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Abstract

The paper studies the solvability of one system of nonlinear
second-order partial differential equations for given boundary
conditions. Currently, there are many works devoted to the
derivation of partial differential equations in shell theory and
numerical methods for their solution. However, when they
derive partial differential equations and boundary conditions
for them, the problem of the adequacy of these problems to
real processes comes to the fore. The solution to this problem
is based on a rigorous mathematical study of boundary value
problem solvability for nonlinear partial differential equations.
Besides, the existence of theorems makes it easy to prove the
convergence of numerical methods to an exact real solution.
Therefore, a rigorous study of boundary value problem
solvability for partial differential equations, the proof of
theorem existence is a very urgent problem. The research

I. INTRODUCTION

method consists in reduction the original system of equations
to one nonlinear operator equation in Sobolev space. The
research method is based on integral representations for the
desired solution containing arbitrary holomorphic functions.
Finding holomorphic functions is one of the main and difficult
moments of the proposed research. In this work, an arbitrary
region is first conformally mapped onto a unit circle. Then,
explicit representations of solutions of the Riemann-Hilbert
problem for holomorphic functions in the unit disc are used.
The integral representations constructed in this way make it
possible to reduce the original boundary value problem to one
nonlinear equation, the solvability of which is established
using the principle of squeezed mappings.

Keywords: system of nonlinear differential equations, integral
representations, contracted mapping principle, existence
theorem.

A system of five nonlinear partial differential equations of the second order of the following form is considered in an arbitrary

bounded domain Q2 :
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The following designations are adopted in the formulas (1) - (4):

fi=h(ws) =kew,

— _ 2
fz = ‘fé (W3) - k4w3a2 o W3a2 WSazaz _ﬂ2W3a1W3alaz _’LL-I-WSQZ WSalal o ﬂzR !

g, Egj(w3) :k0W3

1
o W3alw3a1al _’LlZWSaZ WSalaz o ’Lllw3al W3a2a2 o ﬂzR !

©)

=B =12, == 1) /2, 11, = L+ 1) /2,

o, (w)(t) = B,P(s) —[w;1 /2 ® +uw§a2 /2 (O]da?/ds + 1 w, L (Ow, . (t)dal/ds,
G(ws)(0) = BN (s),t =1(s) = ' (s) +ia®(5), ky = ky + piky Kooy = Ky + ik,
ky = K K + 2pakiky g = 6k (L= p2) | 1%, B, =12(1— pi*) | (H°E), b, = (1~ 1)/ (ER).

The system (1), together with boundary conditions (2) - (4),
describes the equilibrium state of an elastic shallow isotropic
homogeneous shell with hinged edges within the shear model

by S.P. Tymoshenko [1, pp. 168-170, 269]. In this case: T -
the efforts (4, £=1,3); w,(j=12) and w, — tangential
and normal displacement of the points, S, v, (j=12) —the
So R'(j=13),

L'(k=12), N, P! — the components of external forces

angles of normal section rotation,

acting on the shell, y=const — Poisson's ratio, £ = const
— Young's modulus, k,,k, =const — principal curvatures,

k? = const — shear coefficient, & =const — shell thickness,
a*,a? = const — Cartesian point coordinates of the domain
Q.

Problem A. Find a solution to the system (1) satisfying the
boundary conditions (2) - (4).

Il. METHODS

Currently, there is a number of works devoted to the study of
nonlinear problems in the framework of the Timoshenko shear
model [2-9]. The studies in [2-9] are based on integral
representations for generalized displacements containing
arbitrary holomorphic functions, which are found in such a
way that generalized displacements satisfy the given boundary
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conditions. Two approaches are used to construct them. The
first approach is based on the use of explicit representations of
solutions to the Riemann - Hilbert problems for holomorphic
functions in the unit disc. Therefore, a flat domain
homeomorphic to the middle surface of the shell is either
assumed from the very beginning to be the unit disk [2-5], or
is mapped conformally onto the unit disk [6], [9]. In the
second approach, holomorphic functions are sought in the
form of Cauchy-type integrals with real densities, which are
found as the solutions of a system of one-dimensional singular
integral equations [7], [8]. In this paper, the conformal
mapping method is used to study a nonlinear boundary value
problem for arbitrary shallow shells under other boundary
conditions.

