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Abstract: 
 

Effects of variable viscosity and thermal conductivity and heat transfer on 
MHD flow over a stretching surface with power low velocity have been 
analyzed. The fluid viscosity and thermal conductivity are assumed to be vary 
as an inverse linear function of temperature. Using similarity transformation 
the governing equations of motion are reduced to ordinary ones, which are 
solved numerically for prescribe boundary conditions by using shooting 
method. Numerical results for the Velocity profile and the temperature profile 
as well as for the Skin friction and Nusselt number are shown graphically and 
in tabular form for various parametric conditions to show interesting aspects 
of the solution. 
 
Keywords: Stretching surface, Skin friction, power low velocity, shooting 
method, variable viscosity and thermal conductivity. 

 
 
1.  INTRODUCTION: 
The study of two dimensional boundary layer flow and heat transfer over a stretching 
surface with variable viscosity and thermal conductivity is very important as it has 
numerous and wide ranging applications in various fields like polymer processing 
industry in particular manufacturing process of artificial film and artificial fibers and 
in some applications of dilute polymer solution. It also finds very useful applications 
in geophysics, particularly, geothermal energy extraction and underground storage 
system. 
 Crane [1] first studied the studied the steady two dimensional boundary layer flow 
due to the stretching of a flat elastic sheet. Since then the problem has been 
extensively studied by taking into account many different physical features either 
separately or in various combinations. 
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 The flow and heat transfer of an electrically conducting incompressible fluid past 
a porous wall stretching linearly was considered by Chakrabarti et al.[2]. Grubka et 
al.[3] studied the heat transfer characteristics of a continuous stretching surface with 
variable temperature. Dandapat et al.[4] analyzed the effects of variable viscosity, 
thermal conductivity and thermocapillarity on the flow and heat transfer in a laminar 
liquid film on a horizontal stretching sheet. Mukhopadhyay [5] presented solutions for 
unsteady boundary layer flow and heat transfer over a stretching surface with variable 
fluid viscosity and thermal diffusivity in presence of wall suction. Effects of variable 
viscosity and non-linear radiation on MHD flow with heat transfer over a surface 
stretching with a power low velocity was discussed by Devi et al.[6]. Elbashbeshy [7] 
have investigated the influence of a variable viscosity on the heat transfer over a 
stretching surface with internal heat generation. EL- Kabeir [8] discussed the heat 
transfer with temperature dependent viscosity in a viscous fluid over stretching sheet 
in presence of viscous dissipation and internal heat generation. Devi et al. [9] also 
analysed the effects of variable viscosity on non- linear MHD flow and heat transfer 
over a surface stretching with power low velocity. Khan et al.[10] investigated the 
effect of variable viscosity and thermal conductivity on a thin film over a 
shrinking/stretching sheet. Magnetohydrodynamic flow of an electrically conducting 
power- law fluid over a stretching sheet is investigated by Andersson et al.[11]. 
 
 
2.  FORMULATION OF THE PROBLEM: 
Consider a two dimensional steady laminar flow of a viscous incompressible fluid 
along a horizontal stretching surface with power low velocity U(x)=axm, where a is 
the constant and m is the index of power low velocity. Let (u,v) be the velocity 
components along (x,y) directions respectively, where x-axis is considered along the 
surface and y-axis perpendicular to it. The surface is issued from a thin slit at x=0, 
y=0 and subsequently being stretched. A variable magnetic field B(x) is applied 
normal to the horizontal stretching surface. The fluid properties are assumed to be 
constant, except for the fluid viscosity and thermal conductivity which are assumed to 
vary as an inverse linear function of temperature. 
 Under these boundary layer assumptions, the equations of motion take the forms: 
  + = 0......  (1) 

  푢 + 푣 = + 휇 − ( )  푢......  (2) 

  휌퐶 푢 + 푣 = + 퐾 + 휇 + 휎(푢퐵(푥)) ......  (3) 
 
 Here µ is the coefficient of viscosity of the fluid, K is the coefficient of thermal 
conductivity of the fluid, 퐶  is the specific heat at constant pressure and σ, T, 휌 are 
the electrical conductivity, temperature, density of the fluid respectively. 
 The boundary conditions for the problem 
  푢 = 푈(푥) = 푎푥 ,푣 = 0,푇 = 푇 (푥) 푎푡 푦 = 0......  (5a) 
  푢 → 0,푇 → 푇∞ 푎푠 푦 → ∞......  (5b)  
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where 푇 (푥) = 푇∞ + 푏푥  is the wall temperature, b is a constant and n is the index of 
power low variation of wall temperature. The special form for magnetic field 퐵(푥) =
퐵 푥

( )
 is chosen to obtain the similarity solution. 

