; and so
Tz = w. Thus z = STz = Sw = STz, = z, proving that z is the unique fixed point of ST'. This completes the proof of the
Theorem. 0

Corollary 3.5. Let (X,G1) and (Y, G2) be complete G- metric spaces, and T be a mapping of X into Y and let S be a mapping
of Y into X satisfying the inequalities:

—_

G3(Tz, TSy1,TSy2) < ~(a1G1(x , Sy1, Sy2)Ga(y1, TSy, T'Sy2)Ga(y1, TSyr, T Sya)+

S

b1G2(y1,y2, Tx)G1(x , Sy1, Sy2)Ga(y1, Y2, Tx) + c1G2(y1, T'Sy1, T'Sy2)Ga(y1,y2, Tz )Ga(y1, y2, Tx))
1
G3(Sy1, Sy2, STz ) < 1 (a2Ga(y1,y2, Tx)G1(z, x, STx)G1(x, x, STx)+b2G1(x, Sy1, Sy2)G2(y1, Y2, Tx)G1(x, Sy1, Sy2)+

coGh(x, 2, STx)G1(, Sy1, Sy2)G1(x, Sy1, Sy2))

forall xin X and y1,y2 in Y , ay1,a2,b1,ba,c1,c0 € RY with (ay + by + ¢1)(ag + by + ¢2) < 1. Then ST has a unique fixed
point z in X and T'S has a unique fixed point w in'Y. Further, Tz = w and Sw = z.

Example 3.3. Let X =Y = [1, 00), we define on X and Y the G;-metric space and the Go-metric space as follows:

Gi1(x1,22,23) = max{|zy — 22|, |x2 — x5, |T35 — 21|}, with 21, 22,23 € X

N2 .
Ga(y1,Y2,Y3) = Emax{lyl — vl |y2 — ys3l, lys — ya|}, with y1, 92,93 € Y.

Let 7" and S defined by Tz = 3z — 2 and Sy = y, we have

V4 1v4
G3(Tx, TSy, TSy) = G3(Tx, Ty, Ty) = 3(473)2 |z —y||Tx - Ty| = 11 i@ Sy, Sy)Ga(y, Ty, Ty)Ga(y, Ty, Ty)

1
= ZcmaX{Gl(w, Sy, Sy)Ga(y, Ty, Ty)G2(y, Ty, Ty), 0,0}

then ST and T'S have a unique fixed point 1.
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4. RELATED FIXED POINT THEOREMS ON COMPACT G-METRIC SPACES

In this section, we prove an analogous results for compact G-metric spaces.
Let 3* denotes the set of all real functions f : RT x RT x RT™ — R such that :

Sy 2 2 2 + 1
O* If v < g(uv,0,0) or u® < g(0,uv,0) or u® < g(0,0,uv),forall u,v € R, then u < jv.

Theorem 4.1.  Let (X, G1) and (Y, G3) be compact G- metric spaces, and T be a continuous mapping of X into Y and let S be
a continuous mapping of Y into X satisfying the inequalities:

G%(T%TSQMTSZD) < g(GQ(yhTSylaTSy?)GQ(yhvaTx )aGQ(y17y27T$)GI($7Sy17 592)7 (41)

G1(z, Sy1, Sy2)Ga(y1, T'Sy1, T'Sy2))
forall x in X and y1,yo in Y with x # Sy1, and x # Sys, where g € I* ,and
G%(Sy17sy27STx) < g(Gl(vaaSTx)Gl(‘raSy17SyZ)’Gl(:r7SylvsyQ)GQ(yhyQaTx)? (42)
GQ(ylvyZaTx)Gl(x?m7ST$))

forall x in X and y1,ys in' Y, where g € S*with y1 # Tx,ys # Tx. Then ST has a unique fixed point z in X and T'S has a
unique fixed point w inY . Further, Tz = w and Sw = z.

Proof. Lett : X — R* defined by v(x) = G1(x, STz, STx) is G-continuous on X . Since X is compact, there exists a point u
in X such that ¢(u) = G1(u, STu, STu) = min{Gy(x, STz, STx);x € X}. Now suppose that Tu # T'STu, then u # STu.
Put y; = yo = Tu,x = Sy = STu in the inequality (4.2), we have

G2(STu, STu, STSTu) < ¢g(G1(STu, STu, STSTu)G1(STu, STu, STu),

G1(STu, STu, STu)Go(Tu, Tu, TSTu), Go(Tu, Tu, TSTu)G1(STu, STu, STSTu))
< 9(0,0,Go(Tu, Tu, TSTu)G1(STu , STu, STSTu)).

