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Abstract 

In this study, the threshold stress intensity factor and fatigue 

limit of surface-cracking materials were evaluated according 

to the variation of stress ratio and aspect ratio with reference 

to the fatigue limit of a gentle-grind specimen, severe-grind 

specimen, and shot-peened severe-grind specimen. Surface 

cracks in the gentle-grind, severe-grind, and shot-peened 

severe-grind specimens could be used to evaluate the 

threshold stress intensity factor and fatigue limit according to 

the stress ratio and aspect ratio using the equivalent crack 

length. As the surface crack length increased, the fatigue limit 

decreased rapidly at a small stress ratio and large aspect ratio. 

However, the depth of the surface cracks decreased rapidly at 

a small stress ratio and aspect ratio. As the surface crack 

length increased, the threshold stress intensity factor rapidly 

increased at a small stress ratio and large aspect ratio. 

However, the surface crack depth rapidly increased at a small 

stress ratio and aspect ratio. The reduction ratio of the fatigue 

limit at the surface crack length of the same stress ratio was 

larger than 0.4 at an aspect ratio 0.1. However, the surface 

crack depth was larger than 0.1 at an aspect ratio of 0.4. For a 

surface crack length of the same stress ratio, the rate of 

increase in the threshold stress intensity factor was smaller 

than 1.0 at an aspect ratio of 0.4; however, the surface crack 

depth was larger than 1.0 at an aspect ratio of 0.4. This is 

because when the aspect ratio became large, cracks 

propagated in the depth direction rather than the surface 

direction and at the same time when became similar to the 

surface crack length. 

Keywords: threshold stress intensity factor, fatigue limit, 

stress ratio, aspect ratio, surface crack length, surface crack 

depth 

 

1. INTRODUCTION 

Most of the experiments to determine the fatigue crack growth 

rate and the threshold stress intensity factor were performed 

for large cracks and large through-wall cracks. As can be seen 

from actual fatigue failures, however, a failure occurs from 

very small cracks and is initiated by their growth. The 

importance of small cracks was recognized from scientific and 

practical perspectives, and it was found that small cracks do 

not follow the crack growth laws obtained from large 

cracks[1]. It was reported that the non-propagation of surface 

cracks is related to the constant threshold stress intensity 

factor for surface crack lengths larger than 0.5 mm [2]. For 

cracks smaller than 0.5 mm, it was not the threshold stress 

intensity factor but rather the stress identical to the fatigue 

limit that was the limit condition for very small defect 

propagation. For microcrack problems, the assumption of a 

small nonlinear domain does not hold. Haddad [3] introduced 

a valid formula for the dependency of the threshold stress 

intensity factor on the crack length by adding the microcrack 

length to the crack length. Moreover, Tange et al. [4] provided 

a more convenient formula for evaluating the threshold stress 

intensity factor by removing the microcrack length from the 

Haddad formula, and they conducted research on minimizing 

the damage to shot-peened welds caused by surface cracks 

using this formula and the Newman–Raju formula [5, 6-9]. 

Moreover, Ando et al. [10] presented a formula for evaluating 

the threshold stress intensity factor considering the size of the 

plastic zone, so that the fatigue limits and threshold stress 

intensity factors of all surface-cracking materials could be 

evaluated. 

In this study, the threshold stress intensity factors and fatigue 

limits of surface-cracking materials were evaluated according 

to the stress ratio and surface crack aspect ratio with reference 

to the fatigue limits of the gentle-grind specimen, severe-grind 

specimen, and shot-peened severe-grind specimen [11], 

considering the machining process. 

 

2. FRACTURE MECHANICS OF A SEMIELLIPTICAL 

SURFACE CRACK IN A FINITE PLATE 

The fatigue limit and threshold stress intensity factor of a 

semielliptical surface crack in a finite plate can be evaluated 

as follows. 

When a through-wall crack with a crack length of 2𝑐 in an 

infinite plate is subjected to the bending stress of 𝜎𝐵, 𝐾 can 

be calculated using Equation (1). 

