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Abstract

In this paper, we study the eccentric connectivity index of Gallai total graph,
anti-Gallai total graph, I'—product of two graphs and A—product of two graphs
for some particular graphs.
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INTRODUCTION

Graphs are fundamental structures in mathematics and computer science, representing
networks of interconnected points (vertices) and lines (edges). The vertex set and the
edge set are reprresented as V' (G) and E(G) respectively. Two vertices are adjacent if
they are connected by an edge. Two edges are incident if they share a common vertex.
The twin vertex of u is v’ and vice-versa and the set containing all twin vertices of graph
GisV'(G).

For a vertex u of V(G), the degree degg(u) is defined as the number of edges incident
to v in GG. For any two vertices u and v of graph G, the distance d(u, v) is the length
of the shortest path connecting both the vertices. For a given vertex u of V(G) its
eccentricity eg(u) is the largest distance between u and any other vertex v of GG. Hence,
ec(u) = maz,ev(cyd(u,v). The total eccentricity ((G) of the graph G is the sum of
eccentricities of all vertices of a graph (=, as mentioned by Doslic and Saheli [1].

*Corresponding Author.
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Definition 1. “The eccentric connectivity index £(G) of a graph G is defined as

G = Z eq(u)dega(u).”

ueV(G)

The eccentric connectivity index, introduced by Sharma et al. [2], is a significant
topological descriptor particularly in chemical graph theory, where it helps predict
molecular behavior and properties, see [3, 4]. The relationships between the eccentric
connectivity index and hypergraphs have been explored, enhancing its applicability in
complex structures by Yu et al. [5].

Definition 2. “The Gallai graph operator, U, assigns its Gallai graph I'(G) to every
graph G from G, whose vertex set is the edge set of G and two vertices are adjacent
in I'(Q) if and only if the corresponding edges are adjacent, but do not lie on a same

triangle in G.”

Definition 3. “The anti — Gallai graph operator, A, assigns its anti-Gallai graph
A(G) to every graph G from G, whose vertex set is the edge set of G and two vertices
are adjacent in A(G) if and only if the corresponding edges are adjacent and sit on a
same triangle in G.”

Gallai [6] employed these structures in his investigation of comparability graphs; Sun
[7] had already put out the idea. Sun described a lovely class of ideal graphs using
the Gallai graphs. Lakshmanan et al. [8] and Le [9] examine a number of Gallai
and anti-Gallai graph features. The figure 1 depicts the Gallai graph I'(G) and the
anti-Gallai graph A(G) of G.
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Figure 1: A graph G with its Gallai graph G’ = I'(G) and its anti-Gallai graph
G" = A(G)
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Definition 4. “The operator L is the line graph operator assigns its line graph L(G)
to every graph G from G, whose vertex set is the edge set of G and two vertices are
nearby in L(G) if and only if the corresponding edges are adjacent in G.”

Whitney [10] was the first to study line graphs. Beineke [11, 12] and Chaudhuri [13]
have also given consideration to the idea of a line graph.

Definition 5. “The total graph operator T assigns the total graph T(G) of every
graph G from G, whose vertex set is V(G) U E(G) and two vertices are adjacent only
if they are adjacent or incident in G.”

Behzad & Chartrand [14] proposed the idea of a complete graph. Characterization of
total graphs obtained by Behzad [15]. In the literature, Behzad [16, 17] and Behzad &
Radjavi [18, 19] have looked at a number of properties of total graphs. Figure 2 depicts
the graph G with its line graph L(G) and its total graph 7'(G).

4

L(G) T(G)

Figure 2: A graph GG with its line graph L(() and its total graph T'(G)
Definition 6. “The Gallai total graph I'r(G) of a graph G = (V(G), E(Q)) is a

graph with the vertex set V(I'r(G)) = V(G) U E(G) and wv € E(I'r(Q)) if and only
if

* u and v are adjacent vertices in G, or

e w is incident to v or v is incident to u in G, or

* u and v are adjacent edges in G which do not span a triangle in G.”
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Definition 7. “The anti — Gallai total graph, Ar(G), of a graph G = (V(G), E(G))
is a graph with the vertex set V(Ar(G)) = V(G) U E(G) and uv € E(Ar(G)) if and
only if

* u and v are adjacent vertices in G, or
e w is incident to v or v is incident to u in G, or

* u and v are adjacent edges in G and lie on a same triangle in G.”