Using condition (i)* and Proposition(2.2) we have

1
G3(STu, STu, STSTu ) < §G2(Tu7 Tu, TSTu)G1(STu, STu, STSTu)

G1(STu, STu, STSTu ) < %GQ(TU,TU,TSTU) < Go(Tu, TSTu, TSTu)
Put y; = yo = Tu, z = w in the inequality (4.1), we have
G3(Tu, TSTu, TSTu) < g(Go(Tu, TSTu, TSTu)Go(Tu, Tu, Tu ),

Go(Tu, Tu, Tu )G1(u, STu, STu), Gy (u, STu, STu)Go(Tu, TSTu, TSTw))
< 9(0,0,G1(u, STu, STu)Go(Tu, TSTu, TSTu))

But using condition (i)*, we get

1
G%(Tu, TSTu, TSTu) < 5G1 (u, STu, STw)Go(Tu, TSTu, TSTu),

1
Go(Tu, TSTu,TSTu) < §G1 (u, STu, STu)

1 1
iGl(ST% STSTu, STSTu) < G1(STu, STu, STSTu ) < iGl(u’ STu, STu)

G1(STu, STSTu, STSTu) < G1(u, STu, STu).

Hence ¢ (STu) < ¢(u), and this gives us a contradiction. So T'STu = Tw. If putting Tu = w and Sw = z, then we get
ST(STu) = S(TSTu) = STu = Sw = z,and w = Tu = TS(Tu) = T(STu) = Tz. Thus, Sw = z is a fixed point of ST
and Tz = w 1is a fixed point of T'S. To prove uniqueness, suppose that ST has a second distinct fixed point z;. Then applying
the inequality (4.2) and using condition (i)*, we have

G%(z, z,21) = Gf(STz7 STz,STz) < g(G1(z1, 21, ST21)G1(21, 2, 2),
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Gi(21,2,2)Go(T2,T2,T21),Go(Tz,T2,T2)G1(21, 21, 5T 21)).
It follows that

1
G3(z,2,21) < §G2(TZ, Tz,Tz1)G1(z1,2,2)

1
Gi(z,2,21) < §GQ(TZ7 Tz,Tz)

Further, applying the inequality (4.1) and using condition (i)*we have,

G3(T2,Tz,Tz) = G5(Tz,TST2,TSTz) <
g(GQ(T 21, TSTZl, TSTzl)GQ(Tzl, TZl, Tz ), GQ(TZl, TZl, Tz )Gl(Z, STZl, STZl),
Gl(Z, STZl, STZl)GQ(T 21, TSTZl, TSTZl)) = g(O7 GQ(TZl, TZl, TZ)Gl (Z, 21, Zl), 0),

1
G%(Tz7 Tz,Tz) < §G1(z, 21,21)G2(T21,T21,Tz),

1 1
EGQ(TZLTZ,TZ) < Gy(Tz,Tz,Tz) < §G1(z,zl,zl).

Now, it follows that G1( z, z,21) < %Gl( z, z1,21) < G1( z, z,21), this is a contradiction and so the fixed point z must be a
unique. Similarly, w is a unique fixed point of T'S. This completes the proof of the Theorem. O

Corollary 4.2. Let (X, G1) and (Y, G2) be compact G- metric spaces, and T be a continuous mapping of X into'Y and let S be
a continuous mapping of Y into X satisfying the inequalities:

1
G5(Tz, TSy1, TSy2) < 3 maz{G2(y1, TSy1, TSy2)Ga(y1,yoTx ), G2(y1, y2, Tx )G1(, Sy1, Sy2),

Gl($7SyhSy2)G2(yl7TSy17TSy2)}7
forall x in X and y1,y2 in Y with x # Sy1, and x # Sy, and

1
G?(SyhsyQaSTx) < 5max{Gl($7xaST{I;)Gl(w7Syl»Sy2)aGl(mvSthyQ)GQ(yl?yQaTw)a

Ga(y1,y2, Tx)G1(z, 2, STx)},

forall x in X and y1,ys in Y, with y1 # Tx,ys # Tx. Then ST has a unique fixed point z in X and T'S has a unique fixed point
w in Y. Further, Tz = w and Sw = z.