𝐾 = 𝜎𝐵√𝜋𝑐                    (1) 

Meanwhile, the semielliptical surface crack 𝐾  in a finite 

plate can be evaluated using the Newman–Raju formula [5]. 

As shown in Fig. 1, when a semielliptical surface crack with a 

surface crack length of 2𝑐 and a surface crack depth of 𝑎 in 
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a finite plate is subjected to the uniform bending stress of 𝜎𝐵, 

𝐾 can be obtained using Equation (2) [10]. 

 

Fig. 1. Schematic illustration of a finite plate containing a 

semi-circular crack 
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 𝜎𝐵√𝜋𝑎 = 𝛽𝜎𝐵√𝜋𝑎     (2) 

where, 𝐹 and 𝑄 are geometrical correction functions, 𝐻 is 

the correction function for the bending stress, 𝑡 is the 

thickness of the finite plate, 𝑏 is the half of the width of the 

finite plate, and ∅ is the angle of the tip of the semielliptical 

surface crack. 𝛽 is the geometrical correction factor that 

integrated the geometrical correction functions. When the 

length of a through-wall crack in an infinite plate that 

represents the same 𝐾 under the same stress is assumed to be 

the equivalent crack length 𝑐𝑒, Equations (1) and (2) become 

Equation (3). 

𝐾 = 𝜎𝐵√𝜋𝑐𝑒 = 𝛽𝜎𝐵√𝜋𝑎                    (3) 

Summarizing Equation (3), the relationship between 𝑐𝑒 and 𝑎 

can be expressed as shown in Equation (4). 

√𝑐𝑒 =  𝛽√𝑎                                (4) 

Therefore, the dependency of ∆𝐾𝑡ℎ
𝑅  for the semielliptical 

surface crack in a finite plate on the crack length can be 

evaluated using Equation (5) derived by replacing 𝑐 of 

Equation (1) with 𝑐𝑒 of Equation (4). 

∆𝐾𝑡ℎ
𝑅 = 2𝛽∆𝜎𝜔
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2
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      (5) 

where 𝛽 is the function of ∅. The evaluation value of 𝐾 

varies depending on the angle of the crack tip that evaluates 

𝐾. 𝜎𝜔 
𝑅  is the fatigue limit of the plate, and ∆𝐾𝑡ℎ(𝑙)

𝑅  is the 

threshold stress intensity factor when a very long through-wall 

crack 2𝑐0 exists in an infinite plate. The fatigue limit of a 

surface-cracking material (𝜎𝜔𝑐
𝑅 ) can be obtained using 

Equation (6), which was derived by substituting Equation (4) 

on the equivalent crack length into Equation (5) [10]. 

𝑐𝑒 {𝑠𝑒𝑐 (
𝜋∆𝜎𝜔𝑐

𝑅

2∆𝜎𝜔
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          (6) 

When a through-wall crack with a crack length of 2𝑐 exists 

in an infinite plate, however, the threshold stress intensity 

factor can be evaluated using Equation (7). 

∆𝐾𝑡ℎ(𝑐)
𝑅 =  ∆𝜎𝜔𝑐

𝑅  √𝜋𝑐                        (7) 

In this case, ∆𝐾𝑡ℎ(𝑙)
𝑅  according to the stress ratio (R) is 

obtained using the ASME standard formula in Equation (8). 

∆𝐾𝑡ℎ(𝑙)
𝑅 =  ∆𝐾𝑡ℎ(𝑙)

𝑜 √(1 − 𝑅)                  (8) 

The threshold stress intensity factor of a semielliptical 

surface crack can be obtained by substituting Equation (4) into 

Equation (7). When Equation (7) is applied to a semielliptical 

crack, it is the maximum value of 𝐾 that determines ∆𝐾𝑡ℎ. 

As 𝐾 becomes largest when 𝛽 is largest in Equation (2), the 

maximum value of 𝛽 is substituted into Equation (5). 

 

3. EVALUATION METHOD AND SPECIMENS 

The production process is known to have significant effects on 

the fatigue characteristics of parts. Such effects are 

detrimental or beneficial, as shown in Table 1.  

