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Abstract

In this paper, the obesity and tumor model has been analyzed.
We aim to show that all solutions of the model are bounded and
find all equilibria of the models. We also investigate the

conditions for the existence of positive equilibria for the models.

Next, the local and global stability of the positive equilibrium
is determined by the linearization and Lyapunov methods.
Moreover, the model with time-delay is also exhibited for the
existence of a Hopf bifurcation. Finally, we illustrate the
numerical results using some advantages of mathematical
software to support the analytic results and show the effect of
some parameters for tumor growth.

Keywords: Obesity; Tumor model; Time delay; Stability;
Hopf bifurcation.

I. INTRODUCTION

A tumor is formed in body due to abnormal cellular growth,
and it becomes cancer when the tumor is malignant. It is one of
the most serious world health problems [1]. There are many
common causes of tumor, such as, smoking and tobacco, diet
and physical activity, sun and other types of radiation, viruses
and other infections. Recently, many previous works [2-6]
show that obesity is a risk factor for many serious diseases such
as type-ll-diabetes, hypertension, hearth problem, including
tumor and cancer. Therefore, the relationship between obesity
and tumor growth is an interested topic for many researchers.

Observing several experimental studies between cancer and
obesity, [7,8,21] the International Agency for Research on
Cancer (IARC) has reported linkages between cancer and
obesity in cases of colorectal cancer, breast cancer in
postmenopausal women, endometrium cancer, renal cancer,
and oesophagus cancer [9]. In previous work [8-10], it has been
found that obesity and excess weight are two major health
problems in countries around the world. These problems are
mostly caused by a sedentary lifestyle and excess eating.
Obesity occurs when excessive amounts of fat cells are stored
in the body. It is well known that the fat cell population
increases rapidly during childhood. In adulthood, the fat cell
population remains almost constant or increases slowly unless
there is a dramatic weight gain or loss [11]. In 2016, the World
Health Organization (WHO) reported that approximately 2.3
billion adults in the world were overweight and more than 700
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million people were obese. Obesity can cause other serious
diseases which could be fatal, for example hypertension, heart
problems, cancer, tumors, etc.

In theoretical cancer researches, mathematical modeling is one
of the more successful methodologies by applying
experimental data to create mathematical equations with
describing tumor growth. In 2013, Okwan-Duodu et al. [12]
studied simulation models to assess the effect of obesity on
mortality of cancer patients. In 2016, Ku-Carrillo et al.
assumed that the obesity of an individual is directly
proportional to the carrying capacity of their body to store fat
which means that the obesity degree of an individual can
carrying in the organism which tumor can be occurred, so
obesity can carry in tumor.

In 2003, Villasana et al. [13] developed the logistic growth
function with time delay for studying the effect of drug to the
tumor cells by tumor-growth model. In 2014, Rihan et al. [14]
had shown that a time delay between the interactions of the
immune cells and the tumor cells and the growth rate of the
immune cells are important for developing a suitable response
after recognizing the tumor cells. In this work, we extend the
model interaction between tumor cells and obesity represented
by the positive nonlinear growth term for the immune cells
pI(t-7)T(t-7)
a+T(t-7)
tumor cells ¢ I(t—7)T(t—7) withatime delay (7). Hence, we

generalized the model for the interaction between tumor and
obesity as

and the competition between immune cells and

I(t)=s+p1(t_T)T(t_T)—
a+T(—-1)

cl(t—7)T(t—7)—-d(2),

() = 5T (1= BT (t)) — e, L (€)T (£) — ;T (€)N (1) + ¢, T () F (), 1)
N(1) = r,N(@t)(1-b,N (1)) — ¢, T(t)N(2),

F(t) = nF (6) (1~ b,F (2),
where [(¢) is the density of immune cells at time ¢, T'(¢) is
the density of cancer - tumor cells attime ¢, N(z) is the density

of host cells at time ¢, F(¢) represents the density of fat cells

at time ¢ and z>0. The parameters of model (1) are in the
Table 1 as follow
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Table 1. The value of parameters for the tumor-obesity model