We will study the boundary value problem A in a generalized
setting. We consider the following conditions to be satisfied:
a) Q is a simply connected domain with the boundary T" C},

; b) external forces R/(j=13), L(k=12) eL (Q), the
components of external forces N/, P'e C, (F); here and

further everywhere: p>2,0< f<1.

Definition. A generalized solution of problem A is the vector
of generalized displacements a = (w;, w,, Wy, ¥, W, ) €
Wp(z) (Q), p>2, which satisfies the system (1) and

pointwise boundary conditions (2) - (4) almost everywhere.
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I11. RESULTS AND DISCUSSION

Let's consider a system of the first two equations in (1), in which the deflection W, is temporarily assumed to be fixed. The

general solution of the system (1) has the form [2]:
@, (2) =w, +iw, =D, (2) +iTd[D, + Tf 1(z), z=a' +ia®, f=(f,+if,)/2, (6)
where @, (z) e C, (Q), @,(z) e C., (Q) — arbitrary holomorphic functions;

1 - ,
T == jj@dcfdn,g“:iﬂn, dlgl=dig+d,g, d,=(m+(D')/(4),j =12

We find the function (I32 (Z) from the boundary condition W, = O on I' . we obtain the Riemann - Hilbert problem with the

boundary condition for a holomorphic function CD2 (Z) in the domain €2 :
Re[D, (1)] =—ReiTd[w](¢), te T, (7)

(2) =@, (2) + T (2) = s + W, o +ign (W, —w, ).

Let us denote by the function z = (0(4') the conformal mapping of the single circle K :| é/ |§1 onto the domain Q2 . Since the
condition a) is satisfied for the region €2 | it follows from [10, p. 25] that the function (<) belongs to the space C; (K).In

the boundary condition (7), we make the change t—)(o(t) , CDZ((p(t)) —>CI)2(t), leaving the same designations for the new

variables. Thus, in the single circle K we arrive at the Riemann - Hilbert problem for a holomorphic function (DZ(Z) with the
boundary condition:

Re[®, (1)) =—ReiTd[a](p(1), t€oK;|t|=1, ®)

where d[g] , Tj are defined in (6). The solution of the problem (8) is given by the formula [11, p. 253]:
D,(z) = 1 j Re Td[®, + Tf 1(o(t)) trzdt +ic,,zeK, 9)

27 5 t—z t

where €y — an arbitrary real constant.

We find the holomorphic function (Dl(Z) using the boundary condition (3). The expressions of the functions Wy, W, from (6)
are introduced into (3). Taking into account the ratios

da'lds=Rel =('+1)12, teT, (10)
t'=dt/ds=d(a* +ia?)/ds =—a® +ia' =i(a" +ia®) =i,
the boundary condition (3) can be represented as

Re{t'©()}=h,(¢), t'=dtlds, teT, QD

where

hy (£) =10w)(0) + Re{r'SA[®,]" (0}~ Re{ut D, (D} 2, 4ty =L+ o) 1 (21~ ), (12)
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1(w)(0) =g (w)(0) ] (u=2) +Re{t'SdlTY T ()}~ ps dar' [ ds Re Tf (1)} = ILf (wy); ()],

(01(1) defined in (5). Through Sd[CI)l]+(t) they denote the limit of the function Sd[@l](z) at z—>tel’ from inside

the region Q. CD(Z‘) — the boundary value of the holomorphic function Q

DO(2) = i®, (2) + D, (2) 1 2. (13)