Goyal et al. [20] defined Gallai total and anti-Gallai total graphs and they also found
some results on the traversability of these graphs. Further introduction to Gallai total
simplicial complexes was given by Liaquat [21] and characteristics of anti-Gallai graphs
were studied by Abbas et al. [22]. Figure 3 demonstrates Gallai total graph I'7(G) and
anti-Gallai total graph A7 (G) of graph G.

Figure 3: Graph G with its Gallai total graph H = I'r(G) and anti-Gallai total graph
H' = Ar(G)

Definition 8. “Let G1 = (V(Gl), E(Gl)) and G2 = (V(Gz), E(Gg)) be two
non-empty graphs. The U'-product of G1 and G, denoted by I'(G1)[Gs), is a graph
such that V (I'(G1)[G2)) = (V(G1) U E(Gh)) x V(G3) and uwv € E(I'(G1)[G2]) where

u = (uy,us) and v = (vy,vy) if and only if
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* uy = v € E(G1) and usve € E(Gs), or

* uy = vy € V(Gy) and uyvy € E(T'1(Gh)).”

Definition 9. “Let G; = (V(G1),E(G1)) and Gy = (V(Ga), E(G2)) be two
non-empty graphs. The A-product of G1 and G, denoted by A(G1)[Gs), is a graph
such that V(A(G1)[Gs]) = (V(Gh) U E(Gy)) x V(Gs) and wv € E(A(Gh)][G3))
where u = (uy, ug) and v = (vy, vy) if and only if

* uy = v, € E(G1) and usve € E(Gs), or

® Uy = Vg € V(GQ) and u v, € E(AT(Gl)).”

Figure 4 demonstrates the I'-product I'(G;)[Gs] and A-product A(G1)[Gs] of two
graphs GG; and Gos.

P (1,b) (2,b)
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Figure 4: Graphs G and H with its I-product P = I'(G)[H| and A-product
Q = A(G)[H]

ECCENTRIC CONNECTIVITY INDEX OF CYCLE GRAPH

Lemma 1. Let G = (n, m) be a cycle graph withn > 4. The eccentricity of the vertices
of Gallai total graph U'r(G) is given as

ec(u)+1 ;nisodd

erp(a)(u) = ,
ec(u) m s even.

Theorem 1. The eccentric connectivity index of Gallai total graph I'rv(G) for every
cycle graph G = (n,m) and n > 4 is given by

4¢(G) + 4C(L(G)) +4n+4m  ;nis odd

f(FT(G)) - 4C(G) + 4§(L(G)) 1M 1S even.

Proof. The eccentric connectivity index of I'r(G),

ECr(@) = > erp(e(u) degrye)(w)

uweV(Ir(G))

= Z erp(c)(u) degryp(c)(u)
ue(V(G)UE(G))
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For n is odd,
g(FT(G)) = Z €ry G)( )degFT )( )

ue(V(G)UE(G))

= > erpi)(u) degry o) (u) + erp () (w) degry(c)(u)
ueV(G) u€E(Q)

= Z 4 (eq(u) +1) + 4 (eq(u) +1)
ueV (G ueE(Q)

[By Lemma 1 and degr,(c)(u) = 4]

:42 EG +1+4Z EG

ueV(G) ueE(G
=4 Z EG —|— 1 —|— 4 Z (GL(G)(U) + 1)
ueV(Q) ueV(L(G))

= 4¢(Q) + 4¢(L(G)) + 4n + 4m

For n is even,

ECr(@) = Y. enpe(w) degr)(u)

ue(V(G)UE(G))

= > erpo)(u) degrye (W) + Y erpe(u) degrye)(u)

ueV(G) u€E(Q)
= Y dleaw)+ Y 4(ec(w)
ueV(G) ue€E(Q)

[By Lemma 1 and degr,(c)(u) = 4]

:42 —1—42 ec(u

ueV(G) ueE(Q)
=4 ) e +4 D (ene(w)
weV(Q) ueV(L(G))

= 4¢(G) +4¢(L(G))

Hence the theorem.