Parameters Meaning Unit
s A constant rate of migration of immune cells into the tumor Density.mL™ - day™
P A positive constant day™
@ A positive constant Density.mL
% The natural death rate of the immune cells day™
¢ The growth rate for the cancer cells day™
& The growth rate for the normal cells day™
3 The growth rate for the density of fat cells day™
b The inverse of the carrying capacity for the tumor cells Density.mL
b, The inverse of the carrying capacity for the normal cells Density.mL
b, The inverse of the carrying capacity for the density of fat Density.mL
G The competition coefficients between immune cells and tumor cells Density.mL™* - day™
c, The competition coefficients between tumor cells and immune cells Density.mL™ - day™
[ The competition coefficients between tumor cells and normal cells Density.mL™ - day™
¢, The competition coefficients between normal cells and tumor cells Density.mL™ - day™
Cs The competition coefficients between tumor cells and fat cells Density.mL™" - day™

Note that all variables are assumed to be non-negative and all
parameters are assumed to be positive.

11. BOUNDEDNESS OF SOLUTIONS

We now prove that all solutions of the model are bounded
using the LCIS method [15] to find the bounds of a domain
containing all compact invariant sets of model (1) with z=0
for positive values of model parameters.

First, we will find ultimate densities of fat cells by taking the
function 4 = F with / > 0. The derivative was computed
as

Ly = 1r,F(1=b,F).

By solving this differential equation, then the maximum density
of fat cells is

K(h)={F<F, = bi}

3

Hence, the density of fat cells is bounded as
1
K(w)={0<F@)=<-} @
3

Applying the localizing function 4, =7 with 7 > 0. From
(1), the Lie derivative of %, can be defined as follows

Lh, = KT (1=bBT)—c,IT —c;IN +¢,TF.
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By solving this differential equation, then the maximum density
of tumor cells without taking the immune cells and the normal
cellsis

K, (h) ={T < i”ﬂiﬁ}'
Taking the function 4, = N with N > 0, then the
derivative was computed as
Lhy =r,NQ —=b,N) —¢,TN.

By solving this differential equation, we can get the set

S(h) N >0} ={ N = bi—%}.

Hence, the ultimate density of normal cells is denoted by the
set

K(n)=f0<N() < bi}. 3)

Next, upper and lower bounds for the density of immune cells
can be determined by taking the function 4, = I. We

computed its Lie derivative as follows

pIT
L, =s+ T —cIT —d 1.
Now, in order to derive the lower bound, we take all negative
terms to the left side of the equation and by neglecting the

rational term in the right side and applying the Iterative

Theorem we get
S(h) MK, (h,) c{(cl(bi+ % )+d,)l>s}
s 1ibby
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Hence, we establish that the lower bound for the density of
immune cells is given by

srbb, }

K (h)=xI>1]_ =
(1) { " enb, +ccq +1bbyd,

For upper bound, by neglecting negative terms in the right side
and applying the Iterative Theorem, we obtain

S(h,) ={(d, - p)T < s}
If the condition holds
d,—p>0. (4)

Thus, we can conclude that the upper bound for the density of
immune cells is given by

K,()={r<1,, = y * 1

1

Hence, the ultimate density of immune cells is defined as

sr.b,b, } 5)

k() ={ %% <I() <

nb; + e +rbbd, d, -

Finally, we can define the upper bound for the action of the
density of immune cells and density of normal cells on density
of tumor cells. We assume that

n _CZImin _CSNmin > 0, (6)
n _czlmin > 0.

From S(h,) n{T >0}, we apply the Iterative Theorem as

1 ¢ ¢l +cN,

S(h) AT > K (h) K () ={r<T,, == +—5 Sl TSR]

T b1 rbb, b,

We can define the boundedness of density of tumor cells as

min min

cs G, TN, }
nbb,  nb '

()

K(h,) Z{OSTSbi-i-

1

From the results of (2), (3), (5) and (7), we can conclude the
theorem as follow

Theorem 1 All compact invariant sets of the model (1) with
7 =0 are bounded with conditions (4) and (6) in the positively

invariant domain W = R’ .o are located inside the bounded
domain K =W nK(h)NK(h,) "K(h) "K(h,), where

<I@) < ; d—-p>0,
mm () d _ 1 p
CZImm .
0<T(t)<_+ ’ ’?l_cZ]min >O’
b rbb nb,
OSN(t)Si, OSF(t)ﬁi,
b2 b3

and 1.,

= (snbby)/(cnby + o + rbbyd,).