Thus, for the function (D(Z) in an arbitrary domain €2 we have the Riemann - Hilbert problem with the boundary condition
(11). We will reduce this problem to the problem in a single circle. Using the conformal mapping of the domain Q onto the
single circle K , we obtain

di_dp(r) _do@dr _ o, 1 ”

t'= 1) :
ds ds dr ds @' ()|

t=¢(r), t=1(0), redK:|r|=l, 7'=dr/do.
Therefore, leaving the previous designations for the new variables, taking into account (10) and (14), we arrive at the Riemann -

Hilbert problem for a holomorphic function (D(Z)(D'(Z) in the single circle K with the boundary condition:

Re{t'e' () D)} = I (p(D) | @' (A) |, 1K :|z|=1. (15)

Let us study the problem (15). The index of the problem (15) is —1. Then, following [11, p. 253], the solution of the problem (15)
has the following form:

d(z)=—

1 f h (1) | ¢'(2) | ﬂ’ 2ek, (16)
mp'(z) oK 1—z !

in this case, they satisfy the condition of this problem solvability

[EGOILGI 17)

oK t

For ,(2) from relation (13) we have

D, (2) = (O(2) - iV, (2))2/ sy, zeQ. (18)

Let's transform the representation (18). To do this, you need to find Sd[CD1]+ (l‘) (D'Z(Z), ®(z). The representation for
Sd[CI)l]+ (t) is found in [6]. For the function d)'z(z) (Z € K) u3 (9), from (9), using the representation d[g] from (6)

and taking into account that ((# +Z)/(f ~z)) = 2t/(f —2)2 we have the following:

PN d, T®,(p(1)) T®,(p(2)) _
D)) (z) = p— _J{ - di + J{ P dt (19)
d, | TO () , (TO,(p(r) | 1 dt
- d — = 2 dt |————— | ReTd|T; )
2w'(z)_a£ T ] ) | RETANO0) —
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Let us calculate all the integrals on the right-hand side of the representation (19). Taking into account the operator T
representation (6) and changing the variable ¢ — ¢(t) , we obtain

@, ()P ()
IQI (&) —o(?)

T®, (7)) =—§ j j ;Di(it dédn, tedk.  (20)

Further, taking into account the representation for the function ¢,(7;z) = (@(7) —¢@(z))/ (z —z) and the Cauchy formula,
we find the following integrals easily

I 1/ @, (z;1) _ i _ 27i¢/(2) (21)
x(=0)=2?" (=10 (@) [p)-p@)])
J‘ Yoo(Sst) . 27x  27ig(2)

(=) —Z) (2= [p2) - T
J‘ ]/%(é/;t_) Zdt_ J‘ ]/(Do(ft) dt = 7l —
x (1=¢)A—21) (0(4“)(1 ) (-2 @(r)(l-72)

Then the first integral in the formula (19), taking into account (20) and the representation 7’/ from (6), is transformed to the
form

JTCD (o) 5, _ 1

bl

[[REIeOF, gd,]] di

w (t=2)° Til% 0&)-e) (-2
_ 1 j e (CD (O’ (;)(p(;)JdgdnJ di
4 8(: 0, (£51) ¢ (Z‘—Z)2 '

Applying the formula (4.9) [10, p. 29], we have

GO I(cbl(r)m_ L (2,00 0p) dr} di
)

a2 (t—2)° 27 5. o(mt)  T—t)(t—z)°

I D, () ( ) 27” J‘ ( J’ Mdtj@l(f)gd(f)@dr

(t—z)? 2\ g t=7)(t-2)

Then, taking into account (21), we obtain

(1200 fcb (r)(p(r) V)| ()¢ (D)plc)
a (=2)° wlpo (D) (z-17)°
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Let us transform the second integral in representation (19). First, for this we use (20), then we apply the formula (4.9) to the
integral over the domain K [10, p.29], and then - the last formula in (21), and calculate the integral

[ERAGQ, I[ 2 (cb (g)w(;)qo(c)jdgdnJ dr
oK (t Z) 84/ (Doé’t) ¢ -t tz(t_Z)z

1 (@) dr 1 —=) dt
(Zm. | 2®1(z)¢(z))—- =

@o(zit) Tt £2(t—z2)