Corollary 4.3. Let (X, G1) and (Y, G2) be compact G- metric spaces, and T be a continuous mapping of X into Y and let S be a
continuous mapping of Y into X satisfying the inequalities:

1
G5(Tz, TSy1,TSy2) < 5(0102(?/1,T5y17TSy2)G2(y17y2,Tl“ ) +01Ga(y1, y2, Tx)G1 (2, Sy1, Sya)+

c1G1(z, Sy1, Sy2)G2(y1, T'Sy1, T'Sy2))
forall x in X and y1,yo in Y with x # Sy, and x # Sy, and
1
G%(Syla SZ/27ST$) < 5 (CLQGl(l‘,%STﬂU)Gl(%SQh SyQ) + 5201(33,5’91, SyQ)GQ(y17y27Tx)+

CQGQ(ylv Y2, T‘T)Gl (I, €, STI))

forall xin X and y1,ys in Y, withyy # Tx, ys # Tx, and ay,az,b1,bs,c1,co € RT with (a1 + by +¢1)(az + b2 +c2) < 1.
Then ST has a unique fixed point z in X and T'S has a unique fixed point w in'Y. Further, Tz = w and Sw = z.

We give an example to support Theorem(4.1).

Example 4.1. Let X =Y = [0, 1], we define on X and Y the G;-metric space and the Gg-metric space as follows:

Gi1(x1,x2,23) = max{|ry — x2|, |x2 — x5, |z — 21|}, with 21, 22,23 € X

Ga(y1,v2,y3) = 9 max{|y1 — ya|,|y2 — ysl, lys — v1|}, with y1, 92,93 € Y.
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Let T" and S defined by Tx = %xQ and Sy = y, we have

3.V3 13
5(?)2 |z —y| | Tz —Ty| = §?G1(x» Sy, Sy)Ga(y, Ty, Ty)

G5(Tx, TSy, TSy) = G5(Tx, Ty, Ty) <
1
< 5 max{O, Oa Gl (1'7 Syv Sy)GQ(yv Tyv Ty)} = 9(07 07 Gl(xﬂ Sy» Sy)G2(y7 Tya Ty))v

then ST and T'S have the unique fixed point 0.

Theorem 4.4.  Let (X, G1) and (Y, G3) be compact G- metric spaces, and T be a continuous mapping of X into'Y and let S
be a continuous mapping of Y into X satisfying the inequalities:

1
G3(Tx,TSy1,TSys) < 5 wax{G1(x, Sy1, Sy2)Ga(yr, T'Syr, T'Sy2) Ga(yr, TSy, T'Sys), (4.3)

Ga(y1, Y2, Tx )G1(z, Sy, Sy2)Ga(y1, Y2, Tx ), G2(y1, T'Sy1, T'Sy2)G2(y1, y2, T )Ga(y1,y2, Tz )}
forall xin X and yy1,yo inY, with x # Sy, and x # Sys,and

1
G?(Syl,Syg,STx) < 3 max {Ga(y1,y2, Tx)G1(x, 2, STx)G: (2, 2, STx), 4.4)

G1(z, Sy1,Sy2)G2(y1, y2, Tx)G1(z, Sy1, Sy2), G1(x, x, STx)G1(z, Sy1, Sy2)G1(x, Sy, Sy2)

forall zin X and y1,ys in Y, withy, # Tx, ys # Tx. Then ST has a unique fixed point z in X and T'S has a unique fixed point
w in Y. Further, Tz = w and Sw = z .

Proof. Letv : X — RT defined by v(z) = Gy (x, STx, STx) is G-continuous on X . Since X is compact, there exists a point u
in X such that ¥(u) = G1(u, STu, STu) = min{Gy(z, STz, STx);x € X}. Now suppose that Tu # TSTu. Then u # STu.
By the inequality (4.4), we have

1
G3(STu, STu, STSTu ) < 3 max{Ga(Tu, Tu, TSTu)G1(STu, STu, STSTu)G1(STu, STu, STSTu),

G1(STu, STu, STu)Go(Tu, Tu, TSTu)G1(STu, STu, STu),
G1(STu, STu, STSTu)G1(STu, STu, STu)G1(STu, STu, STu)}

< %maux{Gz(Tu7 Tu, TSTu)G1(STu, STu, STSTu)G1(STu, STu, STSTu),0,0},

1
G3(STu, STu, STSTu ) < §G2(Tu’ Tu, TSTu)G1(STu, STu, STSTu)G1(STu, STu, STSTu),

G1(STu, STu, STSTu ) < %GQ(TU,TU,TSTU) < Go(Tu, TSTu, TSTu) 4.5)

Using the inequality (4.3), we have
G3(Tu, TSTu, TSTu) < %maX{Gl(U,STU7STU)GQ(TU,TST'LL,TSTU)GQ(TU,TSTU7TSTU),
Go(Tu, Tu, Tu )Gy (u, STu, STu)G2(Tu, Tu, Tu ), Go(Tu, TSTu, TSTu)Go(Tu, Tu, Tu )GoTu, Tu, Tu )}