In case 7 >0, we also show that 7(¢) of the first equation of
(1) is uniformly bounded by using the generalized Gronwall
Lemma [16]. From the first equation of model (1), we obtain

% —cd(w—7)T(u— z'))e"l”du) .

(8)

I(t) =™ ([ 0)+ .[; (s +

Since T/(a+T) <1 and e <(0,1], we get
1(t) < 1(0) + diledﬂ + jo ol (1 — 7)™ du,

<1(0)+ diedl’ + I; (pe’ll(””) (1(0) + diedlu)eﬂmdl(mdf)du 9)
1 1
=M,

The generalized Gronwall Lemma gives /(¢) <M, where M,
is uniformly bounded, then 7(¢) is uniformly bounded.

I11. ANALYSIS OF EQUILIBRIA

In this section, we derive conditions for the existence of
equilibrium populations (I°, 7", N', F’). From the last
equation of (1), it is obvious that 7~ =0 or 1/b,. If F =0,
i.e., no fat inside the tumor, then the equilibrium points are

~(£.0.00). E = (20X 0) £ =(1',77,0,0
(5.000) 5.~ (0.2 £, - (1700

2
and E, = (1", 77,N",0),
where

TG~ nhb, +Kb,c,c,l Ke, — Bhb + e,

and N =
cyc, —h1bb, e, —Knbb,

T

Therefore, 7" and N” are positive real number if the following

condition  is  satisfied when ¢, >nrnbb, and
. nb, —c b — -
I > max{l 2= % N2 rlc“}. The value of /™ satisfies the
b,c,c, c,C,

cubic equation

I®+a,l? +al +a,=0, (10)
where
a, = ((c3c4 nnbb,)ac, +d, + p) + 2¢,1, (b, + c3))
b, c1 ,
a, = sz (ad (csc, —B1bb, )? +ar (rfb2 2nb,c, +C32 )
2 1 2

+1,(coc, —Hnbb, )(sbyc, + acnb, — acc, +dinb, —dc; — prb, + pc3)),

a, = slegey —rirbibs) (03(1”2 +ac,) —nnb,(L+ab, ))

22
b212
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It is obvious that a, < 0.From Descartes' Rule of Signs [17],
the conditions for positive 7~ of (10) is if a, < 0, then there
are three positive /* or a positive /.

Next, we apply the Cardano formula [18] to get the analytical
solution of (10), which formula was defined the variables as

0= 3a,—a; R 9a,a, —27a, —2a3 .
9 ' 54
Then, the three roots can be obtained as follows. Define

1 1
D=0*+R? S=(R+D)?, T=(R-D)?.
Then the roots of equation (10) are given by

*

I

1

:—%a2+(S+T), I = —éaZ—(5+T)+%iJ§(s—T),
I —éaz—(S+T)—%i\/§(S—T).

Equation (10) has a positive real solution when D >0 and
S+T>%a2. Then, I" in (10) is a positive real if the

following conditions are satisfied
3 2 2 3 2 1
daya, —aia, +4a; —162aya,a, +27a; >0 and S+T > gaz,

where

S = (9a1a2 —27a,—24; i sy (galaz —27a,— 2‘12)2)%’

\/(3%& ag)

>4 54
_ (9aa,-27qa —2a3_ 3a,—a®\, (9aa,—27a,—2a’\,\~
T—( ) 54o 2 \/( 19 2) +( W4, 540 2) )3.

Asnoted above, F~ =1/b, isalso a possible equilibrium value.
Repeating the steps given above, we find equilibrium points
E,, E, E,, E;. Hence, the equilibrium points are

1

1 P |
I 5 -(rrod)

E, = (di,o,o,bi), E, = (di,o
3

1 1

and E, = (1*,T*,N*,bi).