R—

1 Yo, (z;) q)(t)(/’(f) q’(f)¢(f)
| (E;!;(t -z )dt]q)(r)go(r)(p(r)dr J((l oy = J(a o

oK

It's obvious that

ITCD 00, _ [ RGOy t]_ [ 20pt) (1) - j@mp p
(1-2)* K (1-z2)* x (- 1z)? 5 (t=2)

Let us calculate the third integral in representation (19). Applying the formulas (20) and (21), we obtain

T I PRV A
[H o0-0l) dgd"J(t—z)z gl [aJ;c(f—C)(t—z)z ‘”]q’l“)“” (OOF dgin=

K\ K

TO, 1
I ((:)(f))dt -2 |

oK (t_ ’

DR i @1 )F
=2i|| 22— dE&dn-2i0'(2) || —=——2—"—d&d
] -7 (”()g o) -oF "

Let Kg — the area obtained from the area by throwing out the circle centered at the point Z :| g—Z |S & with the boundary
0K, =0K Uy, .

Then we have

2.0 P(F XGr) 5070
[yt dein=[[ 25 =t 220

Using the formula (4.7) [10, p. 28], we calculate the following integral:

HiM gzdnz_i J‘ qﬁmd;:_i J‘(Dl(_f)({'(f)df N
Kg@é’ -z 2i T—2z 2i\ %

KUy, rT—z

lfmd;?l.[j q)l(f)cg'(r)rderrLI ©,(0)¢'() -
2i 2i

Ziy‘ T—z 1-zz T—z
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Here the first term is equal to zero, since the function ®1(T)¢'(T)T/(1—ZT) is the boundary value of the function

q)l (§)¢,(§)§/(1— 24’) , holomorphic by & in I_{ . We use the replacement for the second term:

r=z+¢gé" ;
ij.q)l(r)w (T) ;: ;:;_i_ge—ig :_1I®1(Z+8€ )2(5 (Z+8e )dg
2i ; T—z _ _ 25 e
‘ dr =—ice’dO

and passing to the limit at £ — O, we obtain

lim—~ Eiﬁﬂﬁh.fnnwawgﬁ 2049 =0,

&0 21 T—z

Therefore, the integral over the region K

cD(;)Igo(g’)l
=

dédn =0.

Similarly, using the formula (4.7) [10, p.28] in the case of the domain Kg , we find the integral

”‘CD(;)W@H ’7:_@3”8?{(1) (é’)gp(é’)/%(; 2)

jdfd =
[p(2) - () ¢-z

:gﬂ-ERBEGSd;"gmﬂ-ERBEGSd;_ I®(d¢@ﬁch
2i 5.0, (7,2)(7 — 2) 2i 0% o (7;2)(7 — 2) 2i 5.0, (7;2)(7 — 2)

. - 0 . . .
where, using the substitution 7 =z + &€ | it is easy to establish that

im [ 202@ = o

=03 o (r12)(e-2)

Thus, for the third integral in representation (19), we have

.[TCD (p0) . oz )JCD (09 (7) (T)T
oK (t- ) 0K§00(7 z)(r - Z)

Now we calculate the fourth integral in the representation (19). Taking into account (20), (21), the formula (4.7) [10, p.28] and
Cauchy's formula, we obtain

T000) , (L @QleOF . ) d 1ol Tpldd e
[y ff[ A t—00 6@5;; EQQQ%WTMJQ@MMQ|§n

oK

®,()¢'€) , 2i ¢p 0 [ 9(Q)¢'(0) ,(7)¢'(7)
:2“ 0 Z) dédn = ” Z( . qﬂg jcfn Za_[{z_—idr 27i®, ()¢’ (2).
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Substituting the found expressions of the integrals into the formula (19), we obtain the following representation for (1)'2(2) :

(D ( )__I D (T)(ﬂ’(T)% d’l'— dl J‘CD1(T)% d’[— (22)
27 5l (0 (z-2) 279(2) 5 (r-2)

PG .