Lemma 2. Let G = (n,m) be a cycle graph with n > 4 and odd. The eccentricity of
the vertices of anti-Gallai total graph Ar(QG) is given as

enpe)(u) =eq(u) +1; uwe V(G) U E(G).

Lemma 3. Let G = (n,m) be a cycle graph with n > 4 and even. The eccentricity of
the vertices of anti-Gallai total graph Ar(G) is given as

ec(u) cu € V(GQ)
ec(u)+1 ;ue EG).

€EAT(G) (U) -
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Lemma 4. Let G = (n,m) be a cycle graph with n > 4. The degree of the vertices of
anti-Gallai total graph Ar(G) is given as

4 sueV(Q)

dega, ) (u) =
2@y e B

Theorem 2. The eccentric connectivity index of anti-Gallai total graph Ar(G) for
every cycle graph G = (n,m) and n > 4 is given by

4¢(G) +2¢(L(G)) +4n+2m ;nis odd

§(Ar(G)) = 4¢(G) + 2¢(L(@)) + 2m ;1S even.

Proof. The eccentric connectivity index of Ar(G),

EAT(@) = Y eano(w) degara)(w)

ueV(Ar(Q))

= Z ear(c)(u) degayc)(u)

ue(V(G)UE(G))
Forn is odd,

g(AT<G)) = Z €AT(G) (u) degAT(G)(u>

we(V(G)UE(G))

= Z EAT(G)<U> degar(c) ) + Z €Ar(G degAT )( u)

ueV(G) u€E(G)
= Y A+ + Y 2(ea(u)+1)
weV(G) weE(G)

[By Lemma 2 and Lemma 4]

:42 €G +1+QZ€G

ueV(G) wEE(G)
=4 > () +1)+2 Y (ene(u) +1)
ueV(Q) u€eV (L(G))

=4¢(G) + 2¢(L(Q)) + 4n + 2m
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For n is even,

EArG) = ) eano(u) degare)(w)

ue(V(G)UE(G))

= Y enn@ (W) degary (W) + Y enp(e)(w) degarc)(u)

ueV(G) u€E(G)
= Y 4leaw)+ Y 2(ea(w) +1)
ueV(G) ueE(G)

[By Lemma 3 and Lemma 4]
=4 ) e +2 > (eye(u)+1)
ueV(G) u€V(L(G))
=4¢(G) + 2¢(L(G)) +2m

Hence the theorem.

Lemma 5. Let G = (n,m) be a cycle graph with n > 4 and odd and H = (p, q) be a
connected graph. The eccentricity of the vertices of I'—product graph T'(G)[H] is given
as

er(a) ) (U, v) = erpe)(u) +eq(v); v e (V(G) x V(H)) U (E(G) x V(H)).

Lemma 6. Let G = (n,m) be a cycle graph with n > 4 and even and H = (p, q) be a
connected graph. The eccentricity of the vertices of I'—product graph T'(G)[H] is given
as

erpe)(u) +ep(v) +1 sue V(G)

ergp(c)(u) + em(v) ;u € E(G)

(H)

xV
x V(H).

er(c)(m)(u, v) =

Lemma 7. Let G = (n,m) be a cycle graph withn > 4 and H = (p, q) be a connected
graph. The degree of the vertices of I'—product graph T'(G)[H] is given as

4 ;u € V(G)

degrc)m(u,v) =
(Ll 4+ degy(v) ;ue€ E(G).