3

) "
11,bibyc; — csc,c5 =1 b, +rnbbyc, I

where 7" =
’ib1b3 (0304 —hr; 2b1b2)

nbyc, —nrbby +c,c —byc,c,d

and N" = with conditions for

by(cse, —1i1ybib, )

2
.. C,C,Cs + 1 1,bb, —rr,bbsc
positive real are c,c, > rnhb, and 22521212 L2353 o

rrbbyc,
« _nbye, +c 05 —ninbb, * - .
I < . The value of I satisfies the cubic
byc,c,
equation
I +el?+el +e,=0, (12)
Where
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1
e =———
1irbibbyc,
G
(anirbib,bsc, )

227272
+a (i brb;

(C1 (rrbibscs +cyeycs — ’izrzblbzba) —nbby(p — acy —dy)cse, —rrbb, ))v

2722 2 2,127 12 3
(d10”’1 bib; (cyey —nrybib,)” — i rbrb,byc, (coc, —1iybib,)
222

22 4 2727212 . 2 _ 3.272 2
¢35 +Cyc,Ce + 151 bbby + 2nn,bbycse,c — 211, bbb

- 2q2r2b1b2b36364c5) —nbib;(p —ac, —d,)cse, —1bb, )1irbibycs +cxcuc
- ’12’3b1b2b3 ))
cl

€ = W (S”lb1b3 (cseq = ’i’Eblbz)(’izr 2bibybs —1irbibyc; —ce,cs) = a).

From Descartes' Rule of Signs, we can find the conditions for
positive 7" of (11) as follows

(1) If e, >0 and ¢, <0, then there is a positive I .
(2) If e,<0 and ¢, <0, then there are three positive I~
or a positive 7.

Using the Cardano solution of (11), the conditions for the value
of I” to be a positive real number are

1
deyel —elel +4e’ —162¢ e, +27¢; >0 and S+T > 582.

where

g= (9ele2 —27e, - 26} N

)3 N (96162 —27e, — 2e23)2)§,
54

54

3¢, — &2
\/( 19 ’
3¢, —€?
\/( 19 :

In summary, the equilibrium points E, E,, E, and E;, the

tumor cell populations were zero. These states were therefore
medically desirable tumor-free states. In the equilibrium points
E ,E, E; and E,, the tumor cell populations were nonzero.

These were therefore endemic equilibrium states.

7= (98‘162 —27e,— 263 _

)3 N (98‘162 —27¢, - Zef)z)é
54

54

IV. STABILITY OF THE MODEL

In this section, we study the local stability of the model (1)
about each equilibria by the linearzation method. Let
W) =), T(),N@),F()", then the linearzed of (1) about

equilibrium (I",7°,N",F") is given as follows

-d, 0 0 0
. -, T" -, T T
W(r) = CS Yo SO |4 ()
—-,N 1n,-2nb,N —c,T 0
0 0 0 Ty — 2}’3b3F*
* ) * . 12
My S — (12
a+T (a+T)
+ 0 0 0 o\w(-r1),
0 0 00
0 0 00

where wy, =1, —25bT —c,] —c,N +c,F .
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From (12), It is obvious that the equilibrium E, E,, E,, E,
and E, are unstable for z>0. Next, we show the local

stability of the equilibrium E, for >0 as the following
theorem

Theorem 2 If sc, > d,(rbb;, + bcg — bycy), then Eg of
the model (1) is locally asymptotically stable for 7> 0.

Proof: At E,, the characteristics equation of the model (1) is
given by

pS  CSY i
—d - (22-a 0 0

1 (dla dl)e

0 L B N 0

Y od, b, b ~0. (13)
0 _a -4 0
b2
0 0 0 -n-4

Hence, all eigenvalues of the characteristic of (13) are

d b, b

C,s  C C
2 3 5
/'L—_;r'Z,_’%,_dl,rl__ — 4 —

Obviously, all roots associated with characteristics equation are
negative if sc, > d, (nb,b; + bycs — bycy). o

Moreover, we can show that the global stability of the tumor
free equilibrium point with zero time delay by using a
Lyapunov function
Theorem 3 The tumor free equilibrium Eg is globally
asymptotically stable in positively invariant set K with zero
time delay if the condition

Srlczblbs2 > (nby +c5 )by + s +1b,b,d,)
is fulfilled.
Proof: We introduce a Lyapunov function [19] of the form
V(T)=T, which is positive-definite and continuously
differentiable for all positive bounded values of T, i.e.,
V(0)=0 and V(T)>0,vT > 0. Hence, the time derivative of
the Lyapunov function V' satisfies

Il
i)
~
—~

1-bT)—c,IT —c,TN +¢TF,
< T(”i _’?I.blT _CZIm[n _CSN

min min

+ CSF:nax ) "

If —cl, +cF,, <O then, we will get ¥ <0. From

min

Theorem 1, we can simplify the condition as
S’iczblb32 > (11by +cs )by + s +1bbyd, ). (14)