S — J' (Dl(T)Q’(ZT) dr—ﬁ J' Mdf_idzq)l(z) _ :!' J Re Td[U]((DZ(T))dT’ sk
2mp/(2) 3 (7-2) 27 5 9y (7:2)(7 - 2) mp'(z) (r-2)

To find D (z) we substitute in the formula (12) according to formulas (14) and put the resulting expression into the formula (16).

After  cumbersome calculations for the function ~@(z) we obtain the following  representation

W)= @ @e@el0) . idy [ & @) , 23)
27 xloo(z ) (r -2 279(2) 5 (r-2)°
_idy Id)l(f)co’(f); IW)(D (@), 1 Il(wg)(qo(t))lco’(t)l "
27 500 (1;2)(7 —z) 27[(0 (Z) (r—2)? 7[(0'(2) S t(t—2z)

We substitute the expressions (D'Z(Z) from (22) and (D(Z) from (23) into the formula (18). After cumbersome transformations,

we get the following representation for q)l (Z) :

0,2 = 1)) =208, ReTalTp(eNe) + 2 [ L0010y - ek, o
T K 4

S/ Q)= 50 [ Dz,

the operator l(Wg) is introduced in the formula (12).

Let us denote via §=W(Z) the function inverse to the function z = (<) . From [10, p. 25] it is known that
w(z) e C}j (Q) . Then, obviously, @, (v (2)) € Wifl) (@), 2<p<2/1-p).

Substituting the expression of the function Cbl (Z) from the formula (24) into the formula (9), we obtain the representations for

CDZ (l//(Z)) of the following form
@,(y(2)) =®,l/ (Ws)](l//(Z)) +icy, z€l, (25)

O, [1(w)(w (2)) = ——— j (Re Td[®,[1(w;)11(0) + Re Td[ T/ 1) — t+y(z) dt

w(z) ¢

Substituting the representations (24), (25) into the formula (6), for the functions Wi, W, | satisfying the system of the first two

equations in (1) and the boundary conditions in (2), (3), under condition (17) we obtain the desired representation

@y(z) = Hywy(2) +ic,, z€Q, (26)
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Hyw,(2) = Ho[f (w3);1(w3)](2) = @, [1(w3))(y (2)) +iTd[D[1(w3)I(w () + Tf (w,)(D)](2).
To transform the solvability condition (17), the function h2 ((D(t)) is replaced by the formula (12). Further, applying the formula

(14) and Cauchy's formula, we can easily reduce the condition (17) to the form _[ (l(W3)((p(l‘)) | (P'(t) |/t)dt =0 , Which,
oK

in turn, is transformed to the following final form

Pi(s)ds +([[ Rdatda? =0, (27)
]

where the functions P'(s), R'(a',r”) — the components of the external load.

Further, from the last two equations of the system (1), we find the functions ¥/1, V5, that satisfy the condition ¥/, =0 and the
term (4) on the boundary. Note that the structure of the left-hand sides of the last two equations of the system (1) and boundary

condition (4) is the same as for the functions Wi, W, ouu otnmuarorcs mums npassivu yactamu. they differ only in the right-

hand sides. Therefore, for the functions ¥1, ¥/, with fixed right-hand sides, we find similar representations:
v =y, +iy, = Hlg+v;l[g+y, @] +ic, (28)
g=g(w,)=(g, +ig,)/2, v =ky(w, +iy,)/2,

where the functions &; = & ; (W3) are defined in (5), the operator Ho[f; g] — in (26), €1 —an arbitrary real constant.

Besides, the solvability condition must be satisfied

B N*(s)ds+ [ Lda*da’)~k, [[y,da'da’ =0, (29)

where Nl, L' —the components of the external load.