Theorem 3. The eccentric connectivity index of I'—product graph T'(G)[H] for every
cycle graph G = (n,m) and n > 4 and H = (p, q) be a connected graph is given by

(4pC(T2(G)) + 40+ m)C(H) + 24[C(Tr(G) = ¢(G) =]
+mé&(H);n is odd

4p¢(T'r(G)) + 4(n +m)C(H) + dnp + 2¢[¢(Tr(G)) — ¢(G)]
| +m&(H);n is even.

§I(G)[H]) =
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Proof. The eccentric connectivity index of I'(G)[H],

EO@H) = > e, v) degrm (u,v)
(uv) eV (T(G)H))
= > er(a)m) (U, v) degrc)m (4, v)
(u0) E((V(G)UE(G) XV ()
Forn is odd,
E(0(G)[H]) = > erc)m)(u, v) degr(e)m (u, v)

(uv)e(V(G)UE(G))xV (H))

= er(q)m (U, v) degr(c)m(u,v)
(u,0)e(V(G)xV (H))

—

+ er(a)m)(u, v) degr(c)m(u, v)
(u0)E(E(G)xV (H))

= Aerr(o)(u) + €n(v))
(u2)(V(G)xV (1)

+ (4 4 degn (v)) (erp (@) (u) + €n(v))
(uv)e(B(G)xV ()

[By Lemma 5 and Lemma 7|

=4 Z eFT(G Z 1+4 Z Z EH —|—4 Z eFT(G Z 1

ueV (G veV(H) ueV(G) veV(H) ueE(G veV(H
oy >t + 3 ol 3 deants ¥ zdegH Jeuto)
ueE(G) wveV(H ueE(Q) veV(H) ueE(G) wveV(H

= 4p((Tr(@)) + 4(71 +m)C(H) +2q[¢(T'r(G)) — ¢((G) — n] + m&(H)
For n is even,

E(T(G)[H]) = > er(a) ) (v, v) degr(eim (u, v)
(u2)e((V(GUE(G) XV (H))

= Z €7(G)[H) (u,v) degr(c)m (u,v)
(u)e(V(G)xV (H))

+ Z €r(Q)[H] (u,v) degr(c)(m] (u,v)
(u,v)E(E(G)xV (H))

= Z 4(€FT(G)(U) + ‘fH(U) + 1)

(u0)e(V(G)xV(H))
Y (A degn()(ero )+ en(v)
(u,v)E(B(G)xV (H))

[By Lemma 6 and Lemma 7|
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_4ZepT w > 1+4 Y 1> ego)+ 1Y 1

ueV (G veV (H) ueV(G) veV(H) ueV(G) wveV(H)
Y e Y 14 Y 1Y )
u€E(G) veV(H) ueE(G) veV(H)
+ Z rr@) () Y degn(v)+ Z Z degn(v)er (v)
ueE(G veV(H) ue€E(G) wveV(H

= 4pC(FT( ) +4(n +m)C(H) + dnp + QQ[C(FT(G)) — (@] +m&(H)
Hence the theorem.
Lemma 8. Let G = (n,m) be a cycle graph with n > 4 and odd and H = (p, q) be

a connected graph. The eccentricity of the vertices of A—product graph A(G)[H] is
given as

ea@m) (U, v) = ear)(u) +en(v); u e (V(G) x V(H)) U (E(G) x V(H)).

Lemma 9. Let G = (n,m) be a cycle graph with n > 4 and even and H = (p, q) be
a connected graph. The eccentricity of the vertices of A—product graph A(G)[H] is
given as

enrc)(u) +eg(v) +1 ueV(G)x V(H)

eaa)(, v) =
enr(c)(u) + ex(v) ;u € E(G) x V(H).

Lemma 10. Let G = (n, m) be a cycle graph withn > 4 and H = (p, q) be a connected
graph. The degree of the vertices of A—product graph A(G)[H| is given as

4 ;u e V(G)

degaeym(u,v) =
(1] 2 +degy(v) ;ue E(G).