We should note that the Lyapunov conditions in (14) are a
sufficient condition and are not necessary for global stability of
the tumor free equilibrium Ej. o

1858

V. EXISTENCE OF PERIODIC SOLUTION

In this section, we focus on bifurcation behavior of E, of
model (1) when 7 >0. First, we determine local stability at
E,. From (12), the characteristic equation of the model (1)
about equilibrium Ej is given as following

~d,+v,e’ =24 e’ 0 0
-, T uy,—A - T _0
0 -, N uz—-A 0 ’
0 0 0 r—=A

where

. . .G . .
Uy =1, —25bT —c,I —c,N +b—5,u33=r2—2r2b2N -, T,
3

* *

T *
v, = -—cT and v, :—apl* -
a+T (a+T)

ol
which gives
(—r— ﬂ,)(/is +m A2+ A +n + (AR +nd+n,)e ) =0, (15)

where

n=—d, (C3CAT N _”22u33)v ny =—duy, _d1”33 Fuply —ce, T N,

Ny =dy —Up —Ugy, Ny = c3c4T*N *Vn _czT*“as"lz T UgplssVin,
Ny =1,yvy, +ugVy, +¢,T vy, and ng =—v,,.
From (15), we find that one of characteristic is A =-7, <O.
Hence, if 7 =0 then, equation (15) will become
A2 +n, A%+, A+n, =0, (16)
where n, =d, —(u,, +ug +vy,),
my, = (vy —dy)(uy, +uiz;) +02T*V12 Uyl _C3CAT*N*’

ny =(d, +V11)C3C4T*N* +dyUpitz,.

From [12] the solution of a cubic equation was published by
Gerolano Cardano. Hence, the solutions of the equation (16) in

A are given by
1
A =_§nll+(S+T)'
2, :—%nn—(S+T)+%i\ﬁ(S—T) ,
o= =Sy —(5+ )= SiB(S-T).

From the Cardano formula, we found that if D >0 then, 4, is
real number, A, and A, are a pair of conjugate complex roots.
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If D<Othen, 4,, 4, and A, are real numbers. Hence, the
stability of the equilibrium E; of the model (1) when 7 =0
can be stated in the following theorem.

03

1
Theorem 4 If | S+T |< g"n and |(S—T) |<—n11, then the

stability of Eg of the model (1) with T =0 is asymptotically
stable where

= dy = (Uy + gy + V),

§= (9n12n11 —27n,, - 2n,

4 \/(37529_’1121)3 i (gnlznu =27, — 2”131)2)%’

54 54
n,,n,, —27n,, —2n° 3n, —nf n,n, —27n —2nd 1
T — 12711 13 11 2 1 3+ 12711 13 11 Y2 3.
(=T~ (8, (St~ 20y

Proof: From the Cardano formula, we can stated as follow.
. 1 . . .
In case D>0, if |[S+T|< gnﬂ, we find that A4, is negative

real number and real parts of 4, and A, are negative. Hence,
the equilibrium E; is asymptotically stable. Otherwise, if

1 . .
|S+T|> §n11 then, A, is positive real number. Hence, the
equilibrium E; is unstable.

. 1 . . .
In case D<O, if |[S+T| §n11’ we find that 4, is negative

1

real number. If D=0 and |S+T|<:—13n11, we get S=7=R?

1 1

and then, A4, = —%nﬂ —2R® and A, = —%nn —2R®. Hence,

A, A, and A, are negative real number.

If D < 0, we have

s=(r+\[DT)* and 7= (rR—\[DT)".

Hence, we get the root of S and 7 are

1

3 0 2kr\ .. (0 2krx
S, =r®| cos| —+—— |+lisin| —+——
3 3 3
and
1
Tk=r5 cos(g+ﬁ]—isin(g+2k—ﬂj 1 k=012
3 3 3
where

1859

Hence,

1
S+T =2r3cos

1

(§+2/€_ﬁj and S -7 =23 sin(g+2k—”]i.
3 3 3 3

From Gerolano Cardano formula, the solutions of cubic
equation are

A==y +(S4T),

1

1 =
A, = _§n11 —2r3cos

0 2kr (6 2knx

—+— [+3%sin| —+— |,
3 3 3 3

0 : 2k7r

— sin

(3 j VBt ( 3 j

1

A =—%nu—2r§ cos

We find that 4, is negative real number if | S+7 |< %nn. For

: 1
A, if |S+T|<§n11 then
1 s (0 2k 2

0<§n11+2r3cos(§+Tj<§n“' 17)