< % max{G1(u, STu, STu)Go(Tu, T STu, TSTu)Go(Tu, TSTu, TSTu),0,0}

we get G3(Tu, TSTu,TSTu) < 3Gi(u, STu, STu)Go(Tu, TSTu,TSTu)Go(Tu, TSTu, TSTu),
Go(Tu, TSTu, TSTu) < %Gl (u, STu, STu) (4.6)

from the inequalities (4.5) and (4.6), we have

%Gl(STu, STSTu, STSTu) < G1(STu, STu, STSTu ) < %Gl(u, STu, STu),

G1(STu, STSTu, STSTu) < Gy(u, STu, STu).
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Then (STu) < t(u), and this gives us a contradiction, so T'STu = Twu. If putting Tu = w and Sw = z, then we get
ST(STu) = S(T'STu) = STu = Sw = z, and w = Tu = TS(Tu) = T(STu) = Tz Thus, Sw = z is a fixed point of ST
and Tz = w is a fixed point of 7'S. To prove uniqueness, suppose that S7" has a second distinct fixed point z . Then applying the
inequality (4.4), we have

G3(2,2,2 ) = G3(STz, STz, ST ) < %maX{GQ(TZ,TZ, T2)Gy (2,2 ,STZ )Gy (z, 2, 8T7),

G1 (z,, 2,2)G2(Tz, Tz, Tz/)Gl(z/, z,2),Gq (z,7 2 , STzl)Gl (zl, z, z)Gl(z/ ,2,2)}

and it follows that 1
G?(z,zz/) < §G2(Tz,Tz7Tz/)G1(z/,z,z)

Gi(z,2,7) < %GQ(TZ,TZ,TZ’) 4.7)
Applying the inequality (4.3) we have, since z # Z =8T7,
G3 (T2 T ,Tz) = G3(T2TSTz ,TST% ) <
% max{G1(z, STz , STz )Go(TZ , TSTZ , TST= )Go(T% , TSTZ , TSTZ),
Go(TZ T2, T2)Gy(2,ST% , ST YGo(T% , Tz ,Tz),Go(T 2, TSTz ,TSTZ \Go(Tz , Tz , Tz )Go(Tz , T2, Tz)}

1 ’ ’ ’ ’ ’ ’
< §maX{O,G2(Tz T2 ,T2)G1(z,2z ,2 )G2(Tz , Tz ,Tz),0}
’ ’ ]_ 7’ ! ’ ! ! !
G3(Tz,Tz,Tz) < iGl( z,2,2)Ga(Tz , Tz , Tz )Go(Tz , Tz ,Tz ),
’ / 1 7 ’
Go(T2,Tz,Tz) < §G1(Z,Z 2 )y

1 ’ ! ’ 1 ’ ’

iGQ(TZ ,T2,T2) < Go(T2,Tz , Tz ) < §G1(z,z 2 ). (4.8)
From the inequalities (4.7) and (4.8), we get G (z,2,2 ) < 1Gi(z, 2 ,2") < Gy(z,2 7, This is impossible, and so the fixed
point z must be a unique, similarly w is a unique fixed point of 7°S. 0
Corollary 4.5. Let (X, G1) and (Y, G2) be compact G- metric spaces, and T be a continuous mapping of X into'Y and let S be
a continuous mapping of Y into X satisfying the inequalities:

1
G3(Tx,TSy1, TSys) < §(G1G1($,SylaSyz)Gz(y1,TSylaTSZ/Q)G2(Z/17TSZJ1,TSZJ2)+

b1G2(y1, y2, T2 )G1(@, Syr, Sy2)Ga(y1, y2, T )+
ClGQ(ylaTSylvTSyQ)GQ(yhyQaTx )GQ(ylavaTx ))
forall xin X and y1,y- inY, with x # Sy, and x # Syo, and

1
G‘;’(Syl,Syg, STx) < 3 (a2Ga(y1,y2, Tx)G1(z, 2, STx)G (2, 2, STx)+

boG1(z, Sy1, Sy2)Ga(y1, Y2, Tx)G1(x, Sy1, Sy2) + c2G1(z, x, STx)G1 (2, Sy1, Sy2)G1(x, Sy1, Sy2))

forall x in X and y1,ys inY, withyy # Tx,ys # Tx and a1,az2,b1,bs,c1,co € RT with (a1 + by + ¢1)(az + by +¢2) < 1.
Then ST has a unique fixed point z in X and T'S has a unique fixed point w in'Y. Further, Tz = w and Sw = z.
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