 Following Lai and Kulacki [12], let us assume that 
  =

∞
[1 + 훿(푇 − 푇∞)]... …  (6) 

 or, = 퐴 (푇 − 푇 )...  (7) 

here A =
∞
 and 푇 = 푇∞ −  where, 휇∞ is the viscosity at infinity, A and 푇∞ are 

constants and their values depend on the reference state and thermal property of the 
fluid. Tr is transformed reference temperature related to viscosity parameter, 훾 is a 
constant based on thermal property of the fluid and A< 0 for gas, A> 0 for liquid. 
 Similarly, 
  =

∞
[1 + (푇 − 푇∞)]... …  (8) 

  = 퐵(푇 − 푇 )......  (9) 

  B=
∞

, and 푇 = 푇∞ − ... …  (10)  
 where B and Tk are constants and their values depend on the reference state and 
thermal properties of the fluid, i.e. 휉  
 Let us introduce following similarity transformation 
  푢 = = 푈(푥)푓 ′(휂) and 푣 = − = 푈(푥) 푓 ′ − ( ( )

( )
)... …  (11) 

  휃(휂) = ∞

∞
......  (12) 

where, 휂 = ( ) ( ) 푦, 휓 = ( )
( )

푓(휂)......  (13)  
 Using the transformations (6-13), in equations (1-3), it is seen that the equation of 
continuity satisfies identically and rest of the equations become:  
 푓 ′′′ − 푓 ′′휃′ − 푓푓 ′′ − 훽푓 ′ − 푓 ′ = 0......  (14) 

휃′′ −
1

휃 − 휃 휃′ − 푃푟
(휃 − 휃 )

휃 푓휃′ −
2푛

푚 + 1 푓
′휃  

  +푃푟퐸푐 ( ) (푓′′) − 퐸푐푀 ( ) (푓′) = 0......  (15) 

 Here, 휃 = ∞

∞
=

( ∞)
 and 휃 = ∞

∞
=

( ∞)
 are dimensionless 

reference temperature corresponding to viscosity and thermal conductivity 
respectively. 
 It is to be noted that these values are negative for liquids and positive for gases 
when (푇 푇∞) is positive (Lai and Kulacki [12]). 
 푃푟 =  is the Prandtl number 

 M = 
( )

 is the Magnetic field parameter 

 Ec = 
( )

 is the Eckert number 
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 훽 =  is the stretching parameter 
 The transformed boundary conditions are 
  휂 = 0, 푓 ′ = 1,휃 = 1......  (16a)  
  휂 → ∞,푓 ′ = 0,휃 = 0... …  (16b) 
 The important physical quantities of our interest in this problem are skin friction 
coefficient Cf and heat transfer coefficient Nu, the Nusselt number for the surface 
defined by 
  퐶 푅푒 =

( )
 

 and 푁푢푅푒 =
( ∞)

 
 where, 휏  is the shear stress and 푞  is the heat transfer from the surface. 
 
 
3.  RESULTS AND DISCUSSIONS: 
The diffential equations (14) and (15) together with the boundary conditions (16a) and 
(16b) are solved numerically using Runge-Kutta fourth order method in conjunction 
with Shooting technique. Calculations are carried out for different values of 휃 , 휃 , 
Ec, M, n, 훽. 
 The variation of temperature profile and velocity profile with the variation of 휃  is 
plotted in the graphs of figure 1 and figure 2 respectively. It is clear from figure 2 that 
increase of viscosity parameter 휃  retards the velocity and from figure 2 it is found 
that increase of viscosity parameter 휃  enhances the temperature.  
 Figure 3 shows the graphs for the variation of temperature profile with the 
variation of 휃 . From figure 3 it can be concluded that the increase of thermal 
conductivity parameter 휃  increases the temperature.  
 The variation of velocity profile with the variation of stretching parameter 훽 is 
shown in the figure 4, where the graphs of figure 4 represents that the velocity 
increases with the increasing value of 훽.  
 The graphs of figure 5 display the results of temperature profile for various values 
of Ec. From figure 5 it is clear that when Ec increases temperature decreases. Figure 6 
represents the graphs of the variation of temperature profile with n and from this 
figure it can be concluded that temperature decreases with the increasing values of n. 
 The variation of temperature profile and velocity profile with the variation of M is 
displayed in the figure 7 and figure 8 respectively. Figure 7 represents that 
temperature increases significantly with the increase of M and from figure 8, it can be 
seen that with the increase of M velocity decreases. 
 The coefficient of Skin friction Cf i.e. the wall shear stress and heat transfer 
coefficient i.e. Nusselt number Nu at 휂 = 0 are presented in table 1 to table 4 for 
various combinations of parameters. From table 1 to table 4 it is clearly seen that the 
skin friction decreases with the increasing values of 휃 , 휃 , M and Ec whereas Nusselt 
number increases with the increase of 휃  and M but decreases with the increase of 휃  
and Ec.  
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Fig: 1 Temperature profile against 휽풓 Fig: 2 Velocity profile against 휽풓 

  
Fig: 3 Temperature profile against 휽풌 Fig: 4 Velocity profile against 휷 

 
 

Fig: 5 Temperature profile against Ec Fig: 6 Temperature profile against n 

  
Fig: 7 Temperature profile against M Fig: 8 Velocity profile against M 
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Table 1 
 

 
 

Table 2 
 

 
 

Table 3 
 

 
 

Table 4 
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4.  CONCLUSIONS: 
From the above analysis we can conclude as 
1. The increasing values of viscosity retard the velocity but enhance the 

temperature.  
2. The temperature increases and velocity decreases as the values of M increase. 
3. The velocity increases with the increasing value of 훽. 
4. Thermal conductivity enhances the temperature. 
5. Eckert number, Ec retards the temperature. 
6. Both the skin friction and Nusselt number decrease with the increase of 휃 . 
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