Table 1. Factors affecting the fatigue characteristics of parts 

Detrimental Beneficial 

Hardening Carburizing 

Grinding Honing 

Machining Polishing 

Plating Burnishing 

Welding Rolling 

EDM and ECM Shot peening 

 

From a detrimental aspect, grinding, machining, and welding 

may cause metal fatigue cracks on the tensile surface. Curing, 

plating, and electrical discharge machining may a leave hard, 

brittle surface. Electrochemical machining may damage or 

weaken surface grain boundaries. From a beneficial aspect, all 

the listed processes induce compressive residual stress, 

thereby improving the fatigue life. Shot peening is most 

commonly used, because it provides the maximum 

compressive residual stress to various materials and parts. 

Fig. 2 shows the S–N curves for various types of processing. 

The reference curve is for the case of the gentle-grind 

specimen, which showed a fatigue limit of 414 MPa. The 

severe-grind specimen showed a faster cutting speed and a 

larger cut. In this case, large surface tensile residual stress that 

lowers fatigue strength occurs because of fatigue. As the 

figure shows, the fatigue limit of the severe-grind specimen 

was 338 MPa, which was approximately 18% lower than that 

of the gentle-grind specimen. The final curve represents the 

fatigue limit of the shot-peened severe-grind specimen. The 

figure shows that this specimen exhibited a fatigue limit of 

614 MPa, which was approximately 48% higher than that of 

the gentle-grind specimen. This increase in the fatigue limit 

occurred because the tensile residual stress caused by severe 
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grinding was changed to compressive residual stress by shot 

peening [7, 12-14]. 

Fig. 3 shows the relationship between the yield strength 

(𝜎𝑦) and threshold stress intensity factor (∆𝐾𝑡ℎ(𝑙)
0 ) of DNV 

F690 steel for offshore structures [15]. This is the relationship 

between 𝜎𝑦  and ∆𝐾𝑡ℎ(𝑙)
0  obtained from various metal 

materials. As 𝜎𝑦  of DNV F690 steel is 850.32 MPa, 

∆𝐾𝑡ℎ(𝑙)
0  is found to be approximately 5.75 MPa√m in the 

figure. 

 

Fig. 2. S-N curves for various types of processing 

 

 

Fig. 3. Relationship between yield strength and threshold 

stress intensity factor 

The specimens had a 50 mm width and a 10 mm thickness. 

Surface cracks were considered for the crack shapes, and the 

aspect ratio (As) was set to 1.0 and 0.4. The stress ratio (R) of 

the fatigue load was set to 0, 0.4, and 0.8, and a bending load 

was applied. The fatigue limit 𝜎𝜔
0  used was 414 MPa for the 

gentle-grind specimen, 338 MPa for the severe-grind 

specimen, and 614 MPa for the shot-peened severe-grind 

specimen, as determined above.  

 The fatigue limit (𝜎𝜔(𝑐,𝑎)
𝑅 )  of each surface-cracking 

material was obtained using Equation (6), and the result was 

substituted into Equation (7) to obtain  ∆𝐾𝑡ℎ(𝑐,𝑎)
𝑅 . In this 

instance, it was assumed that the maximum stress according to 

the stress ratio was constant. Table 2 shows the conditions 

used in the evaluation. 

Table 2. Conditions used in the evaluation 

Stress  

ratio (R) 

∆Kth(𝑙)
R  

(MPa√m) 

Aspect  

ratio (As) 
σω

0  

(MPa) 

0 5.75 

1.0 

4.0 

· Gentle grind: 414 

· Severe grind: 338 

· Severe grind+ Shot  

 peening : 614 

0.4 4.45 

0.8 2.57 
 

4. RESULTS AND DISCUSSION 

4.1 Relationship between the fatigue limit (𝛔𝛚𝐜
𝐑 ) and the 

crack dimensions for the surface-cracking materials 

Figs. 4, 5, and 6 show the fatigue limit (𝜎𝜔(𝑐,𝑎)
𝑅 ) values of 

the surface-cracking materials obtained from the gentle-grind, 

severe-grind, and shot-peened severe-grind specimens. In 

each figure, (a) represents the fatigue limit of the cracking 

material according to the surface crack length “c”, and (b) 

represents the fatigue limit according to the surface crack 

depth “a”. These were obtained using Equation (6). 