Theorem 4. The eccentric connectivity index of A—product graph A(G)[H| for every
cycle graph G = (n m) andn > 4 and H = (p, q) be a connected graph is given by

(2(2p + q)C(AT(G)) = 2(p + 9)C(G) — 2n(p + q) + 2(2n + m)C(H)
+mé&(H);n is odd
2(p + ¢)¢(A7T(G)) + 2(p — ¢)¢(G) + 4np + 2(2n + m)((G)

| +m&(H );n is even.

§(A(G)[H]) = S

Proof. The eccentric connectivity index of A(G)[H|,
S(A(G)[H]) = > ea(c) ) (, v) degacm (u, v)
(u,0)eV(A(G)[H])

= Z ea)m) (U, v) dega(e)m (u, v)
(uw)e((V(G)VE(G))xV (H))
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Forn is odd,
E(A(G)[H]) = Z eaa)[) (s v) degaq)m)(u,v)
(u,w)e((V(G)UE(G))xV (H))
= > en(a)m) (U, v) degaa)pm (U, v)
(u,w)e(V(G)xV (H))
+ Z ea(@)H] (W, v) dega(aim (u, v)

(uv)E(E(G)xV (H))

= > 4(erp()(u) +€m(v))
(uv)E(V(G)xV (H))

+ > (24 degu(v))(eap(e)(u) + ex(v))
(u,v)E(E(G)xV (H))

[By Lemma 8 and Lemma 10]

=4 Z EAT(G Z 1+4 Z Z ex(v Z GAT(G Z 1

ueV (G veV(H ueV(G) veV(H u€E(G) veV(H)
+2 Z Z e (v Z €A (G Z degp (v Z Z degr(v)eg (v)
u€E(G) veV(H ueE(Q) vGV u€E(G) veV(H)

=2(2p + q)C(AT(G)) —2(p+ ¢)¢(G) —2n(p + q) +2(2n +m)((H) +m&(H)

For n is even,

S(AG)[H]) = Z ena)[a) (4, v) degaaya) (4, v)
(u,)e((V(G)UE(G))xV (H))

= > ena)m) (U, v) degaa)m (u, v)
(u)E(V(G)xV(H))

+ ena)[H)(w, v) dega(aym(u,v)
(u,0)E(E(G)xV (H))

= Aear(c)(u) +er(v) +1)
(uw)e(V(G)xV(H))

+ (2 + degn (v))(ear(c)(u) + €r(v))

[By Lemma 9 and Lemma 10]

—4ZEAT<G> 21+4Z ZEH 21 Zl

ueV (G veV(H uweV(G) veV(H ueV(G) veV(H
2F e T e Y Y

u€E(G) veEV (H) uEE(G) veV(H)
+ Z 6AT(G Z degm (v Z Z degn (v)em (v)
ueE(G veV ue€E(G) wveV(H)

=2(p+ q)C(AT(G)) + 2(p —q)C(G) + 4np +2(2n + m)((G) + m&(H)

Hence the theorem.
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ECCENTRIC CONNECTIVITY INDEX OF REGULAR GRAPH

Theorem 5. The eccentric connectivity index of Gallai total graph U'r(G) for every
regular graph G = (n,m) and n > 4 is given by

§(Tr(G)) = 4(n — 1)C(G) + 3n(n — 1).
Proof. The eccentric connectivity index of I'r(G),
(@) = ) e (u) degr)(v)

ueV('r(G))

= ) e (u) degroe)(u)
ue(V(G)UE(G))

= Y o) degryey () + D eng(e () degryc)(u)
wev (@) weE(Q)

=4(n—1) Z eq(u) +3 Z degr,c)(w)
)

ueV(G) uweE(G

=4(n—1)((G)+3 <w)

=4(n —1)¢((G) + 3n(n — 1)
Hence the theorem.

Theorem 6. The eccentric connectivity index of anti-Gallai total graph Ar(G) for
every regular graph G = (n,m) and n > 4 is given by
E(A7(G)) = 4(n — 1)¢(G) + 2n(n — 1)*.