Letﬂ2<0then
L 2Zkz)_1 S (0 2kn
sin —n, +2r3cos| —+——|. (18
B ( 3j3nu r (3 3)(>

From (17) and (18), the condition of
number as follows

A, is negative real

(6 2krx) 2
J3rdsin| =+ =2 |<Zq, . 19
r (3 3) 3”11 (19
. 1
For A,: if |S+T|<§n11 then
1 T (0 2kx
—gnll < —§n11 —2r3cos(§+7j <0. (20)

Let A4, <O then,
1
2r3 cos

1
(§+2"—”j< 3r3sin(€ k”j (21)
3 3 3 3

From (20) and (21), the condition of A, is negative real

number as follows
(6 Zkﬂ'j
3 3

Hence, from ( /9) and (22), we find that 4, and A, are
negative real number which the condition as follows

[

1
_5,,11_

1

—§n11< 3résin (22)

|(s-1)|c 22 23)
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Hence, the equilibrium E, is asymptotically stable. Otherwise,

. 1 . -
if |S+7T > énﬂ then, 4, is positive real number. Hence, the

equilibrium Eg is unstable. o

Next, we focus on bifurcation behavior of E; of model (1)
when 7 > 0. First, we restate the characteristic equation of (15)

as follow:

A2+ A2 +mA+n + A2 +ngA+n)e =0, (24)

where

Condition (27) represents the bifurcation points of the model
(1). We present the theorem for the bifurcation points z, is

Hopf bifurcation points in the following theorem.

Theorem 5 Let A(7) = a(r) +iw(r) be a root of (16) =1,
satisfying a(z,) =0 and w(r,) =@ where w € R" and 7, is

the smallest positive root of (27). If all parameters of (1) meet
the conditions

2 2
0< &’ <%, 2mn, >n2 and 2n, <nj,
6
dA .
then Re| —|_ |>0 and hence t=7, is the Hopf
T

n = _dl (C3CAT*N* _uzzugg)! n, = _dluzz _d1u33 FUplUsg _C3C4T*N*r bifurcation point Of(])

Ny = dy — Uy —Ugy, Ny = C0, T N vy =T Uggvyy, —UnylhgaVyy,
g d
N5 =UyVy + gy +¢,T v, and ng =—vy;.

Suppose that @ e R* and let A =iw be roots of (24). Then,
we get
@ +(nl —2n, —n})o" + (5 —2mn, +2n,ng —nZ)w’

25
+(nf—nf):0. (25)

Let @® =z >0, so the equation (25) can be reduced as follows

2 +nz +nz+n =0, (26)

where  r =n}—2n,—n, r, =n —2nn, +2n,n, —n:  and

r, =n’ —n2. From [20] the solution of the cubic equation was

published by Gerolano Cardano. Hence, the solutions of the
equation (26) in z are given by

4:-%q+w+T)%=—%44S+n+%hﬁw—T)
1 1.
z, ==K —(S+T)—=iB(S-T).
3 2
The solution of the equation (26) be a positive solution when

1 . .
D >0and S+T >§r1. From the conditions we can find at

least one of @,;k=12,3 is a positive solution. Hence, a
positive solution of (25) is given as follows

= fS+T—%rl.

Finally, we will find z, in the form as follows

T, :icos—l((”s N3t ) @ +(’Zl”5+”3’214 nz?s)a) mn, +2k7[), (27)
@ (n50)" + (nge0” —n,)
where £=0,12,....
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Proof: To prove additional conditions in Theorem 8, consider
the characteristic equation in the form as follows

A2+ A2 +mA+n + A2 +nA+n)e =0, (28)
Let A be a function of 7, i.e. A =A(r). Differentiate both
sides of (28) with respect to 7, and let A(z,) =i, , we can
show that

(%)

dr

[(n, —30%) + i2n,0][(n,0° - 0*) —i(ns0° — )]
(n,0° — &*)? + (ny00° — n,w)?