The fatigue limit (𝜎𝜔0
𝑅 ) values of the gentle-grind specimen 

were 414, 248, and 83 MPa at stress ratios of 0, 0.4, and 0.8, 

respectively. The fatigue limit (𝜎𝜔0
𝑅 ) values of the severe-

grind specimen were 338, 203, and 68 MPa at stress ratios of 

0, 0.4, and 0.8, respectively. The fatigue limit (𝜎𝜔0
𝑅 ) values of 

the shot-peened severe-grind specimen were 614, 368, and 

123 MPa at stress ratios of 0, 0.4, and 0.8, respectively. In this 

instance, the threshold stress intensity factors (∆𝐾𝑡ℎ(𝑙)
𝑅 ) when 

a very long through-wall crack exists in an infinite plate were 

5.75, 4.45, and 2.57 MPa, respectively. 

Fig. 4(a) shows the relationship between the fatigue limit 

(𝜎𝜔𝑐
𝑅 ) and the crack length c for the gentle-grind specimen, 

while Figs. 5(a) and 6(a) show such relationships for the 

severe-grind specimen and the shot-peened severe-grind 

specimen, respectively. For each specimen, the same results 

were obtained as follows. For R = 0, the fatigue limit of each 

surface-cracking material decreased as the crack length 

increased, regardless of the aspect ratio (As), but it decreased 

more rapidly when As was 1.0 than when it was 0.4. For R = 

0.4, a tendency similar to that of R = 0 was observed. For R = 

0.8, however, the fatigue limit of each surface-cracking 

material decreased more slowly compared with the cases of R 

= 0 and R = 0.4.  

Fig. 4(b) shows the relationship between the fatigue limit 

(𝜎𝜔𝑎
𝑅 )  and the crack depth a for the gentle-grind specimen, 

while Figs. 5(b) and 6(b) show such relationships for the 

severe-grind specimen and the shot-peened severe-grind 

specimen, respectively. For each specimen, the same results 

were observed as follows. For R = 0, the fatigue limit of each 

surface-cracking material decreased as the crack depth 

increased, as with the crack length, but it decreased more 

rapidly when the aspect ratio (As) was 0.4 than when it was 

1.0. A similar tendency was observed for R = 0.4. For R = 0.8, 

however, the fatigue limit of each surface-cracking material 
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decreased more slowly compared with the cases of R = 0 and 

R = 0.4. 

 

 

          
(a)                                                   (b) 

Fig. 4. Fatigue limit according crack length (a) and crack depth (b) on gentle grind specimen 

 

         
(a)                                                  (b) 

Fig. 5. Fatigue limit according crack length (a) and crack depth (b) on severe grind specimen 

 

          
(a)                                               (b) 

Fig. 6. Fatigue limit according crack length (a) and crack depth (b) on shot peened severe grind specimen 
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4.2 Relationship between the threshold stress intensity 

factor (∆𝐾𝑡ℎ(𝑐,𝑎)
𝑅 )  and the crack dimensions for the 

surface-cracking materials 

Figs. 7, 8, and 9 show the threshold stress intensity factors 

(∆𝐾𝑡ℎ(𝑐,𝑎)
𝑅 )  of the gentle-grind specimen, severe-grind 

specimen, and shot-peened severe-grind specimen according 

to the crack length and crack depth. In each figure, (a) 

represents the threshold stress intensity factor of each surface-

cracking material according to the surface crack length “c”, 

and (b) represents the threshold stress intensity factor 

according to the surface crack depth “a”. These were obtained 

using Equation (7). The threshold stress intensity factors 

(∆𝐾𝑡ℎ(𝑙)
𝑅 ) of the three specimens were 5.75, 4.45, and 2.57 

MPa at stress ratios of 0, 0.4, and 0.8, respectively. 