Proof. The eccentric connectivity index of Ar(G),

EAr@) = Y. ear(v) degarc)(u)

ueV(Ar(Q))

= Y eane(w) degayc(u)
uwe(V(G)UE(G))

> earo(®) degarey(u) + D eapc) () degarc)(u)

ueV(G) u€E(G)
= Z(n — 1) Z Eg(u) + 2 Z degAT(G)(u)
ueV(G) ueE(G)
= 2(n — 1)(2¢(Q)) + 2 (M)

= 4(n — 1)¢(G) + 2n(n — 1)*

Hence the theorem.
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Theorem 7. The eccentric connectivity index of ' —product graph T'(G)[H] for every
regular graph G = (n,m) andn > 4 and H = (p, q) be a connected graph is given by

E(T(G)H]) = 2(p+a)(Tr(G)) +4(np—2p+q)((G) +2(n* —n+m)((H) +mé(H).
Proof. The eccentric connectivity index of I'(G)[H|,

f(F(G)[H]) == Z EF(G)[H](U,U) degp(g)[m(u,v)

(uv)eV(T(G)[H])

= >, er(o) ) (u, v) degr(em (u, v)
(u2)€(V(G)UE(G) XV ()

= Z €r(Q)[H) (u,v) degrc)(m (u,v)
(uw)e(V(G)xV (H))

+ Z er) ) (u, v) degrcm (u, v)
(uv)E(E(G)XV (H))

— Z 2(n — 1) (erpe)(w) + e (v))

(u,0)e(V(G)xV(H))

+ > (2+ degn (v)) (err)(u) + €n(v))

(u,v)e(E(G)xV (H))

=2(n—1) Z erp(a) (u Z 14+2(n—1) Z Z eg(v

ueV(G) veV(H ueV(G) veV(H)
+2 Z €M (G Z 1+2 Z Z en(v
ueE(G veV(H) uweE(G) wveV(H
+ Z erpa) (u Z degp (v Z Z degm(v)er(v)
ueE(G veV(H ueE(G) wveV(H

=2(p+ Q)C(FT(G)) + 4(np —2p+q)C(G) + 2(n —n+m)((H) +m(H)
Hence the theorem.

Theorem 8. The eccentric connectivity index of A—product graph A(G)[H] for every
regular graph G = (n,m) andn > 4 and H = (p, q) be a connected graph is given by
E(A(G)[H]) = 2¢C(Ar(G)) + 4(np — p — ¢)C(G) + (n° — n)((H)

+p (§(Ar(G) — 44(G)) + m&(H).
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Proof. The eccentric connectivity index of A(G)[H],

S(A(G)[H]) = > ea(em(u, v) degacm(u, v)
(u)eV (AG)[H))

= Z EA(GQ)[H] (u,v) degac)(n) (u,v)
(uw)e((V(G)UE(G))xV (H))

= Z eaem (U, v) degae)m(u,v)
(u,v)E(V(G)xV (H))

+ Z eaaa) (U, v) dega(c)u] (u,v)
(u,v)E(E(G)xV (H))

— Z 2(n —1) (€AT(G)(U) + EH(W)

(uv)e(V(G)xV (H))

- Z (degar(c) + degr(v)) (eape)(u) + ex(v))
(uw)e(E(G)xV (H))

=2(n—1) Z EAr(G Z 14+2(n—1) Z Z em (v

ueV(G) veV (H) ueV(G) wveV(H)
+ Z EAT(G degAT Z 1+ Z €A (G Z degH )
ueE(G veV(H) uweE(G) veV(H
Z degar@(w) > en(v)+ D, 1 ) degn(v)en(v >
ueE(G) UEV(H) ueE(G) wveV(H)

= 2¢¢(Ar(G)) + 4(np — p — q)¢(G) + (n® — n)((H) + m&(H)
+p (E(Ar(G)) — 4¢(G))

Hence the theorem.

CONCLUSION

In the paper, we have derived the Eccentric Connectivity Index of Gallai total graph and
anti-Gallai graph, I'—product graph, and A—product graph for some particular graphs,
namely cycle and regular graphs.
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