=1,

(29)

+i£ﬂ+[@442%aﬂfﬂ%w2—Knuu—n4fﬂ'

® nto* + (n,0 — nyw®)?

Consider only the real part of (29). It follows that

R

We can see that Re[(

dA

di (B +2ni0® +n}) - (4n,0" + 2n,ny)
dr

(n,0— w3)2 + (n3w2 - nl)z

2n,ng —(2ni @ +nk)

nt e’ +(n, —n,0®)*

dﬂjl
d

— | | J >0 when 30 +2n’0’
T

+n > An,® +2mn, and  2n,n > 2n’e” +nZ. Hence, the
condition can be simplified as

\/(ng +4nk +18mn,) — (9n2 +dn,n?) +2n, —n? < 2n,ng —n?

. (30)

3 2n?
If 2mn, >n’ and 2n, <n’ then, the condition (30) becomes
2
0<w’ < 2”“”‘5—2”5 (31)
2n
Thus 7, is the Hopf bifurcation point. O

Hence, all works above shows that the hypotheses for Hopf
bifurcation are satisfied at z =17, with the condition (31).

These lead us to state the following theorem.
Theorem 6 The conditions for stability of model (1) at £;, we
have the following.

(1) If 7 <z, then the equilibrium point E; is asymptotically
stable.
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(2) If 7> 1z,, then the equilibrium point E; is unstable.

(3) If =17, then Hopf bifurcation occurs when 2m,n, > n3,

2n,n, —

2
g

2

2
O<ay < % 2n, <n? and t, is the Hopf bifurcation

point.

VI. NUMERICAL SIMULAITON RESULTS

In this section, we implement mathematical programs of Maple
software package to simulate numerical results for local and
global stability, necessary conditions of behavior of bifurcation
and effecting some parameters for tumor growth. The
parameter values in Table 2 and four types of initial conditions

(t :0) can apply for our numerical simulations of the model
(1).

Table 2: The value of parameters for the tumor-obesity model

Parameters Values Unit Reference
used
s 0.33 Density.mL™ - day™ [10]
P 0.01 day™ [10]
Z 0.3 Density.mL [10]
! 0.2 day™ [10]
g 0.5 day™ Estimated
T, 1 day’l []_0]
I 0.3025 day™ Estimated
b 1 Density.mL [10]
b, 0.5 Density.mL Estimated
by 0.4 Density.mL Estimated
@ 1 Density.mL™ - day™ [10]
¢, 1 DensitymL* - day™ Estimated
G 1 Density.mL™" - day™ [10]
Cy 1 DensitymL™" - day™ [10]
¢ 01 ponsi tyml ™ day™ Estimated
22
2.0
1.8
Lo
1(t) | 4
12
1.04
0.8
0 s 0o s z‘u 25
[—1m-07—10)-12 T]me:tm—m—una—z.zl
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2.0
1.8
1.6
1.4
1.2
T(t) 1.0
0.8
0.6-|
0.4

T Y
05 1 1. 2 25
Timet

T(0) = 15 — Ti0) =2

[—ro=05s—10)=1

2.5

N[t} 29

iy

2 4 6 8

Timet

[—N@=1—Nm=15 N(0) = 2.5 —— N(0) = 3]
34
2Is-¥
F(t) /
2
1.5 , . T T
] 5 10 15 20 25
Timet
[—Fo)=15 —Fin=2 F(0)=2.5 —— F(0)=3|

Figure 1: The numerical simulation of Immune cells, Tumor
cells, Host cells and Fat cells with different initial conditions

Graphs in Figure 1 with different initial conditions shows that
all numerical solutions for the host population classes converge
to £, = (1.650,2,2.5). Those results agree with the

6
theoretical results provided in Theorem 2, which show that the
equilibrium point £, is asymptotically stable.