Taking into account that the operator Ho[g +y;llg+v, (51]] = Ho[g; (51] +Ho[‘/7; 0], of the function ¥y, ¥, from

(28) it can be represented in the form of an operator equation ¥/ —Kol// = Ho [g; (51] + iCy KOW = Ho [‘/7, 0]- Further,
proceeding as in [6], we reduce this equation to the following form

v =y(w)= (]_Ko)_lHo[g(W3); @l (30)

In this case, the solvability condition (29) will be satisfied identically. Thus, we obtain an unambiguous representation for the

functions Y1, ¥, through the deflection Ws of the form (30).

Problem A will be reduced to a single operator equation for the function W3 . For this, in the third equation of system (1), the
functions Wiy W,, Wi, V¥, and their first-order derivatives are replaced by expressions from (26), (30). Then we arrive at a
nonlinear second-order partial differential equation with respect to W3 of the form:

Wt W, oKW+ Gwy =0, (31)

3a%a?

where
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Kiw, =y, (W) +w,, . (Wa) +{kaw, o (ws) +kyw,, o (W) _ksws}/(kzﬂl)l
Gows =W, o+ 2 Hlkaw,,  (W3) +kyw,, o (W) +(kgw’  +k,w? ) 2+

+B[(THw, ) . +R°1} (K 11).

Thus, finding the solution to the problem A was reduced to the equation (31) solution for the function W3 with the condition

Wy = 0 on the boundary I . Next, we reduce the equation (31) with the term W3 = 0 on the boundary I' to the
equivalent equation

w, +Gowy =0, (32)

wy, = +K)'Gw,, Gw, :IIH(Q’,Z)les( ¢)dédn, H(S, )— |V/(Z) i)l the harmonic

2 |1 w2y Q)|

Green's function for the domain €2 | the operator G1W3 is defined in the formula (31).

Moreover, for any two values of WQ{ (] =1, 2) € W;Z) (Q) , belonging to the ball ||w3||

e () < r, the following estimate is
fair
| G,w;—Gwj 0 oS4l ws—w; ey @ =l +Ko) g Lo + @],
Z 177 (O lleqy + ZII R,
A,u=1
IV. CONCLUSIONS inequality (33) be satisfied. Then, to solve the problem A, it is

necessary and sufficient that the condition (27) be satisfied. In

Let us assume that the external forces acting on the shell and the case of its fulfillment, the problem has a generalized

the radius 7 of the sphere are such that the following @
conditions are satisfied: solution @ = (Wy, Wy, Wy, 1, 1,) €W (Q)

q. <1, |memmm<a—%ﬁ. (33) 2<@%ﬂa—ﬂLMWM%MmmwmmmV%;M@,

Then the equation (32) in the ball ||W3||W<z> <7 has a V., V¥, are determined uniquely, and the component

W, — upt tant term.
unique  solution w3eW[f2)(Q), 2<p<2/(1—,3), 1 — up to a constant term

according to [12]. Substituting the found solution

w; eWP(Q) into the formulas (26), (30), we find the V- SUMMARY
) @) This work is devoted to the study of the solvability and the
functions Wi, Wo ¥/, ¥, €Wp (). Moreover, the proof of the existence theorem for the solution of the
boundary value problem A for a system of nonlinear partial
functions Wy, Vi, ¥, are determined uniquely, and the differential equations of the second order under other
boundary conditions describing the equilibrium state of elastic
function Wj — up to a constant term Cg . The condition (27) shallow isotropic homogeneous shells with hinged edges in

is not only sufficient, but also a necessary condition for the ~ the framework of shift model by S.P. Tymoshenko. The

solvability of the problem A. reliability of the research results is based on a rigorous

) ) ) mathematical study of the boundary value problem
Thus, the following main theorem is true. solvability, and the proof of the existence theorem. Shell
Theorem. Let conditions a), b) from the problem A, and the structures (various building structures, domes, etc.) require
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more and more reliable, accurate design data and often pose
completely new challenges. This work makes a significant
contribution to the study of this class of problems solvability
within the framework of more general models, as well as
during the solution of specific applied problems for a wider
class of elastic structures.
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