Fig. 7(a) shows the relationship between the threshold stress 

intensity factor (∆𝐾𝑡ℎ(𝑐)
𝑅 )  and the crack length c for the 

gentle-grind specimen, while Figs. 8(a) and 9(a) show such 

relationships for the severe-grind specimen and the shot-

peened severe-grind specimen, respectively. Each specimen 

exhibited the same results as follows. For R = 0, the threshold 

stress intensity factor increased as the crack length increased 

regardless of the aspect ratio (As), and it increased more 

rapidly when As was 1.0 than when it was 0.4. A similar 

tendency was observed for R = 0.4. For R = 0.8, however, the 

threshold stress intensity factor increased more slowly 

compared with the cases of R = 0 and R = 0.4.  

Fig. 7(b) shows the relationship between the threshold stress 

intensity factor (∆𝐾𝑡ℎ(𝑎)
𝑅 )  and the crack depth a for the 

gentle-grind specimen, while Figs. 8(b) and 9(b) show such 

relationships for the severe-grind specimen and the shot-

peened severe-grind specimen, respectively. For each 

specimen, the same results were observed as follows. For R = 

0, the threshold stress intensity factor increased as the crack 

depth increased as with the crack length, but it increased more 

rapidly when the aspect ratio (As) was 0.4 than when it was 

1.0. A similar tendency was observed for R = 0.4. For R = 0.8, 

however, the threshold stress intensity factor increased more 

slowly compared with the cases of R = 0 and R = 0.4. 

 

      
(a)                                               (b) 

Fig. 7. Threshold stress intensity factor according crack length (a) and crack depth (b) on gentle grind specimen 
 

      

(a)                                  (b) 

Fig. 8. Threshold stress intensity factor according crack length (a) and crack depth (b) on severe grind specimen 
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(a)                                    (b) 

Fig. 9. Threshold stress intensity factor according crack length (a) and crack depth (b) on shot peened severe grind specimen 

 

5. CONCLUSION 

Microdefects inside the materials or in the exterior of a 

structure develop into cracks over time. Such cracks affect the 

stability and reliability of the structure, thereby significantly 

reducing its service life. In this study, the threshold stress 

intensity factor and the fatigue limit were evaluated according 

to the stress ratio and the crack aspect ratio, considering the 

surface cracks generated during the material machining 

process. The results are as follows. 

 (1) For the surface cracks of the gentle-grind, severe-grind, 

and shot-peened severe-grind specimens, the threshold stress 

intensity factor and the fatigue limit could be evaluated 

according to the stress ratio and the crack aspect ratio using 

the equivalent crack length. 

 (2) As the crack length increased, the fatigue limit decreased, 

and it decreased more rapidly when the stress ratio (R) was 

lower and the aspect ratio (As) was higher. As the crack depth 

increased, however, the fatigue limit decreased more rapidly 

when the stress ratio (R) was lower and the aspect ratio (As) 

was lower.  

  (3) As the crack length increased, the threshold stress 

intensity factor increased, and it increased more rapidly when 

the stress ratio was lower and the aspect ratio was higher. As 

the crack depth increased, however, the threshold stress 

intensity factor increased more rapidly when both the stress 

ratio and the aspect ratio were lower. 

  (4) Under the same stress ratio, as the crack length 

increased, the fatigue limit decreased less rapidly when the 

aspect ratio was 0.4 than when it was 1.0. As the crack depth 

increased, however, the fatigue limit decreased more rapidly 

when the aspect ratio was 0.4 than when it was 1.0. The 

threshold stress intensity factor, however, increased less 

rapidly when the aspect ratio was 0.4 than when it was 1.0 as 

the crack length increased under the same stress ratio. As the 

crack depth increased, however, the threshold stress intensity 

factor increased more rapidly when the aspect ratio was 0.4 

than when it was 1.0. This is because the crack propagates 

first in the depth direction rather than in the surface direction 

when the aspect ratio is high, and it propagates at the same 

time when it becomes similar to the crack length. 
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