Next, we provide the numerical simulations of the model (1)
with the parameter values in Table 3 and the initial conditions
I1(0) = 052, 7(0) = 0.94, N(0) =13, F(0) = 1.1,
which gives the endemic equilibrium point is
E; =(0.505541473,0.9206153173,1.284981766,1)
and the Hopf bifurcation point z, in (27) is given by
7, = 8.167.
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Table 3: The value of parameters for the tumor-obesity model

Parameters Values Unit Reference
used

s 0.33 Density.mL™" - day™ [10]
P 0.01 day™ [10]
« 0.3 Density.mL [10]
i 0.2 day™ [10]
i 15 day™ [10]
" 1 day™ [10]
'3 0.3 day™ Estimated
b 0.8 Density.mL Estimated
b, 0.42 Density.mL Estimated
b, 1 Density.mL Estimated
G 05  DensitymL*-day™ Estimated
= 05 DensitymL* - day™ Estimated
C3 05 DensitymL* - day™ Estimated
Ca 05  DensitymL? - day™ Estimated
Cs 05 1 Estimated

Density.mL™ - day™

Based on Theorem 6, all numerical solutions for the host
population classes converge to E, for all time delays 7, if
0 <7 <17, ~8.167. Graphs of numerical solutions in Figure 2

are decreasingly oscillated to the equilibrium point which gives
asymptotically stability, when z=7.5<z, ~8.167. The Hopf

bifurcation phenomena can be occurred when a bifurcation
point, 7, is sufficiently large and across z, ~8.167. For
example, 7 =8.18 >z, ~8.167, the solutions of immune cells,

tumor cells and normal cells are widely oscillated about the
equilibrium E, in Figure 3. Moreover, if obese people are

tumors, the density of fat cells are rapidly decreasing, while the
density of tumor cells are constantly oscillating and changing

any time .

Finally, we are interested in two parameters: r, (the growth
rate for the density of fat cells) and &, (the inverse of the
carrying capacity for the density of fat) in order to showing the
effective parameters for decreasing the level of density for
tumor cells in the model (1). Choosing three decreasing
7, =1.2,1.1,1.0 and three increasing 5, =0.98,0.99,1.00 and
the value of a time delay z, €[7.5,8.16]. The level of density
of tumor cells in the model (1) are decay and changing its
behavior from limit cycle to asymptotically stable at 7 =7.49

in Figure 4 In the other hand, selecting 7=8.2, the level of
density of tumor cell in the model (1) is widely oscillating and
changing its behavior from uncontrolled to limit cycle to a
periodic level in Figure 5.
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1) 050

T T T T
o 200 400 600 800
Timet

Figure 2: The numerical simulation of Immune cells, Tumor
cells, Normal cells and Fat cells when 7=7.5
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Figure 3: The numerical simulation of Immune cells, Tumor
cells, Normal cells and Fat cells when 7 =8.18
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Figure 4: Time plots of Tumor cells and the numerical
simulation of Immune cells, Tumor cells and Fat cells with

different values of r, and b, at 7=7.49
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Figure 5: Time plots of Tumor cells and the numerical
simulation of Immune cells, Tumor cells and Fat cells with
different values of r, and b, at 7=8.2
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VII. CONCLUSION

In this paper, we presented an analysis of the obesity and tumor
models both with and without time delay. We first used the
LCIS method (Theorem 1) to find the bounds of a domain
containing all compact invariant sets of models without time
delay for positive values of model parameters. The generalized
Gronwall Lemma applied for finding the bounds of 7(z) of

model with time delay which is uniformly bounded. For
stability of equilibrium points, we found that equilibrium points
E, E,, E,, E, and E of the models both with/without a time

delay are always unstable. Next, the statement and proof of the
conditions for local stability of £, is given in Theorem 2. Also,

the conditions for the global stability of £, with zero-time

delay are stated and proved in Theorem 3. Therefore, we
analyzed the stability of the endemic equilibrium points E,,

and proved that the equilibrium by linearization was stable for
the model without time delay in Theorem 4. For the time-delay
model, we derived the necessary conditions for the existence of
a Hopf bifurcation point (Theorem 5). In the numerical
simulations, we used biologically reasonable values of
parameters to test our analytical results. We found that the
numerical simulations converged to the equilibrium point £,

for choices of parameter values satisfying the conditions in
Theorem 2-3. The numerical simulations also showed
convergence to E, for time delays . less than the Hopf

bifurcation point z, and limit cycle behavior for z >z,

(Theorem 6). Also, the effect of some parameters on the
dynamic of the model (1) are studied for the value of r, (the

growth rate for the density of fat cells) decreases and the value
of b, (the inverse of the carrying capacity for the density of

fat) increases. It can be concluded that the obesity and time
delay affect the growth of tumors. The obese people are likely
to increase the density of the tumor and the obesity is a health
problem of the modern world.
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